
1. Path Integral Representation

of Quantum Mechanics

There is a Hamiltonian formalism and a Lagrangian formalism for quan-
tum mechanics just as for analytical mechanics. The wave mechanics of
Schrödinger and the matrix mechanics of Heisenberg belong to the Hamil-
tonian formalism, while the path integral quantization of Feynman which
originates from Dirac belongs to the Lagrangian formalism.

We can deduce wave mechanics from the Hamilton–Jacobi equation of an-
alytical mechanics. We regard the Hamilton–Jacobi equation as the Eikonal
equation of “geometrical mechanics”. We obtain the Eikonal equation of geo-
metrical optics from wave optics by the Eikonal approximation. We apply the
inverse of the Eikonal approximation to the Hamilton–Jacobi equation and
obtain the governing equation of “wave mechanics”, which is the Schrödinger
equation. We can deduce likewise the “matrix mechanics” of Heisenberg from
consideration of the consistency of the Ritz combination principle, the Bohr
quantization condition and the Fourier analysis of physical quantities in clas-
sical physics.

We can deduce path integral quantization from consideration of the sim-
ilarity of the contact transformation in analytical mechanics and quantum
mechanics. We arrive at path integral quantization by regarding the time
evolution of the quantum mechanical system as the convolution of an in-
finitesimal contact transformation. We express the transformation function
〈qf , tf | qi, ti〉 in terms of the action functional (the time integral of the La-
grangian) along all possible paths connecting the initial state and the final
state. Path integral quantization is the integral form of the quantum me-
chanical action principle, embodying the principle of superposition and the
composition law of the transition probability amplitudes. We can easily com-
pare the quantum mechanical result with the classical result in this approach.
In this chapter, we address ourselves to the path integral representation of
quantum mechanics.

In Sect. 1.1, we discuss quantum mechanics in the Lagrangian formalism.
We discuss the contact transformation in analytical mechanics and quantum
mechanics (Sect. 1.1.1), the relationship with the action principle in analytical
mechanics (Sect. 1.1.2), the trivial statement of the quantum mechanical ac-
tion principle (Sect. 1.1.3), the derivation of the time-dependent Schrödinger
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equation (Sect. 1.1.4), and the principle of superposition and the composition
law of the transition probability amplitude (Sect. 1.1.5).

In Sect. 1.2, we discuss quantum mechanics in the Hamiltonian formalism.
We review quantum mechanics in the Hamiltonian formalism (Sect. 1.2.1).
We have the configuration space path integral formula from the outset for
quantum mechanics in the Lagrangian formalism. In the Hamiltonian formal-
ism, however, the transformation function (Sect. 1.2.2), the matrix element
of the time-ordered product (Sect. 1.2.3), and, by way of the wave function
of the vacuum (Sect. 1.2.4), the generating functional of the Green’s function
(Sect. 1.2.5) are all given by the phase space path integral formula to begin
with. When the Hamiltonian is given by the quadratic form of the canonical
momentum, we can perform the momentum functional integration easily as a
quasi-Gaussian integral. When the kernel of the quadratic part of the canon-
ical momentum is the constant matrix, we recover the configuration space
path integral formula of the Lagrangian formalism (Sect. 1.2.6) with the use
of the canonical equations of motion. When the kernel is not the constant
matrix but a q-dependent matrix, we have a q-dependent determinant factor
in the functional integrand in the configuration space path integral formula,
and recognize the fact that the Feynman path integral formula obtained in
Sect. 1.1.3 is not always correct. In this case, by replacing the original La-
grangian of the mechanical system with the effective Lagrangian which takes
the presence of the q-dependent determinant factor into consideration, we
can use the Feynman path integral formula.

We evade the important problem of operator ordering in the transition
from analytical mechanics to quantum mechanics with the use of the notion
of a “well-ordered” operator (introduced in Sect. 1.1.1) throughout Sects. 1.1
and 1.2. In Sect. 1.3, we deal with the operator ordering problem squarely.
We employ the Weyl correspondence as the prescription of the operator
ordering problem, and we discuss the Weyl correspondence in Sect. 1.3.1.
We reconsider the path integral formula in the Cartesian coordinate system
(Sect. 1.3.2) and in the curvilinear coordinate system (Sect. 1.3.3) under the
Weyl correspondence. We shall derive the mid-point rule as a natural con-
sequence of the Weyl correspondence. A noteworthy point is the emergence
of the new effective potential which originates from the normalization of the
wave function in the curvilinear coordinate system and the Jacobian of the co-
ordinate transformation. Generally speaking, we can use the Feynman path
integral formula if we replace the original Lagrangian with the new effec-
tive Lagrangian which takes the q-dependent determinant factor (which also
shows up in Sect. 1.3) and the new effective potential into consideration.
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1.1 Quantum Mechanics
in the Lagrangian Formalism

The wave mechanics and the matrix mechanics stated at the beginning of this
chapter, which belong to the Hamiltonian formalism, are built on the analogy
with the Hamiltonian formalism of analytical mechanics. Namely, the coor-
dinate operator q̂(t), the canonically conjugate momentum operator p̂(t) and
the equal time canonical commutator [q̂(t), p̂(t)] of quantum mechanics corre-
spond to the coordinate q(t), the canonically conjugate momentum p(t) and
the Poisson bracket {q(t), p(t)}PB of analytical mechanics in the Hamiltonian
formalism. This correspondence makes the comparison of quantum mechan-
ics with analytical mechanics easy. One good example will be the Ehrenfest
theorem about the expectation value of the quantum-mechanical operator.
On the other hand, it brings the difficulty of analytical mechanics in the
Hamiltonian formalism directly into quantum mechanics in the Hamiltonian
formalism. Good examples will be the problem of the normal dependence
and the definition of the canonically conjugate momentum in the singular
Lagrangian system to be discussed in Chaps. 2 and 3. Analytical mechanics
in the Lagrangian formalism does not present such difficulties.

In a one-dimensional particle system, from the Lagrangian,

L

(
q(t),

d
dt
q(t)

)
,

which is a function of the coordinate q(t) and the velocity dq(t)/dt, we con-
struct the action functional,

I[q] ≡
∫

dtL
(
q(t),

d
dt
q(t)

)
,

which is a Lorentz invariant scalar. From Hamilton’s action principle, we
obtain the Euler–Lagrange equation of motion,

δI[q]
δq(t)

=
∂L(q(t), dq(t)/dt)

∂q(t)
− d

dt

(
∂L(q(t), dq(t)/dt)
∂(dq(t)/dt)

)
= 0.

In this section, we examine the action principle in quantum mechanics in the
Lagrangian formalism with the use of the contact transformation, following
the classic papers by Dirac and Feynman.

1.1.1 Contact Transformation in Analytical Mechanics
and Quantum Mechanics

We consider analytical mechanics in the Lagrangian formalism described by
the Lagrangian L(qr(t), dqr(t)/dt) with f degree of freedom, where qr(t)
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are the generalized coordinates and dqr(t)/dt are the generalized velocities
(r = 1, . . . , f). The action functional I[q; q(tb), q(ta)] is given by

I[q; q(tb), q(ta)] ≡
∫ tb

ta

dtL
(
qr(t),

d
dt
qr(t)

)
. (1.1.1)

Hamilton’s action principle demands that the action functional

I[q; q(tb), q(ta)]

takes a stationary value for an infinitesimal variation δqr(t) of qr(t) with the
end-points, qr(ta) and qr(tb), fixed (r = 1, . . . , f):

δI[q; q(tb), q(ta)] = 0; δqr(ta) = δqr(tb) = 0, r = 1, . . . , f . (1.1.2)

From (1.1.2), we immediately obtain the Euler–Lagrange equation of motion,

d
dt

(
∂L(qr(t), dqr(t)/dt)
∂(dqr(t)/dt)

)
− ∂L(qr(t), dqr(t)/dt)

∂qr(t)
=0, r=1, . . . , f .

(1.1.3)

We move on to the Hamiltonian formalism of analytical mechanics by
adopting the following procedure. We first define the momentum pr(t), (r =
1, . . . , f), canonically conjugate to the generalized coordinate qr(t), (r =
1, . . . , f), by the following equation:

pr(t) ≡ ∂L(qs(t), dqs(t)/dt)
∂ (dqr(t)/dt)

, r, s = 1, . . . , f . (1.1.4)

We solve (1.1.4) for dqr(t)/dt as a function of qs(t) and ps(t), (s = 1, . . . , f).
Next, we define the Hamiltonian H(qr(t), pr(t)) as the Legendre transform
of the Lagrangian L(qr(t), dqr(t)/dt) by the following equation,

H(qr(t), pr(t)) ≡
f∑

s=1

ps(t)
d
dt
qs(t)− L

(
qr(t),

d
dt
qr(t)

)
, (1.1.5)

where we substitute dqr(t)/dt, expressed as a function of qs(t) and ps(t),
(r, s = 1, . . . , f), into the right-hand side of (1.1.5). Finally, we take the
independent variations of qr(t) and pr(t) in (1.1.5). Making use of (1.1.3)
and (1.1.4), we obtain Hamilton’s canonical equations of motion:

d
dt
qr(t) =

∂H(qs(t), ps(t))
∂pr(t)

,

d
dt
pr(t) = −∂H(qs(t), ps(t))

∂qr(t)
, r, s = 1, . . . , f. (1.1.6)

The first equation of (1.1.6) declares that dqr(t)/dt is a function of qs(t) and
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ps(t), (s = 1, . . . , f), explicitly. Conversely, we can obtain the Euler–Lagrange
equation of motion, (1.1.3), and the definition of the momentum pr(t) canon-
ically conjugate to the coordinate qr(t), (1.1.4), from the definition of the
Hamiltonian, (1.1.5), and Hamilton’s canonical equation of motion, (1.1.6).
As long as we can invert the definition of the canonical momentum pr(t),
(1.1.4), for dqr(t)/dt, or the Lagrangian L(qr(t), dqr(t)/dt) is nonsingular,
we have the equivalence of the Euler–Lagrange equation of motion, (1.1.3),
and Hamilton’s canonical equations of motion, (1.1.6).

We move on to a discussion of canonical transformation theory. We rewrite
the definition of the Hamiltonian H(qr(t), pr(t)), (1.1.5), as follows:

L

(
qr(t),

d
dt
qr(t)

)
=

f∑
s=1

ps(t)
d
dt
qs(t)−H(qr(t), pr(t)) . (1.1.7)

We recall that dqr(t)/dt in (1.1.7) is regarded as a function of qs(t) and ps(t),
(s = 1, . . . , f), and that the left-hand side of (1.1.7), L(qr(t), dqr(t)/dt), is
not a Lagrangian, but a function of qs(t) and ps(t), (s = 1, . . . , f), defined
by the right-hand side of (1.1.7). We remark that the variation of qr(t),

qr(t)→ qr(t) + δqr(t),
used in the extremization of the action functional I[q; q(tb), q(ta)] induces the
variation of dqr(t)/dt,

d
dt
qr(t)→ d

dt
qr(t) + δ

(
d
dt
qr(t)

)
,

which in turn induces the variation of pr(t),

pr(t)→ pr(t) + δpr(t),
since dqr(t)/dt is a function of qs(t) and ps(t), (r, s = 1, . . . , f). This is
the meaning of the independent variation of qr(t) and pr(t), used to derive
Hamilton’s canonical equations of motion (1.1.6). We now consider the trans-
formation of the pair of canonical variables from (qr(t), pr(t)), (r = 1, . . . , f),
to (Qr(t), Pr(t)), (r = 1, . . . , f). This transformation,

(qr(t), pr(t))→ (Qr(t), Pr(t)), r = 1, . . . , f,

is said to be a canonical transformation if the following condition holds:

δ

∫ tb

ta

dt

(
f∑

s=1

ps(t)
d
dt
qs(t)−H(qr(t), pr(t))

)

= δ
∫ tb

ta

dt

(
f∑

s=1

Ps(t)
d
dt
Qs(t)− H̄(Qr(t), Pr(t))

)

= 0 , (1.1.8)
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with

δqr(ta,b) = δpr(ta,b) = δQr(ta,b) = δPr(ta,b) = 0, r = 1, . . . , f.

The new canonical pair (Qr(t), Pr(t)), (r = 1, . . . , f), satisfies Hamilton’s
canonical equation of motion, (1.1.6), with H̄(Qr(t), Pr(t)) as the new Hamil-
tonian. Since we have

δqr(ta,,b) = δpr(ta,b) = δQr(ta,b) = δPr(ta,b) = 0, r = 1, . . . , f,

(1.1.8) is equivalent to the following equation:

f∑
s=1

ps(t)
d
dt
qs(t)−H(qr(t), pr(t)) =

f∑
s=1

Ps(t)
d
dt
Qs(t)

−H̄(Qr(t), Pr(t)) +
d
dt
U . (1.1.9)

In (1.1.9), U is a function of an arbitrary pair of {qr(t), pr(t), Qr(t), Pr(t)},
(r = 1, . . . , f) and t, and is a single-valued continuous function. We call U
the generator of the canonical transformation. When we choose U to be the
function S(qr(t), Qr(t)) of qr(t) and Qr(t), (r = 1, . . . , f),

U = S(qr(t), Qr(t)) , (1.1.10)

which does not depend on t explicitly, we call the canonical transformation
generated by U a contact transformation. Since we have, from (1.1.10),

d
dt
U =

f∑
s=1

{
∂S(qr(t), Qr(t))

∂qs(t)
d
dt
qs(t) +

∂S(qr(t), Qr(t))
∂Qs(t)

d
dt
Qs(t)

}
,

(1.1.11)

we obtain, from (1.1.9), the contact transformation formula in analytical me-
chanics:

pr(t) =
∂S(qs(t), Qs(t))

∂qr(t)
,

Pr(t) = −∂S(qs(t), Qs(t))
∂Qr(t)

, r = 1, . . . , f , (1.1.12a)

H(qr(t), pr(t)) = H̄(Qr(t), Pr(t)) . (1.1.12b)

We now seek a quantum analog of the contact transformation formula,
(1.1.12a) and (1.1.12b), after Dirac. We choose the eigenkets |q〉 and |Q〉
which make the operators q̂r and Q̂r diagonal:

q̂r |q〉 = qr |q〉 , Q̂r |Q〉 = Qr |Q〉 , r = 1, . . . , f . (1.1.13)
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We state the conclusions first. We have the following quantum-mechanical
contact transformation formula:

〈q|Q〉 = exp
[
i
�
G(q,Q)

]
, (1.1.14)

G(q,Q) = quantum analog of S(q,Q) , (1.1.15)

〈q|Q〉 = exp
[
i
�
G(q,Q)

]

= quantum analog of exp
[
i
�
S(q,Q)

]
, (1.1.16)

p̂r =
̂∂G(q,Q)
∂qr

, P̂r = −
̂∂G(q,Q)
∂Qr

, r = 1, . . . , f . (1.1.17)

We will begin with the mixed representative 〈q| α̂ |Q〉 of the dynamical vari-
able α̂:

〈q|α̂|Q〉 =
∫
〈q|α̂|q′〉dq′〈q′|Q〉 (1.1.18a)

=
∫
〈q|Q′〉dQ′〈Q′|α̂|Q〉 . (1.1.18b)

In (1.1.18a) and (1.1.18b), we let α̂ be q̂r, p̂r, Q̂r and P̂r, obtaining

〈q| q̂r |Q〉 = qr 〈q|Q〉, 〈q| p̂r |Q〉 = �

i
∂

∂qr
〈q|Q〉 , (1.1.19)

〈q| Q̂r |Q〉 = Qr 〈q|Q〉, 〈q| P̂r |Q〉 = −�

i
∂

∂Qr
〈q|Q〉 . (1.1.20)

Next, we introduce the notion of a well-ordered operator. When we say that
α(q̂, Q̂) is a well-ordered operator, we mean that α(q̂, Q̂) can be written in
the form

α(q̂, Q̂) =
∑

k

fk(q̂)gk(Q̂) . (1.1.21)

Then, from (1.1.19) and (1.1.20), we obtain the identity

〈q|α(q̂, Q̂) |Q〉 = α(q,Q) 〈q|Q〉 . (1.1.22)
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We recall that, in (1.1.22), while α(q̂, Q̂) on the left-hand side is a q-number
function, α(q,Q) on the right-hand side is an ordinary c-number function.
With these preparations, we write the transformation function 〈q|Q〉 in the
form (1.1.14), and apply the second equations of (1.1.19) and (1.1.20). Then
we obtain

〈q|p̂r|Q〉 = �

i
∂

∂qr
〈q|Q〉 = ∂G(q,Q)

∂qr
〈q|Q〉

=

〈
q

∣∣∣∣∣∂Ĝ(q,Q)∂qr

∣∣∣∣∣Q
〉
, (1.1.23)

〈q|P̂r|Q〉 = −�

i
∂

∂Qr
〈q|Q〉 = −∂G(q,Q)

∂Qr
〈q|Q〉

= −
〈
q

∣∣∣∣∣∂Ĝ(q,Q)∂Qr

∣∣∣∣∣Q
〉
. (1.1.24)

In (1.1.23) and (1.1.24), the last equalities hold in the sense of a well-ordered
operator. Thus, we have (1.1.17) in the sense of a well-ordered operator iden-
tity. From a comparison of (1.1.17) with (1.1.12), we obtain (1.1.15) and
(1.1.16). Equations (1.1.14) through (1.1.17) are the contact transformation
formula in quantum mechanics. We cannot drop the “quantum analog” in
(1.1.15) and (1.1.16), since G(q,Q) is a complex number in general.

1.1.2 The Lagrangian and the Action Principle

In this section, we consider the description of the time evolution of an ana-
lytical mechanical system and a quantum mechanical system in terms of the
contact transformation, and the relationship with the action principle.

In the discussion so far, we regarded the action functional I[q; q(tb), q(ta)]
as the time integral of the Lagrangian L(qr(t), dqr(t)/dt)) along the arbitrary
path {qr(t); tb ≥ t ≥ ta}fr=1 connecting the fixed end-points, qr(ta) and qr(tb):

I[q; q(tb), q(ta)] =
∫ tb

ta

dtL
(
qr(t),

d
dt
qr(t)

)
.

From the extremization of the action functional I[q; q(tb), q(ta)] with the end-
points fixed,

δqr(ta) = δqr(tb) = 0, r = 1, . . . , f,

we obtained the Euler–Lagrange equation of motion, (1.1.3), and we have
determined the classical path {qclr (t); tb ≥ t ≥ ta}fr=1. In this subsection,
we consider the notion of the action functional from a different point of
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view. Namely, we consider the action functional as the time integral of the
Lagrangian L(qr(t), dqr(t)/dt)) along the true classical path,

{
qclr (t); tb ≥ t ≥ ta

}f

r=1
,

connecting the initial position, qr(ta), and the final position, qr(tb), (r =
1, . . . , f):

I(qr(tb), qr(ta)) ≡
∫ tb

ta

dtL
(
qclr (t),

d
dt
qclr (t)

)
. (1.1.25)

In other words, we consider the action functional as a function of the end-
points, qr(ta) and qr(tb), connected by the true classical path,

{
qclr (t); tb ≥ t ≥ ta

}f

r=1
.

We consider the infinitesimal variation of the end-points,

qr(ta,b)→ qr(ta,b) + δqr(ta,b).

We obtain the response of the action functional to this variation as

δI(qr(tb), qr(ta))

=
∫ tb

ta

dt
f∑

s=1

{
∂L(qclr (t),

d
dtq

cl
r (t))

∂qcls (t)
δqcls (t)

+
∂L(qclr (t),

d
dtq

cl
r (t))

∂( d
dtq

cl
s (t))

δ

(
d
dt
qcls (t)

)}

=
f∑

s=1

∫ tb

ta

dt

[
d
dt

(
∂L(qclr (t),

d
dtq

cl
r (t))

∂
(
d
dtq

cl
s (t)

) δqcls (t)

)

+

{
∂L(qclr (t),

d
dtq

cl
r (t))

∂qcls (t)

− d
dt

(
∂L(qclr (t),

d
dtq

cl
r (t))

∂
(
d
dtq

cl
s (t)

)
)}
δqcls (t)

]
. (1.1.26)

By the definition of I(qr(tb), qr(ta)), (1.1.25), the second term in the last
equality in (1.1.26) vanishes due to the Euler–Lagrange equation of motion,
(1.1.3). Using the definition of the momentum pr(t) canonically conjugate to
qr(t), (1.1.4), we obtain

δI(qr(tb), qr(ta)) =
f∑

s=1

[ps(tb)δqs(tb)− ps(ta)δqs(ta)] . (1.1.27)
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From (1.1.27), we obtain

pr(tb) =
∂I(qs(tb), qs(ta))

∂qr(tb)
,

pr(ta) = −∂I(qs(tb), qs(ta))
∂qr(ta)

, r = 1, . . . , f . (1.1.28)

These correspond to the contact transformation formula in analytical me-
chanics, (1.1.12a), in Sect. 1.1.1, with the identification

(qr, pr) = (qr(tb), pr(tb)),
(Qr, Pr) = (qr(ta), pr(ta)), r = 1, . . . , f , (1.1.29)

S(q,Q) = I(qr(tb), qr(ta)) =
∫ tb

ta

dtL
(
qclr (t),

d
dt
qclr (t)

)
. (1.1.30)

We find that the time evolution of an analytical mechanical system,

(qr(ta), pr(ta))→ (qr(tb), pr(tb)),

is given by the contact transformation, (1.1.28), with the generator

I(qr(tb), qr(ta)).

We now turn to the discussion of the transformation function 〈qtb
|qta〉

which generates the time evolution of a quantum mechanical system. We
write 〈qtb

|qta〉 as,

〈qtb
|qta〉 = exp

[
i
�
G(qtb

, qta)
]
, (1.1.31)

mimicking (1.1.14). Here, we have used the following shorthand

qta = {qr(ta)}fr=1, qtb
= {qr(tb)}fr=1.

Based on the quantum analog (1.1.15) and (1.1.16) deduced in Sect. 1.1.1, we
conclude the following analog,

G(qtb
, qta) = quantum analog of I(qr(tb), qr(ta))

= quantum analog of
∫ tb

ta

dtL
(
qclr (t),

d
dt
qclr (t)

)
, (1.1.32)

〈qtb
|qta〉 = exp

[
i
�
G(qtb

, qta)
]

= quantum analog of exp
[
i
�

∫ tb

ta

dtL
(
qclr (t),

d
dt
qclr (t)

)]
, (1.1.33)
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〈qt+δt|qt〉 = exp
[
i
�
G(qt+δt, qt)

]

= quantum analog of exp
[
i
�
· δt · L

(
qclr (t),

d
dt
qclr (t)

)]
. (1.1.34)

From (1.1.34), we learn that it is better not to regard the Lagrangian L(qr(t),
dqr(t)/dt) as a function of qr(t) and dqr(t)/dt but rather as a function of qr(t)
and qr(t + δt), i.e., the Lagrangian L(qr(t), dqr(t)/dt) is a dipole quantity.
We can rewrite (1.1.34) as

〈qt+δt|qt〉 = quantum analog of exp
[
i
�
·δt ·L(qr(t), “qr(t+ δt)”)

]
(1.1.35)

where “qr(t+ δt)” indicates that we approximate dqr(t)/dt by

d
dt
qr(t) � qr(t+ δt)− qr(t)

δt
(1.1.36)

to the first order in δt. We have clarified the relationship between the time
evolution of an analytical mechanical system and that of quantum mechanical
system at the level of the quantum analog with the discussion of the contact
transformation generated by the action functional, I(qr(tb), qr(ta)).

Next, we discuss the relationship between the action principle in analyt-
ical mechanics and quantum mechanics with the use of (1.1.33) at the level
of the quantum analog. We introduce the new notation B(tb, ta), which is a
classical quantity and corresponds to the transformation function 〈qtb

|qta〉 in
quantum mechanics:

B(tb, ta) ≡ exp
[
i
�
I(qr(tb), qr(ta))

]

= exp
[
i
�

∫ tb

ta

dtL
(
qclr (t),

d
dt
qclr (t)

)]
. (1.1.37)

We divide the time interval tb ≥ t ≥ ta into n equal subintervals

tk = ta +
k

n
(tb − ta), 0 ≤ k ≤ n; t0 = ta, tn = tb,

and designate the values of qr(t) at t = tk by

qtk
≡ {qr(tk)}fr=1.

We have the following identity for the classical quantity B(tb, ta):

B(tb, ta) = B(tb, tn−1)B(tn−1, tn−2)
· · ·B(tk, tk−1) · · ·B(t2, t1)B(t1, ta) . (1.1.38)
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The right-hand side of (1.1.38) is generally a function of qtb
, qtn−1 , . . . ,qt1 ,

qta . For each qtk
, the values of the classical path {qclr (tk)}fr=1 determined by

the action principle are substituted. As a result of the additivity of the ac-
tion functional, I(qr(tk), qr(tk−1)), we end up with a function of qtb

and qta

alone as the left-hand side of (1.1.38) indicates. On the other hand, in quan-
tum mechanics we have the following composition law for the transformation
function 〈qtb

|qta〉 with repeated use of resolution of the identity,

〈qtb
|qta〉 =

∫
· · ·

∫
〈qtb
|qtn−1〉dqtn−1〈qtn−1 |qtn−2〉dqtn−2〈qtn−2 |

· · · |qt2〉dqt2〈qt2 |qt1〉dqt1〈qt1 |qta〉 . (1.1.39)

We apply the previously deduced analog between 〈qtb
|qta〉 and B(tb, ta),

(1.1.33), to the right-hand side of (1.1.39). We conclude that the integrand
on the right-hand side of (1.1.39) must be of the form

integrand of (1.1.39) = exp
[
i
�
F (qtb

, qtn−1 , . . . , qt1 , qta)
]
. (1.1.40)

Here, the function in the exponent of the right-hand side of (1.1.40), F (· · · ),
is a finite function in the limit, �→ 0. From (1.1.33), we obtain the following
quantum analog,

F (qtb
, qtn−1 , . . . , qt1 , qta)

= quantum analog of
n∑

k=1

∫ tk

tk−1

dtL
(
qclr (t),

d
dt
qclr (t)

)

= quantum analog of
∫ tb

ta

dtL
(
qclr (t),

d
dt
qclr (t)

)
= quantum analog of I(qr(tb), qr(ta)) . (1.1.41)

We get the dominant contribution to the right-hand side of (1.1.39) from the
neighborhood of

{q∗tk
, k = 1, . . . , n− 1}

which extremizes the function

F (qtb
, qtn−1 , . . . , qt1 , qta)

against all infinitesimal variations δqtk
of qtk

. According to (1.1.41), we
have the extremized action I(qr(tb), qr(ta)) as the classical limit (� → 0)
of F (qtb

, qtn−1 , . . . , qt1 , qta).
Thus, we obtain the two trivial statements of the quantum-mechanical

action principle:
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(1)
∫ ∏n−1

k=1 dqtk
of (1.1.39) which gives the transformation function 〈qtb

|qta〉
in quantum mechanics corresponds to the substitution of the classical
path{
qclr (tk)

}f

r=1

determined by the action principle at each time t = tk into the classical
quantity B(tb, ta).

(2) The extremization of F (qtb
, qtn−1 , . . . , qt1 , qta) of quantum mechanics cor-

responds to the extremization of the action functional I[qr; qtb
, qta ] of

analytical mechanics. In the classical limit (� → 0), the quantum ana-
log of the action principle agrees with the action principle of analytical
mechanics.

1.1.3 The Feynman Path Integral Formula

In the transformation function 〈qt+δt|qt〉, (1.1.35), which gives the time evo-
lution of the quantum-mechanical system for the infinitesimal time interval,
[t, t + δt], Feynman replaced the quantum analog with equality, to the first
order in δt, by multiplying by a constant factor A on the right-hand side of
(1.1.35):

〈qt+δt|qt〉 = A · exp
[
i
�
· δt · L(qr(t), “qr(t+ δt)”)

]
. (1.1.42)

In (1.1.39) which gives the transformation function 〈qtb
|qta〉 for the finite time

interval [ta, tb], we choose δt and tk as follows:

δt =
tb − ta
n
, tk = ta + k · δt, k = 0, 1, . . . , n− 1, n;

t0 = ta, tn = tb . (1.1.43)

We then obtain the Feynman path integral representation for the transfor-
mation function 〈qtb

|qta〉 from (1.1.42):

〈qtb
|qta〉 =

∫ qtn=qtb

qt0=qta

n−1∏
k=1

dqtk

n−1∏
k=0

〈qtk+1

∣∣ qtk
〉

= lim
n→∞

n·δt=tb−ta

∫ qtn=qtb

qt0=qta

n−1∏
k=1

dqtk
·

n−1∏
k=0

〈qtk+δt|qtk
〉

= lim
n→∞

n·δt=tb−ta

An

∫ qtn=qtb

qt0=qta

n−1∏
k=1

dqtk

· exp
[
i
�

n−1∑
k=0

δt · L(qr(tk), “qr(tk + δt)”)
]

(1.1.44)
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≡
∫ q(tb)=qtb

q(ta)=qta

D[q(t)] exp
[
i
�

∫ tb

ta

dtL
(
qr(t),

d
dt
qr(t)

)]
(1.1.45)

=
∫ q(tb)=qtb

q(ta)=qta

D[q(t)] exp
[
i
�
I[qr; qtb

, qta ]
]
.

Here, we note that (1.1.45) is nothing but an elegant way of writing (1.1.44).
We have the Riemann sum in (1.1.44) which is a sum over k of the Lagrangian
L(qr(tk), “qr(tk+1)”) along the classical path{

qclr (t), tk+1 ≥ t ≥ tk
}f

r=1
,

connecting qr(tk) and qr(tk+1), and then we integrate over all qtk
. In the limit

as n → ∞, this Riemann sum becomes the time integral of the Lagrangian
L(qr(t), dqr(t)/dt) along an arbitrary path,

{qr(t), tb ≥ t ≥ ta}fr=1,

connecting qr(ta) and qr(tb), and hence it is the action functional I[qr; qtb
, qta ]

in the sense of (1.1.1). For this reason, we have dropped the superscript “cl” in
(1.1.44) and (1.1.45). From this observation, we have the following statement,

∫ q(tb)=qtb

q(ta)=qta

D[q(t)]

= the sum along all possible paths, {qr(t), tb ≥ t ≥ ta}fr=1,
connecting the fixed end-points, qr(ta) and qr(tb). (1.1.46)

Next, we consider the matrix elements 〈qtb
|O(q̂(t))|qta 〉 of the operator

O(q̂(t)), (tb ≥ t ≥ ta). For this purpose, we need the principle of superposition
and the composition law of the transition probability amplitude stated in the
following form∫ q(tb)=qtb

q(ta)=qta

D[q(t)]=
∫ +∞

−∞
dq′

∫ qII(tb)=qtb

qII(t)=q′
D[qII(t)]

∫ qI(t)=q′

qI(ta)=qta

D[qI(t)] .
(1.1.47)

We let the eigenvalue and the eigenbra of the operator q̂(t) be given by q′

and 〈q′, t|, respectively.
〈q′, t|q̂(t) = 〈q′, t|q′ . (1.1.48)

Applying the resolution of identity at time t,

1 =
∫ +∞

−∞
|q′, t〉dq′〈q′, t| , (1.1.49)
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to the matrix element 〈qtb
|O(q̂(t))|qta〉, and making use of (1.1.45), (1.1.47)

and (1.1.48), and the additivity of the action functional, we obtain

〈qtb
|O(q̂(t))|qta 〉 =

∫ +∞

−∞
dq′〈qtb

|q′, t〉O(q′)〈q′, t|qta〉

=
∫ +∞

−∞
dq′

∫ qII(tb)=qtb

qII(t)=q′
D[qII(t)]

× exp
[
i
�
I[qII; qtb

, q′]
]
O(q′)

×
∫ qI(t)=q′

qI(ta)=qta

D[qI(t)] exp
[
i
�
I[qI; q′, qta ]

]

=
∫ q(tb)=qtb

q(ta)=qta

D[q(t)]O(q(t)) exp
[
i
�
I[q; qtb

, qta ]
]
. (1.1.50)

As for the matrix element of the time-ordered product of q̂(t), we obtain, with
repeated use of (1.1.47) and (1.1.50),

〈qtb
|T(q̂r1(t1) · · · q̂rn(tn))|qta〉

=
∫ q(tb)=qtb

q(ta)=qta

D[q(t)]qr1(t1) · ·qrn(tn) exp
[
i
�
I[qr; qtb

, qta ]
]
. (1.1.51)

As for the generating functional Z[J ; q(tb), q(ta)] (and W [J ; q(tb), q(ta)]) of
the matrix element of the time-ordered product (and its connected part), we
have

Z[J ; q(tb), q(ta)] ≡ exp
[
i
�
W [J ; q(tb), q(ta)]

]

≡
〈
qtb

∣∣∣∣∣T
(
exp

[
i
�

∫ tb

ta

dt
f∑

r=1

q̂r(t)Jr(t)

])∣∣∣∣∣ qta

〉

≡
∞∑

n=0

1
n!

(
i
�

)n ∫ tb

ta

dt1 · · · dtn

×
f∑

r1,... ,rn=1

Jr1(t1) · · ·Jrn(tn)

×〈qtb
|T(q̂r1(t1) · · · q̂rn(tn))|qta〉

=
∫ q(tb)=qtb

q(ta)=qta

D[q(t)] exp
[
i
�

∫ tb

ta

dt

×
{
L

(
qr(t),

d
dt
qr(t)

)
+

f∑
r=1

qr(t)Jr(t)

}]
. (1.1.52)
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The last line of (1.1.52) follows from (1.1.51). We have the formula

�

i
δ

δJr1(t1)
· · · �

i
δ

δJrn(tn)
Z[J ; q(tb), q(ta)]|J=0

= 〈qtb
|T(q̂r1(t1) · · · q̂rn(tn))|qta〉 , (1.1.53Z)

�

i
δ

δJr1(t1)
· · · �

i
δ

δJrn(tn)
W [J ; q(tb), q(ta)]|J=0

=
�

i
〈qtb
|T(q̂r1(t1) · · · q̂rn(tn))|qta〉C , (1.1.53W)

where (1.1.53W) defines the connected part.
Feynman proposed the mid-point rule as the approximate formula in the

Cartesian coordinate system for δt · L(qr(t), “qr(t+ δt)”) of (1.1.42):

“δt · L(qr(t), “qr(t+ δt)”)”
= δt · L

(
qr(t) + qr(t+ δt)

2
,
qr(t+ δt)− qr(t)

δt

)
. (1.1.54)

In Sect. 1.3, we shall discuss the Feynman path integral formula in the curvi-
linear coordinate system and the rationale of the mid-point rule. As remarked
at the beginning of this chapter, the major results of this section, (1.1.44),
(1.1.45), (1.1.50–1.1.52), are not always correct. In Sects. 1.2 and 1.3, we shall
gradually make the necessary corrections to the formula derived in Sect. 1.1.

1.1.4 The Time-Dependent Schrödinger Equation

The discussions in Sects. 1.1.2 and 1.1.3 are not rigorous at all. In Sect. 1.1.2,
our discussion was based upon the quantum analog due to Dirac. In Sect. 1.1.3,
our discussion was based upon Feynman’s hypothesis (1.1.42). We are not
certain whether we are on the right track. In this section, we shall demon-
strate the fact that (1.1.42) contains one truth in nonrelativistic quantum
mechanics, namely, the time-dependent Schrödinger equation.

We consider a one-dimensional mechanical system described by the fol-
lowing Lagrangian,

L

(
q(t),

d
dt
q(t)

)
=

1
2
m

(
d
dt
q(t)

)2

− V (q(t)) . (1.1.55)

Setting t = tk in (1.1.42), and adopting the mid-point rule, (1.1.54), we obtain
the following equation to first order in δt,



1.1 Quantum Mechanics in the Lagrangian Formalism 17

〈qtk+δt|qtk
〉

= A exp

{
i
�
δt

[
m

2

(
qtk+δt − qtk

δt

)2

− V
(
qtk+δt + qtk

2

)]}
. (1.1.56)

The wave function ψ(qtk+δt, tk+δt) at time t = tk+δt, and position q = qtk+δt

is related to the wave function ψ(qtk
, tk) at time t = tk, and position q = qtk

in the following manner,

ψ(qtk+δt, tk + δt) ≡ 〈qtk+δt|ψ〉

=
∫ +∞

−∞
〈qtk+δt|qtk

〉dqtk
〈qtk
|ψ〉

=
∫ +∞

−∞
〈qtk+δt|qtk

〉dqtk
ψ(qtk

, tk) . (1.1.57)

Substituting (1.1.56) into (1.1.57), we have

ψ(qtk+δt, tk + δt)

= A
∫ +∞

−∞
dqtk

exp

[
i
�
δt

{
m

2

(
qtk+δt − qtk

δt

)2

− V
(
qtk+δt + qtk

2

)}]

×ψ(qtk
, tk).

Setting

qtk+δt = q, qtk+δt − qtk
= ξ tk = t,

and hence

qtk
= q − ξ,

we have

ψ(q, t+ δt) = A exp
[
− i

�
δtV (q)

] ∫ +∞

−∞
dξ exp

[
im
δt · 2�ξ

2

]

× exp
[
− i

�
δt

{
V

(
q − ξ

2

)
− V (q)

}]
ψ(q − ξ, t) . (1.1.58)

In the right-hand side of (1.1.58), we expand the second and third factor in
the integrand as follows:
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

exp
[
− i

�
δt

{
V

(
q − ξ

2

)
− V (q)

}]

= 1− iδt
2�

(
ξV ′(q)− ξ

2

4
V ′′(q) + · · ·

)
+O((δt)2),

ψ(q − ξ, t) = ψ(q, t)− ξ ∂
∂q
ψ(q, t) +

ξ2

2
∂2

∂q2
ψ(q, t)− · · · .

(1.1.59)

We use the following quasi-Gaussian integral formula

∫ +∞

−∞
dξ exp

[
im
δt · 2�ξ

2

]



1
ξ
ξ2

ξ3

ξ4



=




(2π� · iδt�m)1/2

0
(� · iδt�m)(2π� · iδt�m)1/2

0
3(� · iδt�m)2(2π� · iδt�m)1/2



.

(1.1.60)

Then, we obtain the right-hand side of (1.1.58) as

ψ(q, t+ δt) = exp
[
− i

�
δtV (q)

]
A

(
2π� · iδt
m

)1/2

×
{
ψ(q, t) +

� · iδt
2m

∂2

∂q2
ψ(q, t) +O((δt)2)

}
. (1.1.61)

From the 0th order matching with respect to δt, we obtain the normalization
constant A from (1.1.61) as

A =
(
2π� · iδt
m

)−1/2

. (1.1.62)

Now, we expand ψ(q, t+ δt) and exp[−(i/�)δtV (q)] in (1.1.61) to first order
in δt. After a little algebra, we obtain from (1.1.61),

δt · ∂
∂t
ψ(q, t) +O((δt)2)

= − i
�
δt ·

{
V (q) − �2

2m
∂2

∂q2

}
ψ(q, t) +O((δt)2) . (1.1.63)

Multiplying i��δt on both sides of (1.1.63) and taking the limit δt → 0, we
obtain the time-dependent Schrödinger equation,

i�
∂

∂t
ψ(q, t) =

[
1
2m

(
�

i
∂

∂q

)2

+ V (q)

]
ψ(q, t) . (1.1.64)

In this way, we have demonstrated the fact that Feynman’s hypothesis
(1.1.42) contains one piece of truth, i.e., the time-dependent Schrödinger
equation.
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In so far as the derivation of the time-dependent Schrödinger equation
(1.1.64) is concerned, we can use the approximation

(
d
dt
q(tk)

)2

�
(
qtk+δt − qtk

δt

)2

, (1.1.65)

to obtain the correct result. However, when we calculate the expectation value
of dq̂(t)/dt raised to some power, for example, the kinetic energy

1
2
m

(
d
dt
q̂(t)

)2

,

we get a divergent result as δt → 0, if we use the approximation (1.1.65).
Feynman proposed the approximate formula for (dq(t)/dt)2 in (1.1.42) of the
form(

d
dt
q(tk)

)2

�
(
qtk+δt − qtk

δt

)(
qtk
− qtk−δt

δt

)
. (1.1.66)

Lastly, we state the physical interpretation of (1.1.56) and (1.1.57). We
regard these equations as statements of Huygen’s principle for the wave func-
tion ψ(q, t). When the wave function ψ(qtk

, tk) on the “surface” Stk
, which

is constituted by all possible values of the position qtk
at time tk, is given,

the values of the wave function ψ(qtk+δt, tk + δt) at the neighboring position
qtk+δt at time tk + δt are given by the sum of the contributions from the val-
ues of ψ(qtk

, tk) on Stk
. Each contribution is retarded with the phase factor

I(qtk+δt, qtk
)��, proportional to the action functional I(qtk+δt, qtk

) which is
the time integral of the Lagrangian along the classical path{

qcl(t), tk + δt ≥ t ≥ tk
}
.

Huygen’s principle in wave optics requires the specification of

ψ(qtk
, tk) and

∂

∂tk
ψ(qtk

, tk) on Stk
,

due to the fact that the wave equation in optics is second order in the par-
tial derivative with respect to time t, whereas in quantum mechanics the
specification of

ψ(qtk
, tk) on Stk

alone is required due to the fact that the time-dependent Schrödinger equa-
tion, (1.1.64), is first order in the partial derivative with respect to time t.
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1.1.5 The Principle of Superposition
and the Composition Law

In this section, we reconsider the method of path integral quantization from
the principle of superposition and the composition law. As a result, we shall
find that the expression (1.1.46),

∫ q(tb)=qtb

q(ta)=qta

D[q(t)] =
∫ +∞

−∞
dq′

∫ qII(tb)=qtb

qII(t)=q′
D[qII(t)]

∫ qI(t)=q′

qI(ta)=qta

D[qI(t)],

in path integral quantization is nothing but a statement of the principle of
superposition and the composition law in quantum mechanics. Furthermore,
we shall find the notion of the probability amplitude,

ϕ
[
{qr(t); tb ≥ t ≥ ta}fr=1

]
,

associated with the path {qr(t); tb ≥ t ≥ ta}fr=1 connecting qr(ta) and qr(tb);
ϕ[path] is given by

ϕ
[
{qr(t); tb ≥ t ≥ ta}fr=1

]
∝ exp

[
i
�

∫ tb

ta

dtL
(
qr(t),

d
dt
qr(t)

)]
(1.1.67)

= exp
[
i
�
I[q; qtb

, qta ]
]
.

In the right-hand side of (1.1.67), the time integral is taken along the path
specified in the left-hand side. We note that (1.1.67) is an extension of the
probability amplitude, (1.1.42), for the infinitesimal time interval, [t, t+ δt],
to the case of the finite time interval, [ta, tb].

We consider a gedanken experiment of an electron beam, ejected by an
electron gun G, going through the double holes H1 and H2 on the screen
S, and detected by a detector D on the detector screen. We let ϕH1 be
the probability amplitude of the electron, G → H1 → D, and ϕH2 be the
probability amplitude of the electron, G → H2 → D. We obtain the total
probability amplitude, ϕD←G, of the electron, G→ D, from the principle of
superposition as

ϕD←G = ϕH1 + ϕH2 . (1.1.68)

We know the probability amplitudes, ϕH1 and ϕH2 , are given by the compo-
sition law of the probability amplitudes as

ϕHi = ϕD←Hi · ϕHi←G, i = 1, 2 . (1.1.69)

Next, we make infinitely many holes {Hi}∞i=1 on the screen S, and again use
the principle of superposition and the composition law, (1.1.68) and (1.1.69),
to obtain the total probability amplitude, ϕD←G,
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ϕD←G =
∑
{Hi}∞i=1

ϕHi =
∑
{Hi}∞i=1

ϕD←Hi · ϕHi←G . (1.1.70)

Lastly, we erect infinitely many screens SI and SII, between G and S, and S
and D. With repeated use of (1.1.68–1.1.70), we obtain the total probability
amplitude, ϕD←G, as

ϕD←G =
∑

all paths
D←G

ϕ[particular path: D ← G] . (1.1.71)

Comparing the result, (1.1.71), with the path integral representation of the
transformation function 〈qtb

|qta〉, (1.1.45), and the description of the path
integral symbol, (1.1.46), we reach the notion of probability amplitude,

ϕ
[
{qr(t); tb ≥ t ≥ ta}fr=1

]
, (1.1.67)

associated with the path,

{qr(t); tb ≥ t ≥ ta}fr=1.

In this way, we realize that the path integral representation of the transfor-
mation function 〈qtb

|qta〉, (1.1.45), embodies the principle of superposition,
(1.1.68), and the composition law, (1.1.69), under the identification, (1.1.67),
and is written in an elegant notation with the path integral symbol∫

D[q(t)]

in the sense of (1.1.46). When we apply the conclusion for ϕD←G, (1.1.71),
to each of ϕHi←G and ϕD←Hi of (1.1.70), we find∑

all paths
D←G

ϕ[particular path: D ← G]

=
∑
{Hi}∞i=1

∑
all paths
D←Hi

ϕ[particular path: D ← Hi]

×
∑

all paths
Hi←G

ϕ[particular path: Hi ← G] . (1.1.72)

In view of the probability amplitude ϕ[path], (1.1.67), the additivity of the ac-
tion functional I[q; q(tb), q(ta)], and the meaning of the path integral symbol,
(1.1.46), we realize that (1.1.72), which represents the principle of superposi-
tion and the composition law of the probability amplitudes, is equivalent to
(1.1.47).

From all the considerations we have discussed so far, we understand that
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(1) Feynman path integral quantization is c-number quantization based on
the Lagrangian formalism of analytical mechanics,

and,

(2) Feynman path integral quantization contains the principle of superposi-
tion and the composition law of the transition probability amplitude ab
initio.

1.2 Path Integral Representation
of Quantum Mechanics
in the Hamiltonian Formalism

In this section we discuss the standard method of deriving the path inte-
gral formula from the Hamiltonian formalism of quantum mechanics. As a
result, we shall discover that the conclusions of the previous section, (1.1.45),
(1.1.50–1.1.52), are not always correct.

In Sect. 1.2.1, we briefly review quantum mechanics in the Hamiltonian
formalism and establish the notation. In Sects. 1.2.2 and 1.2.3, we derive the
phase space path integral formula for the transformation function,

〈qtb
, tb|qta , ta〉,

and the matrix element of the time-ordered product,

〈qtb
, tb|T(q̂(t1) · · · q̂(tn))|qta , ta〉,

respectively. In Sect. 1.2.4, we derive the vacuum state wave function in order
to take the limit ta → −∞ and tb → +∞. In Sect. 1.2.5, we derive the phase
space path integral formula for the generating functional, Z[J ], of the Green’s
functions. In Sect. 1.2.6, we perform the functional Gaussian integration with
respect to the canonical momentum p(t), when the Hamiltonian H(q(t), p(t))
is given by the quadratic form in the canonical momentum p(t). When the
kernel of the quadratic form is a constant matrix, we show that the formula
derived in Sects. 1.2.2–1.2.5 is given by the configuration space path integral
formula in the Lagrangian formalism of the previous section. When the kernel
of the quadratic form is a q(t)-dependent matrix, we find that the functional
Gaussian integration stated above generates a q(t)-dependent determinant
factor in the integrand of the configuration space path integral formula, and
we have to make a requisite correction to the conclusions of the previous sec-
tion: we have to replace the original Lagrangian with the effective Lagrangian
which takes the presence of the q(t)-dependent determinant factor into con-
sideration. In this manner, we shall see the power and the limitation of the
discussion of the previous section based on the Lagrangian formalism.

As for the operator-ordering problem, we still evade the discussion with
the notion of a well-ordered operator and, in the next section, we discuss the
problem with the notion of the Weyl correspondence.
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1.2.1 Review of Quantum Mechanics
in the Hamiltonian Formalism

We consider a canonical quantum mechanical system described by the pair
of canonical variables {q̂r(t), p̂r(t)}fr=1 and the Hamiltonian H(q̂r(t), p̂r(t))
in the Heisenberg picture,

q̂r(t), p̂s(t), r, s = 1, . . . , f ; H = H(q̂r(t), p̂r(t)) . (1.2.1)

We have the equal-time canonical commutation relations,

[q̂r(t), q̂s(t)] = [p̂r(t), p̂s(t)] = 0,

r, s = 1, . . . , f.
[q̂r(t), p̂s(t)] = i�δr,s.

(1.2.2)

The Heisenberg equation of motion for an arbitrary operator Ô(t) in the
Heisenberg picture is given by

i�
d
dt
Ô(t) = [Ô(t), H(q̂r(t), p̂r(t))] . (1.2.3)

When we take q̂r(t) and p̂r(t) as Ô(t), we can immediately integrate (1.2.3),
and obtain


q̂r(t)=exp

[
i
�
H(q̂s(t), p̂s(t))t

]
q̂r(0) exp

[
− i

�
H(q̂s(t), p̂s(t))t

]
,

p̂r(t)=exp
[
i
�
H(q̂s(t), p̂s(t))t

]
p̂r(0) exp

[
− i

�
H(q̂s(t), p̂s(t))t

]
.

(1.2.4)

We let |q, t〉 (|p, t〉) be the eigenket of the operator q̂(t) (p̂(t)) belonging to
the eigenvalue qr (pr),


q̂r(t)|q, t〉 = qr|q, t〉,

r = 1, . . . , f,
p̂r(t)|p, t〉 = pr|p, t〉.

(1.2.5)

From (1.2.4) and (1.2.5), we obtain the time dependence of |q, t〉,

|q, t〉 = exp

[
i
�
H(q̂r(t), p̂r(t))t

]
|q, 0〉,

|q, t〉 = exp
[
i
�
H(q̂r(t), p̂r(t))(t − t′)

]
|q, t′〉.

(1.2.6)

From (1.2.6), we learn that the eigenkets |q, t〉 and |p, t〉 are a “rotating coor-
dinate” system. At first sight, however, the time dependence of |q, t〉 appears
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to be wrong. In order to show that the time dependence of (1.2.6) is correct,
we consider the wave function ψ(q, t).

In the Schrödinger picture, we have the time-dependent state vector
|ψ(t)〉S which satisfies the Schrödinger equation,

i�
d
dt
|ψ(t)〉S = H(q̂r(t), p̂r(t))|ψ(t)〉S.

The formal solution of this equation is given by

|ψ(t)〉S = exp
[
− i

�
H(q̂r(t), p̂r(t))t

]
|ψ(0)〉S.

Choosing t = 0 as the time when the Schrödinger picture coincides with the
Heisenberg picture, we have the wave function ψS(q, t) in the Schrödinger
picture as

ψS(q, t) ≡ 〈q, 0|ψ(t)〉S = 〈q, 0| exp
[
− i

�
H(q̂r(t), p̂r(t))t

]
|ψ(0)〉 . (1.2.7)

On the other hand, in the Heisenberg picture, we have the time-independent
state vector,

|ψ〉H ≡ |ψ(0)〉.

But we can define the wave function ψH(q, t) by the projection of |ψ〉H onto
the “rotating coordinate” system 〈q, t|, i.e.,

ψH(q, t) ≡ 〈q, t|ψ〉H = 〈q, 0| exp
[
− i

�
H(q̂r(t), p̂r(t))t

]
|ψ(0)〉 . (1.2.8)

The two wave functions given by (1.2.7) and (1.2.8) coincide with each other
as they should:

ψ(q, t) = ψS(q, t) = ψH(q, t) . (1.2.9)

The time dependence of the Schrödinger wave function originates from the
time dependence of the state vector |ψ(t)〉S which satisfies the Schrödinger
equation, whereas the time dependence of the Heisenberg wave function
originates from the time-dependent “rotating coordinate” system 〈q, t|. The
Schrödinger equation can be regarded as the constraint on 〈q, t|ψ〉H. With
these considerations, we are assured that the time dependence of |q, t〉 as
expressed by (1.2.6) is correct.

We record here several formulas which become necessary in Sect. 1.2.2:

〈q, t|p, t〉 = 〈q|p〉 = (2π�)−f/2 exp

[
i
�

f∑
r=1

prqr

]
. (1.2.10)
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This follows from the equations

〈q|p̂r|p〉 = pr〈q|p〉 =
�

i
∂

∂qr
〈q|p〉 , (1.2.11)

〈q′|q〉 = δf (q′ − q).

With the assumption that the HamiltonianH(q̂r(t), p̂r(t)) is a “well-ordered”
operator, i.e., all q̂′s to the left of all p̂′s, we have the identity

〈q′, t′|p, t〉 =
〈
q′, t

∣∣∣∣exp
[
− i

�
H(q̂r(t), p̂r(t))(t′ − t)

]∣∣∣∣ p, t
〉

= exp
[
− i

�
H(q′r, pr)(t

′ − t)
]
· 〈q′, t|p, t〉

= (2π�)−f/2 exp

[
− i

�
H(q′r, pr)(t

′ − t) + i
�

f∑
r=1

prq
′
r

]
. (1.2.12)

As the resolution of identity in phase space, we have,

∫ +∞

−∞

f∏
r=1

dqr|q, t〉〈q, t| =
∫ +∞

−∞

f∏
r=1

dpr|p, t〉〈p, t| = 1 . (1.2.13)

As for the transformation function 〈q′, t′|q, t〉, with the use of (1.2.10), (1.2.12)
and (1.2.13), we have

〈q′, t′|q, t〉 =
∫
〈q′, t′|p, t〉

f∏
r=1

dpr〈p, t|q, t〉

= (2π�)−f

∫ f∏
r=1

dpr

× exp

[
i
�

{
f∑

r=1

pr(q′r − qr)−H(q′r, pr)(t′ − t)
}]
, (1.2.14)

which is correct when the Hamiltonian H(q̂r(t), p̂r(t)) is a “well-ordered” op-
erator.

1.2.2 Phase Space Path Integral Representation
of the Transformation Function

In order to obtain the phase space path integral representation of the trans-
formation function

〈qtb
, tb|qta , ta〉,

we divide the time interval [ta, tb] into n equal subintervals [tk, tk+1], where
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tb ≡ tn > tn−1 > · · · > t1 > t0 ≡ ta,

δt =
tb − ta
n
, tk = ta + kδt, k = 0, 1, . . . , n− 1, n,

and let the values of qr(t) at t = tk be

qr,tk
≡ qr(tk).

We apply the resolution of identity, (1.2.13), at each time t = tk. From
(1.2.10), (1.2.12) and (1.2.14), we obtain

〈qtb
, tb|qta , ta〉

=
∫ qtn=qtb

qt0=qta

n−1∏
k=1

dfqtk

n−1∏
k=0

〈qtk+1 , tk+1|qtk
, tk〉

=
∫ qtn=qtb

qt0=qta

n−1∏
k=1

dfqtk

∫ n−1∏
k=0

dfptk

×
n−1∏
k=0

〈qtk+1 , tk+1|ptk
, tk〉〈ptk

, tk|qtk
, tk〉

=
∫ qtn=qtb

qt0=qta

n−1∏
k=1

dfqtk√
(2π�)f

∫ n−1∏
k=0

dfptk√
(2π�)f

× exp

[
n−1∑
k=0

{
f∑

r=1

pr,tk+δt(qr,tk+δt−qr,tk
)−H(qtk+1, ptk

)δt

}]
, (1.2.15)

where we have assumed that the HamiltonianH(q̂r(t), p̂r(t)) is “well-ordered”.
We further assume that the operators q̂(t) and p̂(t), have continuous eigen-
values, q(t) and p(t) parametrized by t. Then, in the limit n → ∞, we have
the following expression for the exponent in the integrand of (1.2.15):

lim
n→∞

n−1∑
k=0

{
f∑

r=1

pr,tk+δt(qr,tk+δt − qr,tk
)−H(qtk+1 , ptk

)δt

}

= lim
n→∞

n−1∑
k=0

δt

{
f∑

r=1

pr,tk+δt

(
qr,tk+δt − qr,tk

δt

)
−H(qtk+1 , ptk

)

}

=
∫ tb

ta

dt

{
f∑

r=1

pr(t)
d
dt
qr(t)−H(q(t), p(t))

}
. (1.2.16)

Thus, in the limit n→∞ in (1.2.15), we obtain the phase space path integral
representation of the transformation function:
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〈qtb
, tb|qta , ta〉

=
∫ q(tb)=qtb

q(ta)=qta

D[q(t)]
∫
D[p(t)]

× exp

[
i
�

∫ tb

ta

dt

{
f∑

r=1

pr(t)
d
dt
qr(t)−H(q(t), p(t))

}]
. (1.2.17)

Here, we note the definition of the phase space path integral symbol,

∫ q(tb)=qtb

q(ta)=qta

D[q(t)]
∫
D[p(t)] ≡ lim

n→∞

∫ q(tb)=qtb

q(ta)=qta

n−1∏
k=1

dfqtk√
(2π�)f

×
∫ n−1∏

k=0

dfptk√
(2π�)f

. (1.2.18)

We remark that in the phase space path integral representation of the trans-
formation function, (1.2.17), the momentum integration is unconstrained. We
also remark that in (1.2.16) and (1.2.17), we have

d
dt
qr(t) =

qr(t+ δt)− qr(t)
δt

, (1.2.19)

to first order in δt. We note that dqr(t)/dt becomes a function of qs(t) and
ps(t), (s = 1, . . . , f), as a result of the momentum integration in (1.2.17). We
shall discuss this point in some detail in Sect. 1.2.6.

1.2.3 Matrix Element of a Time-Ordered Product

In this subsection, we derive the phase space path integral representation of
the matrix element of the time-ordered product of q̂(t),

〈qtb
, tb|T(q̂r1(t1) · · · q̂rn(tn))|qta , ta〉

=
∫ q(tb)=qtb

q(ta)=qta

D[q(t)]
∫
D[p(t)]qr1(t1) · · · qrn(tn)

× exp

[
i
�

∫ tb

ta

dt

{
f∑

r=1

pr(t)
d
dt
qr(t)−H(q(t), p(t))

}]
. (1.2.20)

The principle of superposition and the composition law of the probability
amplitude in the phase space path integral representation is given by
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∫ q(ttb
)=qtb

q(ta)=qta

D[q(t)]
∫
D[p(t)]

=
∫ +∞

−∞
dfqt

∫ qII(tb)=qtb

qII(t)=qt

D[qII(t)]
∫
D[pII(t)]

×
∫ qI(t)=qt

qI(ta)=qta

D[qI(t)]
∫
D[pI(t)] . (1.2.21)

In the first place, we try to obtain the matrix element of q̂r(t),

〈qtb
, tb|q̂r(t)|qta , ta〉,

in the phase space path integral representation. We apply the resolution of
identity, (1.2.13), in the q-representation at time t, obtaining

〈qtb
, tb|q̂r(t)|qta , ta〉 =

∫ +∞

−∞
df qt〈qtb

, tb|qt, t〉qr,t〈qt, t|qta , ta〉 . (1.2.22)

For each transformation function on the right-hand side of (1.2.22), we use
the phase space path integral formula, (1.2.17), obtaining

〈qtb
, tb|q̂r(t)|qta , ta〉

=
∫ +∞

−∞
dfqt

∫ qII(tb)=qtb

qII(t)=qt

D[qII(t)]
∫
D[pII(t)]

× exp

[
i
�

∫ tb

t

dt

{
f∑

r=1

pII,r(t)
d
dt
qII,r(t)−H(qII(t), pII(t))

}]

×qr,t
∫ qI(t)=qt

qI(ta)=qta

D[qI(t)]
∫
D[pI(t)]

× exp

[
i
�

∫ t

ta

dt

{
f∑

r=1

pI,r(t)
d
dt
qI,r(t)−H(qI(t), pI(t))

}]
. (1.2.23)

We now apply the principle of superposition and the composition law,
(1.2.21), to the right-hand side of (1.2.23), obtaining

〈qtb
, tb|q̂r(t)|qta , ta〉

=
∫ q(tb)=qtb

q(ta)=qta

D[q(t)]
∫
D[p(t)]qr(t)

× exp

[
i
�

∫ tb

ta

dt

{
f∑

r=1

pr(t)
d
dt
qr(t)−H(q(t), p(t))

}]
. (1.2.24)

This is the phase space path integral representation of 〈qtb
, tb|q̂r(t)|qta , ta〉.
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Next, we consider the phase space path integral representation of the
matrix element

〈qtb
, tb|T(q̂r1(t1)q̂r2(t2))|qta , ta〉.

We first consider the case t2 > t1. We apply the resolution of identity, (1.2.13),
in the q-representation at time t2, obtaining

〈qtb
, tb|q̂r2(t2)q̂r1(t1)|qta , ta〉

=
∫ +∞

−∞
dfqt2〈qtb

, tb|qt2 , t2〉qr2(t2)〈qt2 , t2|q̂r1(t1)|qta , ta〉 . (1.2.25)

We apply the phase space path integral formula, (1.2.17) and (1.2.24), and
use the principle of superposition and the composition law, (1.2.21), to the
right-hand side of (1.2.25), obtaining

〈qtb
, tb|q̂r2(t2)q̂r1(t1)|qta , ta〉

=
∫ +∞

−∞
dfqt2

∫ qII(tb)=qtb

qII(t2)=qt2

D[qII(t)]
∫
D[pII(t)]

× exp

[
i
�

∫ tb

t2

dt

{
f∑

r=1

pII,r(t)
d
dt
qII,r(t)−H(qII(t), pII(t))

}]
qr2(t2)

×
∫ qI(t2)=qt2

qI(ta)=qta

D[qI(t)]
∫
D[pI(t)]qr1(t1)

× exp

[
i
�

∫ t2

ta

dt

{
f∑

r=1

pI(t)
d
dt
qI(t)−H(qI(t), pI(t))

}]

=
∫ q(tb)=qtb

q(ta)=qta

D[q(t)]
∫
D[p(t)]qr2(t2)qr1(t1)

× exp

[
i
�

∫ tb

ta

dt

{
f∑

r=1

pr(t)
d
dt
qr(t)−H(q(t), p(t))

}]
. (1.2.26)

We next consider the case t1 > t2, obtaining the same result as (1.2.26).
Hence, we have the formula,

〈qtb
, tb|T(q̂r1(t1)q̂r2(t2))|qta , ta〉

=
∫ q(tb)=qtb

q(ta)=qta

D[q(t)]
∫
D[p(t)]qr1(t1)qr2(t2)

× exp

[
i
�

∫ tb

ta

dt

{
f∑

r=1

pr(t)
d
dt
qr(t)−H(q(t), p(t))

}]
. (1.2.27)
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For general n ≥ 3, we can complete the proof of (1.2.20) by mathematical
induction with repeated use of the principle of superposition and the compo-
sition law of the probability amplitude, (1.2.21).

A noteworthy point of formulas (1.2.20) and (1.2.27) is the fact that we
do not have to time-order the c-number function qr1(t1) . . . qrn(tn) explicitly
by hand, in the right-hand sides. The time-ordering is done automatically
by the definition of the phase space path integration. Also, the right-hand
sides of (1.2.20) and (1.2.27) are well defined for a coincident time argu-
ment (ti = tj , i �= j). Furthermore, (1.2.20) and (1.2.27) are a linear func-
tional of qri(ti), and thus the time derivative d/dti and the phase space
path integral

∫ D[q(t)] ∫ D[p(t)] commute. Hence, the quantities defined by
the right-hand sides of (1.2.20) and (1.2.27) are not the matrix elements of
the T-product, but those of the canonical T∗-product which is defined for
quantum mechanics by the following equations,

T∗
(

d
dt1
Ô1(t1) · · · Ôn(tn)

)
≡ d

dt1
T∗(Ô1(t1) · · · Ôn(tn)) ,

T∗(q̂r1(t1) · · · q̂rn(tn)) ≡ T(q̂r1(t1) · · · q̂rn(tn)) ,

with

T(q̂r1(t1)q̂r2(t2)) ≡ θ(t1 − t2)q̂r1(t1)q̂r2(t2) + θ(t2 − t1)q̂r2(t2)q̂r1(t1) .

We define the generating functionals Z[J ; q(tb), q(ta)] andW [J ; q(tb), q(ta)]
of the matrix element of the time-ordered product of the operator q̂(t) and
its connected part (to be defined shortly) by

Z[J ; q(tb), q(ta)]

≡ exp
[
i
�
W [J ; q(tb), q(ta)]

]

≡
〈
qtb
, tb

∣∣∣∣∣T
(
exp

[
i
�

∫ tb

ta

dt
f∑

r=1

q̂r(t)Jr(t)

])∣∣∣∣∣ qta , ta

〉

≡
∞∑

n=0

1
n!

(
i
�

)n ∫ tb

ta

dt1 · · · dtn
f∑

r1,··· ,rn=1

Jr1(t1) · · · Jrn(tn)

×〈qtb
, tb|T(q̂r1(t1) · · · q̂rn(tn))|qta , ta〉
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=
∫ q(tb)=qtb

q(ta)=qta

D[q(t)]
∫
D[p(t)]

× exp

[
i
�

∫ tb

ta

dt

{
f∑

r=1

pr(t)
d
dt
qr(t)−H(q(t), p(t))

+
f∑

r=1

qr(t)Jr(t)

}]
. (1.2.28)

The last line of (1.2.28) follows from (1.2.20). We have the formulas

�

i
δ

δJr1(t1)
· · · �

i
δ

δJrn(tn)
Z[J ; q(tb), q(ta)]|J=0

= 〈qtb
, tb|T(q̂r1(t1) · · · q̂rn(tn))|qta , ta〉 , (1.2.29Z)

and

�

i
δ

δJr1(t1)
· · · �

i
δ

δJrn(tn)
W [J ; q(tb), q(ta)]|J=0

=
�

i
〈qtb
, tb|T(q̂r1(t1) · · · q̂rn(tn))|qta , ta〉C , (1.2.29W)

where (1.2.29W) defines the connected part of the matrix element of the T-
product.

1.2.4 Wave Function of the Vacuum

In the next subsection, we shall discuss the phase space path integral repre-
sentation of the generating functional, Z[J ] and W [J ], of the Green’s func-
tions, which are defined as the vacuum expectation value of the time-ordered
product of q̂r(t), and its connected part. For this purpose, it is not sufficient
to take the limit ta → −∞ and tb → +∞ in (1.2.29Z) and (1.2.29W), since
the integral∫

D[q(t)]

is still constrained by q(±∞) = q±∞. As a preparation to remove these
constraints, we derive the wave functions,

〈q±∞,±∞|0,outin 〉,

of the vacuum states |0,outin 〉 in this subsection.
We adopt the adiabatic switching hypothesis of the interaction. We have

the following equations as t→ ±∞,
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q̂r(t) = âr(t) + â†r(t)→ â
out
in

r exp [−iω0t] + â
†out
in

r exp [+iω0t] , (1.2.30q)

p̂r(t) = m
d
dt
q̂r(t)

→ (−imω0)
(
â
out
in

r exp [−iω0t]− â
†out
in

r exp [+iω0t]
)
. (1.2.30p)

Thus, we obtain â
out
in

r as t→ ±∞,

exp [iω0t]
2

(
i
mω0

p̂r(t) + q̂r(t)
)
→ â

out
in

r , r = 1, . . . , f . (1.2.31)

We have the definition of the vacuum states, |0,outin 〉, and their expansions in
terms of |q±∞,±∞〉, as follows:

â
out
in

r |0,outin 〉 = 0,

|0,outin 〉 =
∫ +∞

−∞
dfq±∞|q±∞,±∞〉〈q±∞,±∞|0,outin 〉 . (1.2.32)

From (1.2.31) and (1.2.32), we obtain the following differential equation for
the wave function of the vacuum,

â
out
in

r |0,outin 〉

=
∫ +∞

−∞
dfq±∞

(
i
mω0

p̂r(±∞) + q̂r(±∞)
)
|q±∞,±∞〉

×〈q±∞,±∞|0,outin 〉

=
∫ +∞

−∞
dfq±∞

(
− �

mω0

∂

∂qr(±∞)
+ qr(±∞)

)
|q±∞,±∞〉

×〈q±∞,±∞|0,outin 〉

=
∫ +∞

−∞
dfq±∞|q±∞,±∞〉

(
�

mω0

∂

∂qr(±∞)
+ qr(±∞)

)

×〈q±∞,±∞|0,outin 〉

= 0,
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i.e., (
�

mω0

∂

∂qr(±∞)
+qr(±∞)

)
〈q±∞,±∞|0,outin 〉=0, r = 1, . . . , f .

(1.2.33)

We can solve (1.2.33) for 〈q±∞,±∞|0,outin 〉 immediately, aside from the nor-
malization constants, as

〈q±∞,±∞|0,outin 〉 = exp

[
−

(mω0
2�

) f∑
r=1

qr(±∞)qr(±∞)

]
. (1.2.34)

We note the following representations for qr(±∞) with the use of the delta
function at t = ±∞:

qr(+∞) =
ε

�

∫ +∞

0

dτ exp
[
−ε|τ |

�

]
qr(τ) , (1.2.35a)

qr(−∞) =
ε

�

∫ 0

−∞
dτ exp

[
−ε|τ |

�

]
qr(τ) , (1.2.35b)

with

ε→ 0+, r = 1, . . . , f.

We observe that the positive infinitesimal ε has the dimension of energy.
From (1.2.35a) and (1.2.35b), we obtain

〈q−∞,−∞|0, in〉

= exp

[
−

(mω0
2�

) ε
�

∫ 0

−∞
dt exp

[
−ε|t|

�

] f∑
r=1

q2r(t)

]
, (1.2.36a)

〈q+∞,+∞|0, out〉

= exp

[
−

(mω0
2�

) ε
�

∫ +∞

0

dt exp
[
−ε|t|

�

] f∑
r=1

q2r(t)

]
, (1.2.36b)

f∑
r=1

{
q2r(−∞) + q2r(+∞)

}
=
ε

�

∫ +∞

−∞
dt exp

[
−ε|t|

�

] f∑
r=1

q2r(t) , (1.2.36c)

with

ε→ 0+.
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1.2.5 Generating Functional of the Green’s Function

We define the generating functionals Z[J ] and W [J ] of the Green’s function
and its connected part (to be defined shortly) by

Z[J ] ≡ exp
[
i
�
W [J ]

]

≡
〈
0, out

∣∣∣∣∣T
(
exp

[
i
�

∫ +∞

−∞
dt

f∑
r=1

q̂r(t)Jr(t)

])∣∣∣∣∣ 0, in
〉

≡
∞∑

n=0

1
n!

(
i
�

)n ∫ +∞

−∞
dt1 · · · dtn

f∑
r1,... ,rn=1

Jr1(t1) · · ·Jrn(tn)

×〈0, out|T(q̂r1(t1) · · · q̂rn(tn))|0, in〉 . (1.2.37)

We have the following identities:

�

i
δ

δJr1(t1)
· · · �

i
δ

δJrn(tn)
Z[J ]|J=0

= 〈0, out|T(q̂r1(t1) · · · q̂rn(tn))|0, in〉 , (1.2.38Z)

�

i
δ

δJr1(t1)
· · · �

i
δ

δJrn(tn)
W [J ]|J=0

=
�

i
〈0, out|T(q̂r1(t1) · · · q̂rn(tn))|0, in〉C , (1.2.38W)

where (1.2.38W) defines the connected part of the Green’s function. In the
definition of Z[J ], (1.2.37), we apply the resolution of identities at t = ±∞
in the q-representation and make use of the definition of Z[J ; q(tb), q(ta)],
(1.2.28), and the expressions for 〈q±∞,±∞|0,outin 〉, (1.2.36a, b), obtaining

Z[J ] =

〈
0, out

∣∣∣∣∣T
(
exp

[
i
�

∫ +∞

−∞
dt

f∑
r=1

q̂r(t)Jr(t)

])∣∣∣∣∣ 0, in
〉

=
∫ +∞

−∞
df q+∞

∫ +∞

−∞
dfq−∞〈0, out|q+∞,+∞〉

×
〈
q+∞,+∞

∣∣∣∣∣T
(
exp

[
i
�

∫ +∞

−∞
dt

f∑
r=1

q̂r(t)Jr(t)

])∣∣∣∣∣ q−∞,−∞
〉

×〈q−∞,−∞|0, in〉
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=
∫ +∞

−∞
df q+∞

∫ +∞

−∞
dfq−∞

∫ q(+∞)=q+∞

q(−∞)=q−∞
D[q(t)]

∫
D[p(t)]

× exp

[
i
�

∫ +∞

−∞
dt

{
f∑

r=1

pr(t)
d
dt
qr(t)−H(q(t), p(t))

+
f∑

r=1

qr(t)Jr(t) + iε
mω0
2�

exp
[
−ε|t|

�

] f∑
r=1

q2r(t)

}]

=
∫
D[q(t)]

∫
D[p(t)] exp

[
i
�

∫ +∞

−∞
dt

{
f∑

r=1

pr(t)
d
dt
qr(t)

−H(q(t), p(t)) +
f∑

r=1

qr(t)Jr(t)

+iε
mω0
2�

exp
[
−ε|t|

�

] f∑
r=1

q2r (t)

}]
. (1.2.39)

We observe that the coordinate integration in the phase space path integral
formula of Z[J ], (1.2.39), is no longer constrained as a result of the consid-
eration of the vacuum wave functions, 〈q±∞,±∞|0,outin 〉.

1.2.6 Configuration Space Path Integral Representation

We now perform the momentum integration in the phase space path integral
formulas, (1.2.17), (1.2.20), (1.2.24) and (1.2.39), to obtain the configuration
space path integral formula.

In general, Hamiltonian H(q(t), p(t)) is given by the quadratic form in
the canonically conjugate momentum pr(t). We assume that the Hamilto-
nian H(q(t), p(t)) is of the form

H(q(t), p(t)) =
f∑

r,s=1

1
2
pr(t)Dr,s(q(t))ps(t)

+
f∑

r=1

pr(t)Cr(q(t)) + V (q(t)) , (1.2.40)

where the kernel

{Dr,s(q(t))}fr,s=1

of the quadratic part is assumed to be real, symmetric and positive definite.
With the Hamiltonian H(q(t), p(t)) of the form (1.2.40), we have
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f∑
r=1

pr(t)
d
dt
qr(t)−H(q(t), p(t))

= −
f∑

r,s=1

1
2
pr(t)Dr,s(q(t))ps(t)

+
f∑

r=1

pr(t)
(
d
dt
qr(t)− Cr(q(t))

)
− V (q(t)) . (1.2.41)

Thus we can perform the momentum integration in (1.2.17), (1.2.20), (1.2.24)
and (1.2.39) as a quasi-Gaussian integral. We have

∫
D[p(t)] exp

[
i
�

∫ tb

ta

dt

{
f∑

r=1

pr(t)
d
dt
qr(t)−H(q(t), p(t))

}]

= [DetD(q; tb, ta)]−1/2

× exp


 i

�

∫ tb

ta

dt




stationary value of
f∑

r=1

pr(t)
d
dt
qr(t)−H(q(t), p(t))

with respect to pr(t)





. (1.2.42)

(For the finite-dimensional version of (1.2.42), we refer the reader to Appendix
1.) The stationary condition of (1.2.41) with respect to pr(t) is given by

∂

∂pr(t)

{
f∑

s=1

ps(t)
d
dt
qs(t)−H(q(t), p(t))

}

=
d
dt
qr(t)− {Dr,s(q(t))ps(t) + Cr(q(t))}

= 0,

i.e.,

d
dt
qr(t) =

∂H(q(t), p(t))
∂pr(t)

= Dr,s(q(t))ps(t) + Cr(q(t)) . (1.2.43)

Since (1.2.43) is one of the canonical equations of motion, we obtain the
canonical definition of pr(t) when (1.2.43) is solved for pr(t) as a function of
qs(t) and dqs(t)/dt:

pr(t) = [D−1(q(t))]r,s

[
d
dt
qs(t)− Cs(q(t))

]
. (1.2.44a)
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From the definition of the Hamiltonian H(q(t), p(t)), (1.1.5), the stationary
value of (1.2.41) with respect to pr(t) is the Lagrangian L(q(t), dq(t)/dt), and
is given by

f∑
r=1

pr(t)
d
dt
qr(t)

−H(q(t), p(t))
∣∣∣pr(t)=pr(q(t), dq(t)/dt) obtained from one of the canonical

equations of motion, (1.2.43)

≡ L
(
q(t),

d
dt
q(t)

)

=
f∑

r,s=1

1
2

[
d
dt
qr(t)− Cr(q(t))

]
[D−1(q(t))]r,s

×
[
d
dt
qs(t)− Cs(q(t))

]
− V (q(t)) . (1.2.45)

From the Lagrangian L(q(t), dq(t)/dt), (1.2.45), we observe that (1.2.44a)
agrees with the definition of the momentum pr(t) canonically conjugate to
qr(t),

pr(t) ≡ ∂L(q(t), dq(t)/dt)
∂ (dqr(t)/dt)

, (1.2.44b)

and that dqr(t)/dt becomes a function of qs(t) and ps(t) as the result of
the momentum integration. Hence, we obtain the configuration space path
integral formula:

Transformation Function:

〈qtb
, tb|qta , ta〉

=
∫ q(tb)=qtb

q(ta)=qta

D[q(t)](DetD(q; tb, ta))−1/2

× exp
[
i
�

∫ tb

ta

dtL
(
q(t),

d
dt
q(t)

)]
. (1.2.46)

Matrix Element of the Time-Ordered Product:

〈qtb
, tb|T(q̂r1(t1) · · · q̂rn(tn))|qta , ta〉

=
∫ q(tb)=qtb

q(ta)=qta

D[q(t)](DetD(q; tb, ta))−1/2qr1(t1) · · · qrn(tn)

× exp
[
i
�

∫ tb

ta

dtL
(
q(t),

d
dt
q(t)

)]
. (1.2.47)
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Matrix Element of the Operator O(q(t)):

〈qtb
, tb|O(q̂(t))|qta , ta〉

=
∫ q(tb)=qtb

q(ta)=qta

D[q(t)](DetD(q; tb, ta))−1/2O(q(t))

× exp
[
i
�

∫ tb

ta

dtL
(
q(t),

d
dt
q(t)

)]
. (1.2.48)

Generating Functional of the Green’s Function:

Z[J ] = exp
[
i
�
W [J ]

]

=

〈
0, out

∣∣∣∣∣T
(
exp

[
i
�

∫ +∞

−∞
dt

f∑
r=1

q̂r(t)Jr(t)

])∣∣∣∣∣ 0, in
〉

=
∫
D[q(t)](DetD(q))−1/2 exp

[
i
�

∫ +∞

−∞
dt

{
L

(
q(t),

d
dt
q(t)

)

+
f∑

r=1

qr(t)Jr(t) + “iε-piece”

}]
. (1.2.49)

When the kernel {Dr,s(q(t))}fr,s=1 of the quadratic form is a constant matrix,
we find that the Feynman path integral formula derived in Sect. 1.1 is correct.

When the kernel of the quadratic form is a q-dependent matrix, we observe
the following:

DetD(q; tb, ta) = lim
n→∞
t0=ta
tn=tb

n−1∏
k=0

detD(q(tk)) , (1.2.50a)

DetD(q(t)) = lim
ta→−∞
tb→+∞

DetD(q; tb, ta) . (1.2.50b)

We recall the formula for a real, symmetric and positive definite matrix M :

detM = exp[tr lnM ] . (1.2.51)
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Applying (1.2.51) to (1.2.50a) and (1.2.50b), we obtain

n−1∏
k=0

detD(q(tk)) = exp

[
n−1∑
k=0

tr lnD(q(tk))

]

= exp

[
1
δt

n−1∑
k=0

δttr lnD(q(tk))

]
.

In general, in the limit as n→∞, we have

1
δt
→ δ(0),

n−1∑
k=0

δt · f(tk)→
∫ tb

ta

dtf(t),

so that

DetD(q; tb, ta) = exp
[
δ(0)

∫ tb

ta

dttr lnD(q(t); tb, ta)
]
, (1.2.52a)

DetD(q(t)) = exp
[
δ(0)

∫ +∞

−∞
dttr lnD(q(t))

]
. (1.2.52b)

Hence, when the kernel of the quadratic form is the q-dependent matrix, from
(1.2.52a) and (1.2.52b), we have in the integrand of (1.2.46) through (1.2.49),

(DetD(q; tb, ta))−1/2 exp
[
i
�

∫ tb

ta

dtL
(
q(t),

d
dt
q(t)

)]

= exp
[
i
�

∫ tb

ta

dt
{
L

(
q(t),

d
dt
q(t)

)

−i�
2
δ(0)tr lnD−1(q(t); tb, ta)

}]
, (1.2.53a)

(DetD(q(t)))−1/2 exp
[
i
�

∫ +∞

−∞
dtL

(
q(t),

d
dt
q(t)

)]

= exp
[
i
�

∫ +∞

−∞
dt

{
L

(
q(t),

d
dt
q(t)

)

−i�
2
δ(0)tr lnD−1(q(t))

}]
. (1.2.53b)

Thus, we find from (1.2.53a) and (1.2.53b) that we will get the correct result
if we replace the original Lagrangian,

L

(
q(t),

d
dt
q(t)

)
,
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by the effective Lagrangian,

Leff

(
q(t),

d
dt
q(t)

)
≡ L

(
q(t),

d
dt
q(t)

)
− i

�

2
δ(0)tr lnD−1(q(t)) , (1.2.54)

in the Feynman path integral formula of Sect. 1.1. We note that the matrix
D−1(q(t)) is the q-dependent “mass” matrixM(q(t)), as inspection of (1.2.40)
and (1.2.45) implies,

D−1(q(t)) =M(q(t)) . (1.2.55)

In all of the discussions so far, ultimately leading to (1.2.54), we have
assumed that the Hamiltonian H(q̂(t), p̂(t)) is a “well-ordered” operator. It
is about time to address ourselves to the problem of operator ordering.

1.3 Weyl Correspondence

In the discussions so far, we have utterly evaded the problem of operator
ordering with the notion of a “well-ordered” operator in order to provide
the essence of path integral quantization. In this section, we shall discuss the
problem of operator ordering squarely with the notion of the Weyl correspon-
dence.

In Sect. 1.3.1, with the notion of the Weyl correspondence, we discuss
the correspondence of analytical mechanics and quantum mechanics. In
Sect. 1.3.2, using the result of the previous section, we reconsider the path
integral formula in the Cartesian coordinate system and derive the mid-point
rule as a natural consequence of the Weyl correspondence. In Sect. 1.3.3, we
discuss the path integral formula in a curvilinear coordinate system. We first
perform a coordinate transformation on the classical Hamiltonian and diag-
onal quantum Hamiltonian in the Cartesian coordinate system to the curvi-
linear coordinate system. Next, from the interpretation of the wave function
as the probability amplitude in the curvilinear coordinate system, we deter-
mine the quantum Hamiltonian in the curvilinear coordinate system. From
the comparison of the inverse Weyl transform of the classical Hamiltonian in
the curvilinear coordinate system with the previously determined quantum
Hamiltonian in the curvilinear coordinate system, we find the new effective
potential Vc(q̂(t)) in the quantum Hamiltonian, which originates from the
Jacobian of the coordinate transformation. In this way, we see that the Weyl
transform of the quantum Hamiltonian in the curvilinear coordinate system
is given by the sum of the classical Hamiltonian in the curvilinear coordinate
system and the new effective potential Vc(q(t)). We perform the momentum
integration at this stage, and obtain the configuration space path integral
formula in the curvilinear coordinate system.

From these considerations, we conclude that the “new” effective La-
grangian,
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Lneweff

(
q(t),

d
dt
q(t)

)
≡ Leff

(
q(t),

d
dt
q(t)

)
− Vc(q(t)),

should be used in the Feynman path integral formula in Sects. 1.1 and 1.2
instead of the “old” effective Lagrangian,

Leff

(
q(t),

d
dt
q(t)

)
= L

(
q(t),

d
dt
q(t)

)
− i

�

2
δ(0)tr lnD−1(q(t)),

where

L

(
q(t),

d
dt
q(t)

)

is the original Lagrangian. We note that the matrix D−1(q(t)) is the q-
dependent “mass” matrix M(q(t)) in this section,

D−1(q(t)) =M(q(t)).

1.3.1 Weyl Correspondence

For an arbitrary operator A(q̂, p̂), we have the identity

A(q̂, p̂) =
∫∫∫∫

dfp′dfp′′df q′dfq′′|p′′〉〈p′′|q′′〉〈q′′|A(q̂, p̂)|q′〉
×〈q′|p′〉〈p′| . (1.3.1)

On the right-hand side of (1.3.1), we perform the change of the variables
whose Jacobian is unity,{

q′ = q − v
2 ,

p′ = p− u
2 ,

{
q′′ = q + v

2 ,
p′′ = p+ u

2 ,

{
q′′ − q′ = v,
p′′ − p′ = u. (1.3.2)

Making use of the identity (1.2.10),

〈q, t|p, t〉 = 〈q|p〉 = (2π�)−f/2 exp

[
i
�

f∑
r=1

prqr

]
, (1.2.10)

we can rewrite (1.3.1) as

A(q̂, p̂) =
∫∫∫∫

dfqdfp

(2π�)f
dfudfv

∣∣∣p+ u
2

〉
×

〈
q +
v

2

∣∣∣A(q̂, p̂) ∣∣∣q − v
2

〉〈
p− u

2

∣∣∣
× exp

[
− i

�

f∑
r=1

(prvr + qrur)

]
. (1.3.3)
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We define the Weyl transform a(q, p) of the operator A(q̂, p̂) by

a(q, p) ≡
∫

dfv exp

[
− i

�

f∑
r=1

prvr

]〈
q +
v

2
|A(q̂, p̂)|q − v

2

〉
, (1.3.4)

and the inverse Weyl transform of the c-number function a(q, p) by

A(q̂, p̂) ≡
∫∫

df qdfp

(2π�)f
a(q, p)∆(q, p) , (1.3.5)

where the Hermitian operator ∆(q, p) is defined by

∆(q, p) ≡
∫

dfu exp

[
− i

�

f∑
r=1

qrur

] ∣∣∣p+ u
2

〉〈
p− u

2

∣∣∣ . (1.3.6)

The matrix element of the operator ∆(q, p) in the q-representation is given
by

〈qb|∆(q, p)|qa〉 = exp

[
i
�

f∑
r=1

pr(qb − qa)r
]
δf

(
q − qa + qb

2

)
. (1.3.7)

The delta function in (1.3.7) is the origin of the mid-point rule.
We record here the properties of the Weyl correspondence:

(a) The Weyl correspondence is one to one,

A(q̂, p̂)↔ a(q, p) . (1.3.8a)

(b) When the Weyl correspondence, (1.3.8a), holds, we have the following
Weyl correspondence for the Hermitian conjugate,

A†(q̂, p̂)↔ a∗(q, p) . (1.3.8b)

(c) If A(q̂, p̂) is Hermitian, a(q, p) is real. Conversely, if a(q, p) is real, then
A(q̂, p̂) is Hermitian.

We list several examples of the Weyl correspondence:

(1) (qmp)W =
(
1
2

)m m∑
l=0

m!
l!(m− l)! q̂

m−lp̂q̂l =
1
2
(q̂mp̂+ p̂q̂m),

(2) (qmp2)W

=
(
1
2

)m m∑
l=0

m!
l!(m− l)! q̂

m−lp̂2q̂l =
1
4
(q̂mp̂2 + 2p̂q̂mp̂+ p̂2q̂m),
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(3) (f(q)p)W =
1
2
(f(q̂)p̂+ p̂f(q̂)),

(4) (f(q)p2)W =
1
4
(f(q̂)p̂2 + 2p̂f(q̂)p̂+ p̂2f(q̂)).

Examples (3) and (4) follow from examples (1) and (2) by the power series
expansion of f(q). We will use some of these examples shortly.

1.3.2 Path Integral Formula
in a Cartesian Coordinate System

When we have the classical HamiltonianHcl(q, p) in the Cartesian coordinate
system, we define the quantum Hamiltonian Hq(q̂, p̂) as the inverse Weyl
transform of Hcl(q, p),

Hq(q̂, p̂)↔ Hcl(q, p).

Hq(q̂, p̂) ≡
∫∫

dfqdfp

(2π�)f
Hcl(q, p)∆(q, p) . (1.3.9)

We divide the time interval [ta, tb] into n equal subintervals, [tk, tk+1],

δt =
tb − ta
n
, tk = ta + kδt, k = 0, 1, . . . , n− 1, n; tn ≡ tb, t0 ≡ ta,

and obtain the transformation function 〈qtb
, tb|qta , ta〉,

〈qtb
, tb|qta , ta〉

=
∫
· · ·

∫ n−1∏
j=1

dfqtj

n−1∏
j=0

〈qtj+1 , tj+1|qtj , tj〉

=
∫
· · ·

∫ n−1∏
j=1

dfqtj

n−1∏
j=0

〈
qtj+1

∣∣∣∣exp
[
− i

�
δtHq(q̂, p̂)

]∣∣∣∣ qtj

〉
. (1.3.10)

According to the Weyl correspondence, (1.3.9), we have the following Weyl
correspondence to first order in δt,

exp
[
− i

�
δtHq(q̂, p̂)

]
↔ exp

[
− i

�
δtHcl(q, p)

]
. (1.3.11)
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Hence, to first order in δt, we have the identity,〈
qtj+1

∣∣∣∣exp
[
− i

�
δtHq(q̂, p̂)

]∣∣∣∣ qtj

〉

=
∫∫

dfqdfp

(2π�)f
exp

[
− i

�
δtHcl(q, p)

]
〈qtj+1 |∆(q, p)|qtj 〉

=
∫

dfp

(2π�)f
exp

[
i
�
δt

{
f∑

r=1

(
qtj+δt − qtj

δt

)
r

pr

−Hcl

(
qtj+δt

+ qtj

2
, p

)}]
. (1.3.12)

We note that the mid-point rule comes out as a natural consequence of
the Weyl correspondence as indicated in (1.3.7) and (1.3.12). Substituting
(1.3.12) into (1.3.10), we obtain to first order in δt,

〈qtb
, tb|qta , ta〉

=
∫∫ n−1∏

j=1

dfqtj

n−1∏
j=0

dfptj

(2π�)f

× exp


 i

�

n−1∑
j=0

δt

{
f∑

r=1

(
qtj+δt − qtj

δt

)
r

ptj ,r

−Hcl

(
qtj+δt + qtj

2
, ptj

)}]

=
∫

dfpta

(2π�)f

∫∫ n−1∏
j=1

dfqtjdfptj

(2π�)f

× exp


 i

�

n−1∑
j=0

δt

{
f∑

r=1

(
qtj+δt − qtj

δt

)
r

ptj ,r

−Hcl

(
qtj+δt + qtj

2
, ptj

)}]
. (1.3.13)

We now take the limit n→∞, obtaining
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〈qtb
, tb|qta , ta〉

=
∫ q(tb)=qtb

q(ta)=qta

D[q(t)]
∫
D[p(t)]

× exp

[
i
�

∫ tb

ta

dt

{
f∑

r=1

pr(t)
d
dt
qr(t)−Hcl(q(t), p(t)

}]
. (1.3.14)

Here, the functional integral measure is given by

D[q(t)]D[p(t)] ≡ lim
n→∞

dfpta

(2π�)f

n−1∏
j=1

dfqtjdfptj

(2π�)f
. (1.3.15)

At first sight, (1.3.14) looks quite elegant, but its meaning is nothing but the
limit n→∞ of (1.3.13).

As pointed out earlier, we derived the mid-point rule not as an ad hoc
approximation formula but as a natural consequence of the Weyl correspon-
dence.

1.3.3 Path Integral Formula
in a Curvilinear Coordinate System

In this subsection, in order to make a clear distinction between the Cartesian
coordinate system and a curvilinear coordinate system, we use x = {xr}fr=1

for the former and q = {qr}fr=1 for the latter. We transform the diagonal
classical Lagrangian

L

(
x(t),

d
dt
x(t)

)
=

1
2
d
dt
xT(t)

d
dt
x(t) − V (x(t)) (1.3.16)

in the Cartesian coordinate system into the classical Lagrangian

L

(
q(t),

d
dt
q(t)

)
=

1
2
d
dt
qT(t)M(q(t))

d
dt
q(t)− V (q(t)) (1.3.17)

in the curvilinear coordinate system. Here, we have the Jacobian of the co-
ordinate transformation J (q), the “mass” matrix M(q(t)), and the “inverse
mass” matrix M−1(q(t)) as

J (q) =
∣∣∣∣det

(
∂xs(t)
∂qr(t)

)∣∣∣∣ , (1.3.18)

M(q(t))r,s =
f∑

k=1

∂xk(t)
∂qr(t)

∂xk(t)
∂qs(t)

, (1.3.19)
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and

M−1(q(t))r,s =
f∑

k=1

∂qr(t)
∂xk(t)

∂qs(t)
∂xk(t)

. (1.3.20)

The “mass” matrixM(q(t)) corresponds toD−1(q(t)) of Sect. 1.2.6. We define
the matrix {Jr,s}fr,s=1 by

Jr,s ≡ ∂xs(t)
∂qr(t)

, r, s = 1, . . . , f . (1.3.21)

Then, we have

J (q) = | det(Jr,s)|, M(q(t))r,s = Jr,kJs,k = (JJT)r,s , (1.3.22)

and hence we have

J (q) = (detM(q(t)))1/2 . (1.3.23)

The momentum pr(t) canonically conjugate to the curvilinear coordinate
qr(t) is defined by

pr(t) ≡ ∂L (q(t), dq(t)/dt)
∂(dqr(t)/dt)

=M(q(t))r,s
d
dt
qs(t) . (1.3.24)

Solving (1.3.24) for dqr(t)/dt, we have the classical Hamiltonian Hcl(q, p) in
the curvilinear coordinate system as

Hcl(q, p) =
f∑

r=1

pr(t)
d
dt
qr(t)− L

(
q(t),

d
dt
q(t)

)

=
1
2
pT(t)M−1(q(t))p(t) + V (q(t)) . (1.3.25)

As the inverseWeyl transformHW(q̂, p̂) of the classical HamiltonianHcl(q, p),
we have

HW(q̂, p̂) =
1
8
[
p̂r(t)p̂sM−1(q̂(t))r,s + 2p̂rM−1(q̂(t))r,sp̂s(t)

+M−1(q̂(t))r,sp̂r(t)p̂s(t)
]
+ V (q̂(t)) , (1.3.26)

where we have used Example (4) of Sect. 1.3.1. Next, we shall write the quan-
tum Hamiltonian

Hq

(
x̂(t), p̂(t) ≡ �

i
∂

∂x̂(t)

)

corresponding to the classical Lagrangian,



1.3 Weyl Correspondence 47

L

(
x̂(t),

d
dt
x̂(t)

)
, (1.3.16)

in the Cartesian coordinate system as

Hq

(
x̂(t), p̂(t) ≡ �

i
∂

∂x̂(t)

)
= −�2

2
∂2

∂x̂i∂x̂i
+ V (x̂(t)) . (1.3.27)

Performing the coordinate transformation to curvilinear coordinates on
(1.3.27), we have the quantum Hamiltonian Hq(q̂(t), p̂(t)) in the curvilinear
coordinate system as

Hq(q̂(t), p̂(t)) =
1
2

1
J (q) p̂r(t)

[
M−1(q̂(t))r,sJ (q)p̂s(t)

]
+ V (q̂(t)) .

(1.3.28)

Here, we defined the momentum operator p̂r(t) in the curvilinear coordinate
system as

p̂r(t) ≡ �

i
∂

∂q̂r(t)
, r = 1, . . . , f , (1.3.29a)

which is Hermitian with respect to the scalar product

〈f1|f2〉 =
∫
· · ·

∫
f∗1 (q)f2(q)

f∏
r=1

dqr.

In deriving (1.3.28), we used the following formulas:

(a)
1

detM(q(t))
∂

∂qr(t)
detM(q(t)) = M−1(q(t))j,i

∂

∂qr(t)
M(q(t))i,j

= −2∂xi(t)
∂qr(t)

∂

∂qj(t)

(
∂qj(t)
∂xi(t)

)
, (1.3.30a)

(b)
∂2

∂xr(t)∂xr(t)
=

1
J (q)

∂

∂qr(t)

[
M−1(q(t))r,sJ (q) ∂

∂qs(t)

]
. (1.3.30b)

Associated with the coordinate transformation, we know that the volume
element

∏f
r=1 dxr gets changed into

f∏
r=1

dxr = J (q)
f∏

r=1

dqr . (1.3.31)

Hence, the wave function ψ(x, t) in the Cartesian coordinate system is a
scalar density with weight 1/2. We define the wave function φ(q, t) in the
curvilinear coordinate system by
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ψ(x, t) ≡ 〈x, t|ψ〉 = 1√J (q) 〈q, t|ψ〉 ≡ 1√J (q)φ(q, t) . (1.3.32)

With this choice of φ(q, t) as in (1.3.32), we have the interpretation of |φ(q, t)|2
as the probability density in the volume element

∏f
r=1 dqr in the curvilinear

coordinate system. We have the quantum Hamiltonian H̄q(q̂(t), p̂(t)) of the
wave function φ(q, t) from (1.3.32) as

H̄q(q̂(t), p̂(t)) =
√
J (q)Hq(q̂(t), p̂(t))

1√J (q) . (1.3.33a)

We have the time-dependent Schrödinger equation satisfied by φ(q, t) as

i�
∂

∂t
φ(q, t) = H̄q(q̂(t), p̂(t))φ(q, t) . (1.3.34)

Calculating H̄q(q̂(t), p̂(t)) defined by (1.3.33a), with the use of (1.3.18),
(1.3.28), (1.3.29a), (1.3.30a) and (1.3.30b), we finally obtain

H̄q(q̂(t), p̂(t)) = HW(q̂(t), p̂(t)) + Vc(q̂(t)) , (1.3.35)

with

Vc(q(t)) =
�2

8

[
∂

∂qr(t)

(
∂qs(t)
∂xk(t)

)][
∂

∂qs(t)

(
∂qr(t)
∂xk(t)

)]
. (1.3.36a)

This Vc(q(t)) is the new effective potential originating from the Jacobian of
the coordinate transformation and the interpretation of the wave function
φ(q, t) in the curvilinear coordinate system as the probability amplitude.
Under the Weyl transformation, we have

Vc(q̂(t))↔ Vc(q(t)) , (1.3.37)

so that for the quantum Hamiltonian H̄q(q̂(t), p̂(t)) of the wave function
φ(q, t), we have the following Weyl correspondence,

H̄q(q̂(t), p̂(t)) = HW(q̂(t), p̂(t)) + Vc(q̂(t))↔ Hcl(q(t), p(t)) + Vc(q(t))

H̄q(q̂(t), p̂(t)) ≡
∫∫

dfqdfp

(2π�)f
{Hcl(q(t), p(t))

+Vc(q(t))}∆(q(t), p(t)) . (1.3.38)

We may define the momentum operator p̂(t) in the curvilinear coordinate
system as

p̂r(t)≡ �

i

(
∂

∂qr(t)
+

1
2
Γr

)
, Γr≡ ∂

∂qr
lnJ (q), r = 1, . . . , f , (1.3.29b)
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which is Hermitian with respect to the scalar product

〈f1|f2〉 =
∫
· · ·

∫
f∗1 (q)f2(q)J (q)

f∏
r=1

dqr.

The quantum Hamiltonian H̄q(q̂(t), p̂(t)) in the curvilinear coordinate system
for the choice of the momentum operator p̂(t) as in (1.3.29b) is given by

H̄q(q̂(t), p̂(t))=
1
2

1√J (q) p̂r(t)[M−1(q(t))r,sJ (q)p̂s(t)]
1
J (q) +V (q̂(t)) .

(1.3.33b)

We obtain the new effective potential Vc(q(t)) as

Vc(q(t)) =
�2

8
(
M−1(q(t))r,sΓ u

rvΓ
v
su −R

)
, (1.3.36b)

where R is the scalar curvature, and Γ i
jk is the Christoffel symbol respectively

given by

R =M−1(q(t))r,s
(
∂Γ l

ls

∂qr
− ∂Γ

l
rs

∂ql
+ Γ l

msΓ
m
rl − Γ l

rsΓ
m
ml

)
, (1.3.36c)

and

Γ i
jk =

1
2
M−1(q(t))i,a

×
(
∂M(q(t))j,a
∂qk

+
∂M(q(t))k,a

∂qj
− ∂M(q(t))j,k

∂qa

)
. (1.3.36d)

The choice of the momentum operator as in (1.3.29a) is non-standard but
the expression for the effective potential Vc(q(t)) as in (1.3.36a) is simple,
while the choice of the momentum operator as in (1.3.29b) is standard but
the expression for the effective potential Vc(q(t)) as in (1.3.36b) is not simple.

As for the transformation function 〈qtb
, tb|qta , ta〉, we divide the time in-

terval [ta, tb] into n equal subintervals [tk, tk+1],

δt =
tb − ta
n
, tk = ta + kδt, k = 0, 1, . . . , n− 1, n; t0 ≡ ta, tn ≡ tb,

and with an argument similar to that leading to (1.3.13), we have, to first
order in δt,

〈qtb
, tb|qta , ta〉

=
∫
· · ·

∫ n−1∏
j=1

dfqtj

n−1∏
j=0

〈qtj+1 , tj+1|qtj , tj〉

=
∫
· · ·

∫ n−1∏
j=1

dfqtj

n−1∏
j=0

〈
qtj+1

∣∣∣∣exp
[
− i

�
δtH̄q(q̂, p̂)

]∣∣∣∣ qtj

〉
(1.3.39)
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=
∫

dfpta

(2π�)f

∫
· · ·

∫ n−1∏
j=1

dfqtjdfptj

(2π�)f

× exp

[
i
�
δt

{
f∑

r=1

(
qtj+δt − qtj

δt

)
r

ptj ,r

−Hcl

(
qtj+δt + qtj

2
, ptj

)
− Vc

(
qtj+δt + qtj

2

)}]
. (1.3.40)

We remark that (1.3.39) is exact, while (1.3.40) is correct to first order in δt.
Recalling the fact that the classical HamiltonianHcl(q(t), p(t)) is quadratic in
p(t), (1.3.25), we can perform the momentum integration as a quasi-Gaussian
integral in (1.3.40) and can exponentiate the resulting determinant factor as
in (1.2.51), obtaining

〈qtb
, tb|qta , ta〉

=
∫ n−1∏

j=1

dfqtj

(2π�)f

(
�

iδt

)f/2

× exp


 i

�

n−1∑
j=0

δt · Lneweff

(
qtj + qtj+δt

2
,
qtj+δt − qtj

δt

)
 . (1.3.41)

We have the new effective Lagrangian in (1.3.41) as

Lneweff

(
qtj + qtj+δt

2
,
qtj+δt − qtj

δt

)

= L
(
qtj + qtj+δt

2
,
qtj+δt − qtj

δt

)

−i�
2
1
δt
tr lnM

(
qtj + qtj+δt

2

)
− Vc

(
qtj + qtj+δt

2

)
. (1.3.42)

Now, we take the limit as n→∞, obtaining

〈qtb
, tb|qta , ta〉 =

∫ q(tb)=qtb

q(ta)=qta

D[q(t)]

× exp
[
i
�

∫ tb

ta

dtLneweff

(
q(t),

d
dt
q(t)

)]
. (1.3.43)

The new effective Lagrangian Lneweff (q(t), dq(t)/dt) in (1.3.43) is the contin-
uum version of (1.3.42), and is given by
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Lneweff

(
q(t),

d
dt
q(t)

)
= L

(
q(t),

d
dt
q(t)

)

−i�
2
δ(0)tr lnM(q(t))− Vc(q(t)) , (1.3.44)

which is the new effective Lagrangian announced at the beginning of this sec-
tion with the identification of D−1(q(t)) with the “mass” matrix M(q(t)),

D−1(q(t)) =M(q(t)) . (1.3.45)

We repeat that (1.3.43) and (1.3.44) are nothing but the limits as n→∞
of (1.3.41) and (1.3.42).

From these considerations, we conclude that, in order to write down the
path integral formula in a curvilinear coordinate system, it is best to adopt
the following procedure:

(1) Write down the path integral formula in the Cartesian coordinate system.
(2) Perform the coordinate transformation from the Cartesian coordinate

system to the curvilinear coordinate system.
(3) Calculate the “mass” matrix M(q(t)) from (1.3.19) and the effective po-

tential Vc(q(t)) from (1.3.36a) or (1.3.36b).
(4) Determine the new effective LagrangianLneweff (q(t), dq(t)/dt) from (1.3.44)

and the transformation function 〈qtb
, tb|qta , ta〉 from (1.3.43).
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2. Path Integral Representation

of Quantum Field Theory

In this chapter, we carry out the translation of the results of Chap. 1 on
the path integral representation of quantum mechanics to the path integral
representation of quantum field theory. The coordinate operator q̂H(t) of the
quantum mechanical system gets demoted to the c-number indices (x, y, z)
at the same level as the time index t. Instead of q̂H(t), we have the second-
quantized field operator ψ̂(t, x, y, z) in quantum field theory. The necessity of
the second-quantization of the field variable ψ(t, x, y, z) originates from the
various paradoxes encountered in relativistic quantum mechanics.

In Sect. 2.1, we discuss the path integral quantization of field theory. We
discuss the review of classical field theory (Sect. 2.1.1), the phase space path
integral quantization (Sect. 2.1.2), and the configuration space path integral
quantization (Sect. 2.1.3). These are a translation of the results of Sect. 1.2
to the case of quantum field theory. As in Chap. 1, in the Feynman path
integral formula as applied to quantum field theory, we shall use the effec-
tive Lagrangian density, instead of the original Lagrangian density, which
takes the ψ-dependent determinant factor and the effective potential (or the
effective interaction) into consideration.

In Sect. 2.2, we discuss covariant perturbation theory, using the path in-
tegral representation of the generating functional of the Green’s functions
(the vacuum expectation value of the time-ordered product of the field op-
erators) derived in Sect. 2.1.3. We discuss the generating functional of the
Green’s functions of the free field (Sect. 2.2.1), the generating functional of
the Green’s functions of the interacting field (Sect. 2.2.2), and the Feynman–
Dyson expansion and Wick’s theorem (Sect. 2.2.3).

The procedure employed in Sect. 2.1 is the translation of the path integral
representation of quantum mechanics to the path integral representation of
quantum field theory. In Sect. 2.3, we discuss Symanzik construction of the
path integral formula for the generating functional of the Green’s functions
directly from the canonical formalism of quantum field theory, and show that
there are no errors in the translation. We derive the equation of motion satis-
fied by the generating functional of the Green’s functions from the definition
of the generating functional of the Green’s functions, the Euler–Lagrange
equation of motion satisfied by the field operators in the Heisenberg picture,
and the canonical equal-time (anti-) commutator (Sect. 2.3.1). The equation

M. Masujima: Path Integral Quantization and Stochastic Quantization,
STMP 165, 55–102 (2000)
c© Springer-Verlag Berlin Heidelberg 2000
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of motion satisfied by the generating functional is the functional differential
equation. We can solve this functional differential equation immediately with
the use of the functional Fourier transform (Sect. 2.3.2). Ultimately, we reduce
the problem to that of obtaining the Green’s functions under the influence
of the external field, with the example taken from the neutral ps-ps coupling
(Sect. 2.3.3). We find that the result of Sect. 2.3 agrees with that of Sect. 2.1.

In Sect. 2.4, we derive the Schwinger–Dyson equation satisfied by the
“full” Green’s functions. We first derive part of the infinite system of equa-
tions of motion satisfied by the “full” Green’s functions from the equation of
motion of the generating functional of the “full” Green’s functions and the
definition of the “full” Green’s functions (Sect. 2.4.1). Next, following Dyson,
with the introduction of the proper self-energy parts and the vertex opera-
tor in the presence of the external hook, we shall derive Schwinger–Dyson
equation satisfied by the “full” Green’s functions, in exact and closed form
(Sect. 2.4.2). By the method of Sect. 2.2, we can obtain the “full” Green’s
functions perturbatively, whereas by the method of Sect. 2.4, we can obtain
the “full” Green’s functions, proper self-energy parts and vertex operator all
together iteratively from the Schwinger–Dyson equation. Thus, we have two
methods of covariant perturbation theory, one based on the path integral rep-
resentation, and the other based on the equation of motion of the generating
functional of the “full” Green’s functions.

In Sect. 2.5, we demonstrate the equivalence of path integral quantization
and canonical quantization, starting from the former. We adopt the Feynman
path integral formula for the transformation functions,

〈qtb , tb|qta , ta〉 and 〈φ′′, σ′′|φ′, σ′〉,

as Feynman’s action principle (Sect. 2.5.1). We derive the definition of the
field operator, the Euler–Lagrange equation of motion and the definition
of the time-ordered product (Sect. 2.5.2), and the definition of the canoni-
cally conjugate momentum and the canonical equal-time (anti-)commutator
(Sect. 2.5.3), from Feynman’s action principle. In view of the conclusions of
Sects. 2.1 and 2.3, we have demonstrated the equivalence of path integral
quantization and canonical quantization for a nonsingular Lagrangian sys-
tem. In this section, we discuss quantum mechanics and quantum field theory
in parallel.

2.1 Path Integral Quantization of Field Theory

In this section, we discuss the path integral quantization of relativistic field
theory based on the conclusions of Chap. 1. The major purpose of this sec-
tion is to reach covariant perturbation theory (to be discussed in the next
section) as quickly as possible, and hence our major task is the translation
of a mechanical system with finite degrees of freedom to a multicomponent
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field system with infinite degrees of freedom. We translate as follows:

r → (x, n),

qr(t) → ψx,n(t) ≡ ψn(t,x),
f∑
r=1

→
∫

d3x
f∑
n=1

.

We briefly review classical field theory in order to establish relativistic no-
tation (Sect. 2.1.1). We carry out the phase space path integral quantization
of field theory (Sect. 2.1.2) and the configuration space path integral quanti-
zation of field theory (Sect. 2.1.3), following the translation stated above. We
will find out that, instead of the original Lagrangian density

L(ψ(x), ∂µψ(x)),
the effective Lagrangian density

Leff(ψ(x), ∂µψ(x)),

which takes the ψ-dependent determinant factor and the effective potential
into consideration, should be used in the Feynman path integral formula.

In the above discussion, we use the symbol ψ(x) as if it were the Bose
field. If it were the Fermi field, we refer the reader to Appendices 2 and 3 for
fermion number integration.

2.1.1 Review of Classical Field Theory

Keeping in mind relativistic field theory, we shall establish the relativistic
notation first. We employ a natural unit system in which we have

� = c = 1 . (2.1.1)

We define the Minkowski space-time metric tensor ηµν by

ηµν = diag(1;−1,−1,−1) = ηµν , µ, ν = 0, 1, 2, 3 . (2.1.2)

We define the contravariant and covariant components of the space-time co-
ordinates x by

xµ = (x0, x1, x2, x3) = (t, x, y, z) = (t;x) , (2.1.3a)

xµ = ηµνxν = (t;−x) . (2.1.3b)

We define the differential operators ∂µ and ∂µ by
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∂µ ≡ ∂

∂xµ
=
(
∂

∂t
,
∂

∂x
,
∂

∂y
,
∂

∂z

)
=
(
∂

∂t
;∇

)
, (2.1.4a)

∂µ ≡ ∂

∂xµ
= ηµν∂ν =

(
∂

∂t
;−∇

)
. (2.1.4b)

We define the four-scalar product by

x · y ≡ xµyµ = ηµνxµyν = x0 · y0 − x · y . (2.1.5)

From this section onward, we adopt the convention that the Greek indices µ,
ν, . . . run over 0, 1, 2 and 3, the Latin indices i, j, . . . run over 1,2 and 3
and repeated indices are summed over.

When we have the Lagrangian density L(ψ(x), ∂µψ(x)), classical field the-
ory is determined by the action functional I[ψ] defined by

I[ψ] ≡
∫
Ω

d4xL(ψ(x), ∂µψ(x)) . (2.1.6)

In response to variation of the field quantity,

ψn(x) → ψn(x) + δψn(x),

we have the variation of the action functional,

δI[ψ] =
∫
Ω

d4x
{
∂L
∂ψn(x)

δψn(x) +
∂L

∂(∂µψn(x))
δ(∂µψ(x))

}

=
∫
Ω

d4x
{

∂L
∂ψn(x))

− ∂µ
(

∂L
∂(∂µψn(x))

)}
δψn(x)

+
∫
∂Ω

dσµ
∂L

∂(∂µψn(x))
δψn(x) . (2.1.7)

According to the principle of least action, we demand that

δI[ψ]
δψn(x)

= 0 in Ω; δψn(x) = 0 on ∂Ω . (2.1.8)

From (2.1.8), we obtain the Euler–Lagrange equation of motion,

∂L
∂ψn(x)

− ∂µ
(

∂L
∂(∂µψn(x))

)
= 0, n = 1, . . . , f . (2.1.9)

For the transition to the canonical formalism, we introduce the unit time-
like vector

nµ = (1; 0, 0, 0),
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and define the momentum πn(x) canonically conjugate to ψn(x) by

πn(x) =
∂L

∂(∂0ψn(x))
≡ nµ ∂L

∂(∂µψn(x))
, nµn

µ = 1 . (2.1.10)

Solving (2.1.10) for nµ∂µψn(x) = ∂0ψn(x) as a function of ψn(x), ∇ψn(x)
and πn(x), we define the Hamiltonian density by

H(ψ(x),∇ψ(x), π(x)) ≡
f∑
n=1

πn(x)∂0ψn(x) − L(ψ(x), ∂µψ(x)) . (2.1.11)

We define the Hamiltonian by

H [ψ(t),∇ψ(t), π(t)] ≡
∫

d3xH(ψ(x),∇ψ(x), π(x)) . (2.1.12)

We have the canonical equation of motion in classical field theory as

∂0ψn(x) =
δH [ψ,∇ψ, π]
δπn(x)

, (2.1.13a)

∂0πn(x) = −δH [ψ,∇ψ, π]
δψn(x)

, (2.1.13b)

where in (2.1.13a) and (2.1.13b), we have

n = 1, . . . , f.

We note that πn(x) and H(ψ(x),∇ψ(x), π(x)) are normal dependent.

2.1.2 Phase Space Path Integral Quantization
of Field Theory

We begin the discussion of the translation (hereafter designated by →) from
quantum mechanics with f degrees of freedom to f -component quantum
field theory with infinite degrees of freedom. We perform the above transla-
tion upon the canonical variables {q̂r(t)}fr=1, and {p̂r(t)}fr=1, their equal-time
canonical commutators, their respective eigenkets |q, t〉 and |p, t〉, and the q-
representation of p̂r(t):

r → (x, n), n = 1, . . . , f,

q̂r(t) → ψ̂n(t,x) = ψ̂x,n(t) , (2.1.14a)

p̂r(t) → π̂n(t,x) = π̂x,n(t) , (2.1.14b)
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[q̂r(t), q̂s(t)] = [p̂r(t), p̂s(t)] = 0

→ [ψ̂n(t,x), ψ̂m(t,y)] = [π̂n(t,x), π̂m(t,y)] = 0, (2.1.15a)

[q̂r(t), p̂s(t)] = i�δr,s

→ [ψ̂n(t,x), π̂m(t,y)] = iδn,mδ3(x − y), (2.1.15b)

|q, t〉 → |ψ, t〉 with ψ̂n(t,x)|ψ, t〉 = ψn(t,x)|ψ, t〉 , (2.1.16a)

|p, t〉 → |π, t〉 with π̂n(t,x)|π, t〉 = πn(t,x)|π, t〉 , (2.1.16b)

and

〈q, t|p̂r(t)|Φ〉 = �

i
∂

∂qr
〈q, t|Φ〉

→ 〈ψ, t|π̂n(t,x)|Φ〉 = 1
i

δ

δψn(t,x)
〈ψ, t|Φ〉 . (2.1.17)

With these translations, (2.1.14a) through (2.1.17), we have the following
equations corresponding to (1.2.17), (1.2.20), (1.2.34) and (1.2.39).

Transformation Function:

〈ψ′, t′|ψ, t〉 =
∫ ψ(t′)=ψ′

ψ(t)=ψ

D[ψ]
∫

D[π]

× exp

[
i
∫ t′

t

dt

{∫
d3x

f∑
n=1

πn(t,x)∂0ψn(t,x)

−H [ψ(t),∇ψ(t), π(t)]
}]
. (2.1.18)

Matrix Element of the Time-Ordered Product:

〈ψ′, t′|T(ψ̂n1
(x1) · · · ψ̂nk

(xk))|ψ, t〉

=
∫ ψ(t′)=ψ′

ψ(t)=ψ

D[ψ]
∫

D[π]× ψn1(x1) · · ·ψnk
(xk)

× exp

[
i
∫ t′

t

dt

{∫
d3x

f∑
n=1

πn(t,x)∂0ψn(t,x)

−H [ψ(t),∇ψ(t), π(t)]
}]
. (2.1.19)
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Wave Functions of the Vacuum:

〈ψ±∞,±∞|0;outin 〉

= exp

[
−1
2

∫
d3x

∫
d3y

f∑
n=1

ψn(±∞,x)E(x − y)ψn(±∞,y)
]
, (2.1.20a)

E(x − y) =
∫

d3p
(2π)3

exp [ip · (x − y)]Ep, Ep =
√

p2 +m2 . (2.1.20b)

Generating Functional of the Green’s Functions:

Z[J ] = exp[iW [J ]]

=

〈
0; out

∣∣∣∣∣T
(
exp

[
i
∫

d4x
f∑
n=1

Jn(x)ψ̂n(x)

])∣∣∣∣∣0; in
〉

=
∫

dψ+∞
∫

dψ−∞〈0; out|ψ+∞,+∞〉

×
〈
ψ+∞,+∞

∣∣∣∣∣T
(
exp

[
i
∫

d4x
f∑
n=1

Jn(x)ψ̂n(x)

])∣∣∣∣∣ψ−∞,−∞
〉

×〈ψ−∞,−∞|0; in〉

=
∫

D[ψ]
∫

D[π] exp
[
i
∫ +∞

−∞
dt

(∫
d3x

f∑
n=1

πn(t,x)∂0ψn(t,x)

−H [ψ(t),∇ψ(t), π(t)] +
∫

d3xJn(t,x)ψn(t,x)

+ “iε-piece”

)]
. (2.1.21)

Here, we write down the “iε-piece” explicitly,

“iε-piece” = i
ε

2

∫
d3x

∫
d3yE(x − y)

×
f∑
n=1

ψn(t,x)ψn(t,y) exp[−ε|t|], ε→ 0+ , (2.1.22)

which is t-dependent. We note that the path integral with respect to ψn(t,x)∫
D[ψ]
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in (2.1.21) is no longer constrained. Z[J ] (W [J ]) is the generating functional
of (the connected parts of) the vacuum expectation values of the time-ordered
products of the field operator ψ̂nk

(xk). We have the formula

1
i

δ

δJnk
(xk)

· · · 1
i

δ

δJn1(x1)
Z[J ]|J=0

= 〈0; out|T(ψ̂n1
(x1) · · · ψ̂nk

(xk))|0; in〉 , (2.1.23Z)

1
i

δ

δJnk
(xk)

· · · 1
i

δ

δJn1(x1)
W [J ]|J=0

=
1
i
〈0; out|T(ψ̂n1

(x1) · · · ψ̂nk
(xk))|0; in〉C , (2.1.23W)

where (2.1.23W) defines the connected parts.

2.1.3 Configuration Space Path Integral Quantization
of Field Theory

In order to discuss the configuration space path integral representation of
quantum field theory, we assume that the Hamiltonian H [ψ(t),∇ψ(t), π(t)]
defined by (2.1.12) is given by a quadratic form in πn(x), namely

H [ψ(t),∇ψ(t), π(t)] ≡ 1
2

∫
d3x

∫
d3yπn(t,x)Dn,m(x,y;ψ)πm(t,y)

+ a term linear in π
+ a term independent of π . (2.1.24)

Then, we can perform the momentum integration∫
D[π]

in (2.1.18), (2.1.19) and (2.1.21) as a quasi-Gaussian integral, obtaining the
determinant factor

(DetDn,m(x,y;ψ))−1/2

in the integrand of∫
D[ψ].

We have the stationary condition of the exponent of (2.1.18), (2.1.19) and
(2.1.21) with respect to πn(x) as
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δ

δπn(t,x)

{∫
d3x′

f∑
m=1

πm(t,x′)∂0ψm(t,x′)−H [ψ(t),∇ψ(t), π(t)]
}
= 0 ,

(2.1.25)

i.e., we have one of a pair of canonical equations of motion,

∂0ψn(t,x) =
δH [ψ,∇ψ, π]
δπn(t,x)

. (2.1.26)

Solving (2.1.26) for πn(t,x), we obtain the canonical definition of πn(t,x).
Hence, we obtain the Lagrangian L[ψ(t), ∂0ψ(t)] as the stationary value of
the exponent

∫
d3x

f∑
m=1

πm(t,x)∂0ψ(t,x)

−H [ψ(t),∇ψ(t), π(t)]|∂0ψn(t,x)=δH[ψ,∇ψ,π]/δπn(t,x)

≡ L[ψ(t), ∂0ψ(t)] ≡
∫

d3xL(ψ(x), ∂µψ(x)) . (2.1.27)

From these considerations, we obtain the configuration space path integral
formula for the transformation function, the matrix element of the time-
ordered product and the generating functional of (the connected parts of)
the vacuum expectation value of the time-ordered product:

Transformation Function:

〈ψ′, t′|ψ, t〉 =
∫ ψ(t′)=ψ′

ψ(t)=ψ

D[ψ](DetD(x,y;ψ))−1/2

× exp

[
i
∫ t′

t

dtL[ψ(t), ∂0ψ(t)]

]
. (2.1.28)

Matrix Element of the Time-Ordered Product:

〈ψ′, t′|T(ψ̂n1
(x1) · · · ψ̂nk

(xk))|ψ, t〉

=
∫ ψ(t′)=ψ′

ψ(t)=ψ

D[ψ](DetD(x,y;ψ))−1/2ψn1(x1) · · ·ψnk
(xk)

× exp

[
i
∫ t′

t

dtL[ψ(t), ∂0ψ(t)]

]
. (2.1.29)
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Generating Functional of the Green’s Functions:

Z[J ] = exp[iW [J ]]

=

〈
0; out

∣∣∣∣∣T
(
exp

[∫
d4x

f∑
n=1

Jn(x)ψ̂n(x)

])∣∣∣∣∣ 0; in
〉

=
∫

D[ψ](DetD(x,y;ψ))−1/2

× exp

[
i
∫

d4x

{
L(ψ(x), ∂µψ(x))

+
f∑
n=1

Jn(x)ψn(x) + “iε-piece”

}]
. (2.1.30)

Equations (2.1.28–2.1.30) are the field theory version of the results of Sect. 1.2.
We note that only when the kernel of the quadratic part of (2.1.24),

{Dn,m(x,y;ψ)}fn,m=1,

is a ψn(x)-independent constant matrix, is a naive extension of the Feynman
path integral formula in quantum mechanics to quantum field theory correct.

When the kernel {Dn,m(x,y;ψ)}fn,m=1 is a ψn(x)-dependent matrix, and
is diagonal with respect to x and y,

Dn,m(x,y;ψ) = δ3(x − y)Dn,m(ψ(t,x)), n,m = 1, . . . , f , (2.1.31)

we obtain

DetDn,m(x,y;ψ) = exp
[
δ4(0)

∫
d4xtr lnD(ψ(x))

]
, (2.1.32a)

by an argument similar to that leading to (1.124) from (1.122). We shall derive
(2.1.32a) in some detail here. With Dn,m(x,y;ψ) diagonal with respect to x
and y, we have lnD(x,y;ψ) diagonal with respect to x and y,

lnDn,,,m(x,y;ψ) = δ3(x − y) lnDn,m(ψ(t,x)) . (2.1.33)

Next, we apply (1.2.51) at each time slice t = tk, k = 1, . . . , l, obtaining

DetD(x,y;ψ) = lim
l→∞
δt→0

l∏
k=1

DetD(xk,yk;ψ(tk,xk))

= lim
l→∞
δt→0

exp

[
l∑
k=1

Tr lnD(xk,yk;ψ(tk,xk))

]
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= lim
l→∞
δt→0

exp

[
l∑
k=1

δ3(0)
∫

d3xtr lnD(ψ(tk,x))

]

= lim
l→∞
δt→0

exp

[
δ3(0)

1
δt

l∑
k=1

δt

∫
d3xtr lnD(ψ(tk,x))

]

= exp
[
δ4(0)

∫
d4xtr lnD(ψ(x))

]
, (2.1.32b)

which is (2.1.32a). Hence, in each integrand of (2.1.28–2.1.30), we have

(DetD(x,y;ψ))−1/2 exp
[
i
∫

d4xL(ψ(x), ∂µψ(x))
]

= exp
[
i
∫

d4x
{
L(ψ(x), ∂µψ(x)) − i

1
2
δ4(0)tr lnD−1(ψ(x))

}]
.

Thus, when the kernel of the quadratic part is a ψ-dependent matrix, and
is diagonal with respect to x and y, we shall use the effective Lagrangian
density

Leff(ψ(x), ∂µψ(x)) = L(ψ(x), ∂µψ(x)) − i
1
2
δ4(0)tr lnD−1(ψ(x)) (2.1.34)

in the Feynman path integral formula, instead of the original Lagrangian
density

L(ψ(x), ∂µψ(x)).

Furthermore, according to the conclusion of Sect. 1.3, we have to consider
the effective potential Vc(ψ(x)) depending on whether ψ(x) is curvilinear or
Cartesian.

For the remainder of this subsection, we consider chiral dynamics as an
example and calculate its effective Lagrangian density Leff(ψ(x), ∂µψ(x)). We
have the Lagrangian density for chiral dynamics as

L(ψ(x), ∂µψ(x)) = 1
2
∂µψa(x)Ga,b(ψ(x))∂µψb(x) . (2.1.35)

We have the canonical conjugate momentum πa(x) and the Hamiltonian den-
sity H(ψa(x),∇ψa(x), πa(x)) as

πa(x) =
∂L

∂(∂0ψa(x))
= Ga,b(ψ(x))∂0ψb(x) , (2.1.36)
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and

H(ψa(x),∇ψa(x), πa(x)) = πa(x)∂0ψa(x) − L(ψa(x), ∂µψa(x))
=

1
2
πa(x)G−1

a,b(ψ(x))πb(x)

−1
2
∂kψa(x)Ga,b(ψ(x))∂kψb(x) . (2.1.37)

Thus, we have

H [ψ,∇ψ, π]∣∣quadratic part in

momentum π

=
1
2

∫
d3xπa(x)G−1

a,b(ψ(x))πb(x)

=
1
2

∫
d3x

∫
d3yπa(t,x)δ3(x − y)G−1

a,b(ψ(t,x))πb(t,y) . (2.1.38)

We find that the kernel Dn,m(x,y;ψ) of (2.1.24) is given by

Da,b(x,y;ψ(t,x)) = δ3(x − y)G−1
a,b(ψ(t,x)) , (2.1.39a)

Da,b(ψ(t,x)) = G−1
a,b(ψ(t,x)) , (2.1.39b)

D−1
a,b(ψ(t,x)) = Ga,b(ψ(t,x)) . (2.1.39c)

We know that the exponent of the integrand of the phase space path integral
formula

πa(x)∂0ψa(x)−H(ψa(x),∇ψa(x), πa(x)) , (2.1.40)

is quadratic in πa(x) so that we can perform the momentum integration as a
quasi-Gaussian integral. As the stationary condition of (2.1.40) with respect
to πa(x), we have

∂0ψa(x) =
∂H
∂πa(x)

, (2.1.41)

which is one of a pair of canonical equations of motion. Hence, we find
that the stationary value of (2.1.40) is the original Lagrangian density
L(ψ(x), ∂µψ(x)). We can apply the argument leading to (2.1.34) to this prob-
lem. We find that the effective Lagrangian density Leff(ψ(x), ∂µψ(x)) of chiral
dynamics is given by

Leff(ψ(x), ∂µψ(x)) = L(ψ(x), ∂µψ(x)) − i
1
2
δ4(0)tr lnG(ψ(x)) . (2.1.42)

This conclusion agrees with the result of J.M. Charap, based on the phase
space path integral approach; that of I.S. Gerstein, R. Jackiw, B.W. Lee and
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S. Weinberg, based on the canonical formalism; that of K. Nishijima and T.
Watanabe, based on the generating functionals of the T-ordered product and
T∗-ordered product; and that of J. Honerkamp and K. Meets, based on the
general relativity of pion coordinates.

2.2 Covariant Perturbation Theory

In this section, we discuss covariant perturbation theory. We use the config-
uration space path integral representation of the generating functional Z[J ]
of the Green’s functions, (2.1.30), as the starting point. In standard operator
field theory, we first introduce the interaction picture, and then, by consider-
ation of the Tomonager–Schwinger equation and its integrability condition,
we derive covariant perturbation theory after a lengthy discussion. We can
derive covariant perturbation theory easily and quickly from the configura-
tion space path integral representation of the generating functional Z[J ] of
the Green’s functions. We can also derive covariant perturbation theory of
singular Lagrangian field theory with an infinite dimensional invariance group
by an extension of the method of the present section. In this respect, we shall
discuss the path integral quantization of the singular Lagrangian field theory,
specifically, the non-Abelian gauge field theory in Chap. 3 in detail.

In deriving covariant perturbation theory, we first separate by hand the
total Lagrangian density Ltot(ψ(x), ∂µψ(x)) of the interacting system into the
quadratic part, Lquad(ψ(x), ∂µψ(x)), and the nonquadratic part, Lint(ψ(x)),
with respect to ψ(x). As a result of this separation, we obtain the generating
functional Z[J ] of the Green’s functions of the interacting system as

Z[J ] = exp
[
i
∫

d4xLint

(
1
i
δ

δJ(x)

)]
Z0[J ],

where we have the generating functional Z0[J ] of the Green’s functions of the
“free” field as

Z0[J ] =
∫

D[ψ] exp
[
i
∫

d4x

{
Lquad(ψ(x), ∂µψ(x))

+
f∑
n=1

ψn(x)Jn(x) + “iε-piece”

}]
.

We derive these expressions in Sects. 2.2.1 and 2.2.2. We will easily read off
Feynman rules and the Feynman–Dyson expansion of the Green’s functions
of the interacting system from the interaction Lagrangian density Lint(ψ(x)),
to be discussed in Sect. 2.2.3.
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2.2.1 Generating Functional of Green’s Functions
of the Free Field

We consider an interacting system which consists of the real scalar field φ(x)
and the Dirac spinor field ψ(x). As the total Lagrangian density, we consider

Ltot = Lquad(φ(x), ∂µφ(x), ψ(x), ∂µψ(x), ψ̄(x), ∂µψ̄(x))

+Lint(φ(x), ψ(x), ψ̄(x)) , (2.2.1a)

where Lquad consists of the quadratic part of φ(x), ψ(x) and ψ̄(x) including
“iε-piece” and Lint is the interaction Lagrangian density:

Lquad = LReal scalar
quad (φ(x), ∂µφ(x))

+LDirac
quad (ψ(x), ∂µψ(x), ψ̄(x), ∂µψ̄(x)) , (2.2.1b)

LReal scalar
quad =

1
2
(∂µφ∂µφ− κ2φ2 + iεφ2)

=
1
2
φ(−∂2 − κ2 + iε)φ ≡ 1

2
φKφ , (2.2.1c)

LDirac
quad =

1
4
[ψ̄α(x), Dαβ(x)ψβ(x)] +

1
4
[
DT
βα(−x)ψ̄α(x), ψβ(x)

]
≡ ψ̄αDαβψβ , (2.2.1d)

K(x− y) = δ4(x − y)(−∂2x − κ2 + iε),

K−1(x − y) = δ4(x − y)
−∂2x − κ2 + iε

, (2.2.1e)

Dαβ(x− y) = δ4(x− y)(iγµ∂µx −m+ iε),

D−1
αβ (x− y) = δ4(x− y)

(
1

iγµ∂
µ
x −m+ iε

)
αβ

, (2.2.1f)

{γµ, γν} = 2ηµν , (γµ)† = γ0γµγ0; ψ̄(x) = ψ†(x)γ0 , (2.2.1g)

Lint(φ(x), ψ(x), ψ̄(x)) ≡ Ltot − Lquad . (2.2.1h)
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According to (2.1.30), we have the generating functionals of the “free” Green’s
functions as

Z0[J ] = exp[iW0[J ]]

=
∫

D[φ] exp
[
i
∫

d4x
{LReal scalar

quad (φ(x), ∂µφ(x)) + J(x)φ(x)
}]

=
∫

D[φ] exp
[
i
(
1
2
φKφ+ Jφ

)]

= exp
[
− i
2
JK−1J

]
, (2.2.2)

Z0[η̄, η]
= exp [iW0[η̄, η]]

=
∫

D[ψ]D[ψ̄] exp
[
i
∫
d4x

{LDirac
quad (ψ(x), ∂µψ(x), ψ̄(x), ∂µψ̄(x))

+η̄(x)ψ(x) + ψ̄(x)η(x)
} ]

=
∫

D[ψ]D[ψ̄] exp [i(ψ̄αDαβψβ + η̄βψβ + ψ̄αηα)]
= exp

[
−iη̄βD−1

βαηα

]
. (2.2.3)

We have the generating functionals, W0[J ] and W0[η̄, η], of the connected
parts of the “free” Green’s functions as

W0[J ] = −1
2
JK−1J = −1

2

∫
d4x

∫
d4yJ(x)K−1(x− y)J(y) , (2.2.4)

W0[η̄, η] = −η̄βD−1
βαηα = −

∫
d4x

∫
d4yη̄β(x)D

−1
βα(x− y)ηα(y) . (2.2.5)

In writing down the last equalities of (2.2.2) and (2.2.3), we dropped the
constants

(DetK(x− y))−1/2, and DetD(x − y),

which are independent of φ(x), ψ(x) and ψ̄(x). From (2.2.2) through (2.2.5),
we have the “free” Green’s functions as
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DF
0 (x1 − x2)

= G0(x1 − x2) = 1
i
〈0, out|T(φ̂(x1)φ̂(x2))|0, in〉freeC

=
1
i
δ

δJ(x1)
1
i
δ

δJ(x2)
W0[J ]|J=0 = K−1(x1 − x2)

=
δ4(x1 − x2)

−∂2x1
− κ2 + iε

=
∫

d4p
(2π)4

exp [−ip · (x1 − x2)]
p2 − κ2 + iε

, (2.2.6)

SF0,αβ(x1 − x2) = G0,αβ(x1 − x2)
=

1
i
〈0, out|T(ψ̂α(x1)(ψ̂

†
(x2)γ0)β)|0, in〉freeC

=
1
i

δ

δη̄α(x1)
1
i

δ

δηβ(x2)
W0[η̄, η]|η=η̄=0 = D−1

αβ (x1 − x2)

= δ4(x1 − x2)
(

1
iγµ∂

µ
x1 −m+ iε

)
αβ

=
∫

d4p
(2π)4

(
exp[−ip · (x1 − x2)]

� p−m+ iε

)
αβ

. (2.2.7)

2.2.2 Generating Functional of Full Green’s Functions
of an Interacting System

According to (2.1.30), we have the generating functional of the “full” Green’s
functions and its connected parts of the interacting system as

Z[J, η̄, η]
= exp[iW [J, η̄, η]]

=
〈
0, out

∣∣∣∣T
(
exp

[
i
∫

d4x
{
J(x)φ̂(x) + η̄α(x)ψ̂α(x)

+(ψ̂
†
(x)γ0)βηβ(x)

} ])∣∣∣∣ 0, in
〉

=
∫

D[φ]
∫

D[ψ]
∫

D[ψ̄] exp
[
i
∫

d4x {Ltot(x) + J(x)φ(x)

+ η̄α(x)ψα(x) + ψ̄β(x)ηβ(x)
} ]
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= exp
[
i
∫

d4xLint

(
1
i
δ

δJ(x)
,
1
i
δ

δη̄(x)
, i
δ

δη(x)

)]

×
∫
D[φ] exp

[
i
∫
d4x

{LReal scalar
quad (φ(x), ∂µφ(x)) + J(x)φ(x)

}]

×
∫

D[ψ]
∫

D[ψ̄]

× exp
[
i
∫

d4x
{LDirac

quad (ψ(x), ∂µψ(x), ψ̄(x), ∂µψ̄(x))

+η̄α(x)ψα(x) + ψ̄β(x)ηβ(x)
} ]

= exp
[
i
∫

d4xLint

(
1
i
δ

δJ(x)
,
1
i
δ

δη̄(x)
, i
δ

δη(x)

)]

×Z0[J ]Z0[η̄, η] . (2.2.8)

Generally, we have the connected part of the “full” Green’s function (also
called the (l +m+ n)-point function) as,

GC
α1,... ,αl;1,... ,m;β1,... ,βn

(x1, . . . , xl; y1, . . . , ym; z1, . . . , zn)

=
1
i
δ

δJ(y1)
· · · 1

i
δ

δJ(ym)
· 1
i

δ

δη̄α1
(x1)

· · · 1
i

δ

δη̄αl
(xl)

×i δ

δηβn(zn)
· · · i δ

δηβ1(z1)
·W [J, η̄, η]|J=η̄=η=0

=
1
i
〈0, out|T(ψ̂α1

(x1) · · · ψ̂αl
(xl)(ψ̂

†
(z1)γ0)β1 · · · (ψ̂

†
(zn)γ0)βn

×φ̂(y1) · · · φ̂(ym))|0, in〉C . (2.2.9)

2.2.3 Feynman–Dyson Expansion and Wick’s Theorem

In the generating functional Z[J, η̄, η],

Z[J, η̄, η] = exp
[
i
∫

d4xLint

(
1
i
δ

δJ(x)
,
1
i
δ

δη̄(x)
, i
δ

δη(x)

)]
×Z0[J ]Z0[η̄, η] , (2.2.8)

we expand the exponential on the right-hand side of (2.2.8) into a Taylor se-
ries. From (2.2.2) through (2.2.5), we obtain



72 2. Path Integral Representation of Quantum Field Theory

Z[J, η̄, η] =
∞∑
n=0

1
n!

[
i
∫

d4xLint

(
1
i
δ

δJ(x)
,
1
i
δ

δη̄(x)
, i
δ

δη(x)

)]n

× exp
[
−i

(
1
2
JDF

0 J + η̄αS
F
0,αβηβ

)]
, (2.2.10)

which gives the Feynman–Dyson expansion of the connected part of the “full”
Green’s function (the (l +m+ n)-point function),

GC
α1,... ,αl;1,... ,m;β1,... ,βn

(x1, . . . , xl; y1, . . . , ym; zβ1 , . . . , zβn),

in terms of DF
0 (x − y), SF0 (x − y) and the interaction Lagrangian density

which is given by Lint(φ(x), ψ(x), ψ̄(x)). We will find this as follows. In order
to produce the (l+m+n)-point function, we have the functional derivatives,

1
i
δ

δJ(y1)
· · · 1

i
δ

δJ(ym)
1
i

δ

δη̄α1
(x1)

· · · 1
i

δ

δη̄αl
(xl)

×i δ

δηβn(zn)
· · · i δ

δηβ1(z1)
|J=η̄=η=0 , (2.2.11)

acting on the left-hand side of (2.2.10), while on the right-hand side of
(2.2.10), we obtain the sum of the combinations of DF

0 (x − y), SF0 (x − y)
and Lint(φ(x), ψ(x), ψ̄(x)) as a result of this operation. We can read off the
Feynman rule from Lint(φ(x), ψ(x), ψ̄(x)) quite easily.

We have Wick’s theorem in canonical quantum field theory, which is a
trivial consequence of the following identities in the path integral quantization
method:

δ

δJ(x)
J(y) = δ4(x− y) , (2.2.12a)

δ

δηα(x)
ηβ(y) = δαβδ4(x− y), δ

δη̄α(x)
η̄β(y) = δαβδ

4(x− y) .
(2.2.12b)

Taking the functional derivative of Z0[J ]Z0[η̄, η] with respect to the external
hook, J(x), η̄(x) and η(x), in the path integral quantization corresponds to
taking the contraction in canonical quantum field theory.

2.3 Symanzik Construction

Let us summarize the logical structure of the presentation leading to the
covariant perturbation theory of Sect. 2.2. We discussed the path integral



2.3 Symanzik Construction 73

representation of quantum mechanics in Chap. 1 from the Lagrangian for-
malism, the Hamiltonian formalism and the Weyl correspondence, gradually
making the requisite corrections to the naive Feynman path integral for-
mula obtained in the Lagrangian formalism. In Sect. 2.1, we translated the
results of the path integral representation of quantum mechanics to those of
quantum field theory. In Sect. 2.2, we discussed covariant perturbation theory
from the path integral representation of the generating functional Z[J, η̄, η] of
the “full” Green’s functions. This procedure is not lengthy compared to the
standard canonical procedure, starting from the Tomonaga–Schwinger equa-
tion and arriving at covariant perturbation theory. The generating functional
Z[J, η̄, η] is, however, not derived from the canonical formalism of quantum
field theory directly.

Hence, in this section, we discuss the Symanzik construction which de-
rives the path integral representation of the generating functional Z[J, η̄, η]
directly from the canonical formalism of quantum field theory in the Heisen-
berg picture. In Sect. 2.3.1, we derive the equation of motion of Z[J, η̄, η] from
its definition, the Euler–Lagrange equations of motion of the Heisenberg field
operators and the equal-time canonical (anti-)commutator. The equation of
motion of Z[J, η̄, η] is a functional differential equation. In Sect. 2.3.2, we
show that we can integrate this functional differential equation by a func-
tional Fourier transform trivially, and obtain the path integral representation
of the generating functional Z[J, η̄, η]. In Sect. 2.3.3, we show that the prob-
lem of obtaining the generating functional Z[J, η̄, η] is reduced to an external
field problem, using the neutral ps-ps coupling as an example. The result of
this section validates the translation of Sect. 2.1.

2.3.1 Equation of Motion of the Generating Functional

In this section, we consider quantum field theory described by the total La-
grangian density Ltot of the form,

Ltot

=
1
4

[
(ψ̂

†
(x)γ0)α, Dαβ(x)ψ̂β(x)

]
+
1
4

[
DT
βα(−x)(ψ̂

†
(x)γ0)α, ψ̂β(x)

]
+
1
2
φ̂(x)K(x)φ̂(x) + Lint(φ̂(x), ψ̂(x), ψ̂

†
(x)γ0) , (2.3.1)

where we have

Dαβ(x) = (iγµ∂µ −m+ iε)αβ ,

DT
βα(−x) =

(−iγTµ ∂µ −m+ iε
)
βα
, (2.3.2a)

K(x) = −∂2 − κ2 + iε , (2.3.2b)



74 2. Path Integral Representation of Quantum Field Theory

{γµ, γν} = 2ηµν , (γµ)† = γ0γµγ0, ψ̄α(x) = (ψ†(x)γ0)α , (2.3.3)

Itot

[
φ̂, ψ̂, ψ̂

†
γ0
]
=
∫

d4xLtot ((2.3.1)) , (2.3.4a)

Iint

[
φ̂, ψ̂, ψ̂

†
γ0
]
=
∫

d4xLint

(
φ̂(x), ψ̂(x), ψ̂

†
(x)γ0

)
. (2.3.4b)

We have the Euler–Lagrange equations of motion for the field operators:

ψ̂α(x) :
δÎtot

δ(ψ̂
†
(x)γ0)α

= 0,

or Dαβ(x)ψ̂β(x) +
δÎint

δ(ψ̂
†
(x)γ0)α

= 0 , (2.3.5a)

(ψ̂
†
(x)γ0)β :

δÎtot

δψ̂β(x)
= 0,

or −DT
βα(−x)(ψ̂

†
(x)γ0)α +

δÎint

δψ̂β(x)
= 0 , (2.3.5b)

φ̂(x) :
δItot

δφ̂(x)
= 0, or K(x)φ̂(x) +

δÎint

δφ̂(x)
= 0 . (2.3.5c)

We have the equal-time canonical (anti-)commutators,

δ(x0 − y0){ψ̂β(x), (ψ̂
†
(y)γ0)α} = γ0βαδ4(x− y) , (2.3.6a)

δ(x0 − y0){ψ̂β(x), ψ̂α(y)}
= δ(x0 − y0){(ψ̂†

(x)γ0)β , (ψ̂
†
(y)γ0)α} = 0 , (2.3.6b)

δ(x0 − y0)[φ̂(x), ∂y0 φ̂(y)] = iδ4(x− y) , (2.3.6c)

δ(x0 − y0)[φ̂(x), φ̂(y)] = δ(x0 − y0)[∂x0 φ̂(x), ∂y0 φ̂(y)] = 0 , (2.3.6d)

and the remaining equal-time mixed canonical commutators are equal to 0.
We define the generating functional of the “full” Green’s functions by
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Z[J, η̄, η]

≡
〈
0, out

∣∣∣∣T
(
exp

[
i
∫

d4x
{
J(x)φ̂(x) + η̄α(x)ψ̂α(x)

+(ψ̂
†
(x)γ0)βηβ(x)

} ])∣∣∣∣ 0, in
〉

≡
∞∑

l,m,n=0

il+m+n

l!m!n!
〈0, out|T((η̄ψ̂)l(Jφ̂)m(ψ̂†

γ0η)n)|0, in〉

≡
∞∑

l,m,n=0

il+m+n

l!m!n!

∫
d4x1 · · · d4xld4y1 · · · d4ym

×d4z1 · · ·d4znJ(y1) · · · J(ym)
×η̄αl

(xl) · · · η̄α1
(x1)〈0, out|T(ψ̂α1

(x1) · · · ψ̂αl
(xl)φ̂(y1) · · · φ̂(ym)

×(ψ̂†
(z1)γ0)β1 · · · (ψ̂

†
(zn)γ0)βn)|0, in〉ηβn(zn) · · · ηβ1(z1)

≡
∞∑

l,m,n=0

il+m+n

(l +m+ n)!

×
〈
0, out|T(η̄ψ̂ + Jφ̂+ ψ̂†

γ0η)l+m+n|0, in
〉
, (2.3.7)

where we have introduced in (2.3.7) the abbreviations

Jφ̂ ≡
∫

d4yJ(y)φ̂(y), η̄ψ̂ ≡
∫

d4xη̄(x)ψ̂(x),

ψ̂
†
γ0η ≡

∫
d4zψ̂

†
(z)γ0η(z) .

We observe that

δ

δη̄β(x)
(η̄ψ̂)l = lψ̂β(x)(η̄ψ̂)

l−1 , (2.3.8a)

δ

δηα(x)
((ψ̂

†
γ0)η)n = −n(ψ̂†

(x)γ0)α((ψ̂
†
γ0)η)n−1 , (2.3.8b)

δ

δJ(x)
(Jφ̂)m = mφ̂(x)(Jφ̂)m−1 . (2.3.8c)
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We also observe from the definition of Z[J, η̄, η],

1
i
δ

δη̄β(x)
Z[J, η̄, η]

=
〈
0, out

∣∣∣∣T
(
ψ̂β(x) exp

[
i
∫

d4z
{
J(z)φ̂(z) + η̄α(z)ψ̂α(z)

+(ψ̂
†
(z)γ0)βηβ(z)

}])∣∣∣∣ 0, in
〉
, (2.3.9a)

i
δ

δηα(x)
Z[J, η̄, η]

=
〈
0, out

∣∣∣∣T
(
(ψ̂

†
(x)γ0)α exp

[
i
∫

d4z
{
J(z)φ̂(z) + η̄α(z)ψ̂α(z)

+(ψ̂
†
(z)γ0)βηβ(z)

}])∣∣∣∣ 0, in
〉
, (2.3.9b)

1
i
δ

δJ(x)
Z[J, η̄, η]

=
〈
0, out

∣∣∣∣T
(
φ̂(x) exp

[
i
∫

d4z
{
J(z)φ̂(z) + η̄α(z)ψ̂α(z)

+(ψ̂
†
(z)γ0)βηβ(z)

}])∣∣∣∣ 0, in
〉
. (2.3.9c)

From the definition of the time-ordered product and the equal-time canon-
ical (anti-)commutators, (2.3.6a–d), we have at the operator level:

Fermion:

Dαβ(x)T
(
ψ̂β(x) exp

[
i
{
Jφ̂+ η̄αψ̂α + (ψ̂

†
γ0)βηβ

}])
= T

(
Dαβ(x)ψ̂β(x) exp

[
i
{
Jφ̂+ η̄αψ̂α + (ψ̂

†
γ0)βηβ

}])
+T

(
i
∫

d4z · iγ0αβδ(x0 − z0)
[
ψ̂β(x), (ψ̂

†
(z)γ0)εηε(z)

]

× exp
[
i
{
Jφ̂+ η̄ψ̂ + (ψ̂

†
γ0)η

}])

= T
(
Dαβ(x)ψ̂β(x) exp

[
i
{
Jφ̂+ η̄ψ̂ + (ψ̂

†
γ0)η

}])
−ηα(x)T

(
exp

[
i
{
Jφ̂+ η̄ψ̂ + (ψ̂

†
γ0)η

}])
, (2.3.10)
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Anti-Fermion:

−DT
βα(−x)T

(
(ψ̂

†
(x)γ0)α exp

[
i
{
Jφ̂+ η̄αψ̂α + (ψ̂

†
γ0)βηβ

}])
= T

(
−DT

βα(−x)(ψ̂
†
(x)γ0)α exp

[
i
{
Jφ̂+ η̄αψ̂α + (ψ̂

†
γ0)βηβ

}])
+T

(
i
∫

d4z · iγ0αβδ(x0 − z0)
[
(ψ̂

†
(x)γ0)α, η̄ε(z)ψ̂ε(z)

]

× exp
[
i
{
Jφ̂+ η̄ψ̂ + (ψ̂

†
γ0)η

}])

= T
(
−DT

βα(−x)(ψ̂
†
(x)γ0)α exp

[
i
{
Jφ̂+ η̄ψ̂ + (ψ̂

†
γ0)η

}])
+η̄β(x)T

(
exp

[
i
{
Jφ̂+ η̄ψ̂ + (ψ̂

†
γ0)η

}])
, (2.3.11)

Boson:

K(x)T
(
φ̂(x) exp

[
i
{
Jφ̂+ η̄αψ̂α + (ψ̂

†
γ0)βηβ

}])
= T

(
K(x)φ̂(x) exp

[
i
{
Jφ̂+ η̄αψ̂α + (ψ̂

†
γ0)βηβ

}])
−T

(
i
∫

d4z · δ(x0 − z0)[∂0φ̂(x), J(z)φ̂(z)]

× exp
[
i
{
Jφ̂+ η̄ψ̂ + (ψ̂

†
γ0)η

}])

= T
(
K(x)φ̂(x) exp

[
i
{
Jφ̂+ η̄ψ̂ + (ψ̂

†
γ0)η

}])
−J(x)T

(
exp

[
i
{
Jφ̂+ η̄ψ̂ + (ψ̂

†
γ0)η

}])
. (2.3.12)

Applying the Euler–Lagrange equations of motion, (2.3.5a–c), to the first
terms of the right-hand sides of (2.3.10–2.3.12), and taking the vacuum ex-
pectation values of (2.3.10–2.3.12), we obtain the equations of motion of the
generating functional Z[J, η̄, η] of the “full” Green’s functions as

Dαβ(x)1i δ

δη̄β(x)
+
δIint

[
1
i
δ
δJ ,

1
i
δ
δη̄ , i

δ
δη

]
δ
(
i δ
δηα(x)

) +ηα(x)


Z[J, η̄, η] = 0 ,

(2.3.13a)


−DT

βα(−x)i
δ

δηα(x)
+
δIint

[
1
i
δ
δJ ,

1
i
δ
δη̄ , i

δ
δη

]
δ
(
1
i

δ
δη̄β(x)

) −η̄β(x)

Z[J, η̄, η]=0,

(2.3.13b)
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K(x)1i δ

δJ(x)
+
δIint

[
1
i
δ
δJ ,

1
i
δ
δη̄ , i

δ
δη

]
δ
(
1
i

δ
δJ(x)

) + J(x)


Z[J, η̄, η] = 0 . (2.3.13c)

Equivalently, we can write (2.3.13a–c) with the use of (2.3.5a–c) as

δItot

[
1
i
δ
δJ ,

1
i
δ
δη̄ , i

δ
δη

]
δ
(
i δ
δηα(x)

) + ηα(x)


Z[J, η̄, η] = 0 , (2.3.14a)



δItot

[
1
i
δ
δJ ,

1
i
δ
δη̄ , i

δ
δη

]
δ
(
1
i

δ
δη̄β(x)

) − η̄β(x)

Z[J, η̄, η] = 0 , (2.3.14b)



δItot

[
1
i
δ
δJ ,

1
i
δ
δη̄ , i

δ
δη

]
δ
(
1
i

δ
δJ(x)

) + J(x)


Z[J, η̄, η] = 0 . (2.3.14c)

We note that the coefficients of the external hook terms, ηα(x), η̄β(x) and
J(x), in (2.3.14a), (2.3.14b) and (2.3.14c) are ±1, which is a reflection of the
fact that we are dealing with canonical quantum field theory and originates
from the equal-time canonical (anti-)commutators.

2.3.2 Method of the Functional Fourier Transform

We define the functional Fourier transform Z̃[φ, ψ, ψ̄] of the generating func-
tional Z[J, η̄, η] by

Z[J, η̄, η] ≡
∫

D[φ]D[ψ]D[ψ̄]Z̃[φ, ψ, ψ̄] exp [i(Jφ + η̄ψ + ψ̄η)] . (2.3.15)

By functional integration by parts, we obtain the identity
ηα(x)−η̄β(x)
J(x)


Z[J, η̄, η]

=
∫

D[φ]D[ψ]D[ψ̄]Z̃[φ, ψ, ψ̄]




1
i

δ

δψ̄α(x)
1
i

δ

δψβ(x)
1
i
δ

δφ(x)




× exp[i(Jφ + η̄ψ + ψ̄η)]
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=
∫

D[φ]D[ψ]D[ψ̄]







−1
i

δ

δψ̄α(x)

−1
i

δ

δψβ(x)

−1
i
δ

δφ(x)



Z̃[φ, ψ, ψ̄]




× exp
[
i(Jφ+ η̄ψ + ψ̄η)

]
. (2.3.16)

With the identity, (2.3.16), we have the equations of motion of the func-
tional Fourier transform Z̃[φ, ψ, ψ̄] of the generating functional Z[J, η̄, η] from
(2.3.14a–c) as{

δItot[φ, ψ, ψ̄]
δψ̄α(x)

− 1
i

δ

δψ̄α(x)

}
Z̃[φ, ψ, ψ̄] = 0 , (2.3.17a)

{
δItot[φ, ψ, ψ̄]
δψβ(x)

− 1
i

δ

δψβ(x)

}
Z̃[φ, ψ, ψ̄] = 0 , (2.3.17b)

{
δItot[φ, ψ, ψ̄]
δφ(x)

− 1
i
δ

δφ(x)

}
Z̃[φ, ψ, ψ̄] = 0 . (2.3.17c)

We divide (2.3.17a–c) by Z̃[φ, ψ, ψ̄], and obtain

δ

δψ̄α(x)
ln Z̃[φ, ψ, ψ̄] = i

δ

δψ̄α(x)
Itot[φ, ψ, ψ̄] , (2.3.18a)

δ

δψβ(x)
ln Z̃[φ, ψ, ψ̄] = i

δ

δψβ(x)
Itot[φ, ψ, ψ̄] , (2.3.18b)

δ

δφ(x)
ln Z̃[φ, ψ, ψ̄] = i

δ

δφ(x)
Itot[φ, ψ, ψ̄] . (2.3.18c)

We can immediately integrate (2.3.18a–c) with the result,

Z̃[φ, ψ, ψ̄] =
1
CV

exp[iItot[φ, ψ, ψ̄]]

=
1
CV

exp
[
i
∫

d4zLtot(φ(z), ψ(z), ψ̄(z))
]
. (2.3.19)

From (2.3.19), we obtain the generating functional Z[J, η̄, η] in the functional
integral representation,
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Z[J, η̄, η] =
1
CV

∫
D[φ]D[ψ]D[ψ̄] exp

[
i
∫

d4z
{Ltot(φ(z), ψ(z), ψ̄(z))

+J(z)φ(z) + η̄(z)ψ(z) + ψ̄(z)η(z)
}]
. (2.3.20)

Here, CV is a normalization constant. If we normalize Z[J, η̄, η] as

Z[J = η̄ = η = 0] = 1 , (2.3.21)

we find CV to be the vacuum-to-vacuum transition amplitude,

CV =
∫

D[φ]D[ψ]D[ψ̄] exp[iItot[φ, ψ, ψ̄]] = 〈0, out|0, in〉 . (2.3.22)

Another normalization we may use the following,

Z[J = η̄ = η = 0] = 〈0, out|0, in〉 , (2.3.23a)

with

CV = 1 . (2.3.23b)

2.3.3 External Field Problem

In this section, we consider the neutral ps-ps coupling

Lint(φ(x), ψ(x), ψ̄(x)) = g0ψ̄α(x)(γ5)αβψβ(x)φ(x) (2.3.24)

as an example, and demonstrate that the problem of the interacting sys-
tem is reduced to finding the Green’s functions of the external field problem
with slight modification of the path integral representation, (2.3.20), of the
generating functional Z[J, η̄, η].

To begin with, we separate the exponent of (2.3.20) into a (pseudo) scalar
part and a fermionic part,

Ltot + Jφ+ η̄ψ + ψ̄η (2.3.25)

=
{
1
2φKφ+ Jφ

}
+
{
ψ̄α(Dαβ+g0(γ5)αβφ)ψβ + η̄βψβ+ψ̄αηα

}
.

We define f [φ, η̄, η] by

f [φ, η̄, η] ≡
∫

D[ψ]D[ψ̄] exp
[
i
∫

d4z{ψ̄α(z)(Dαβ(z)

+g0(γ5)αβφ(z))ψβ(z) + η̄β(z)ψβ(z) + ψ̄α(z)ηα(z)}
]
. (2.3.26)
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Then, we have

Z[J, η̄, η] =
1
CV

∫
D[φ]f [φ, η̄, η]

× exp
[
i
∫

d4z
{
1
2φ(z)K(z)φ(z) + J(z)φ(z)

}]

=
1
CV
f

[
1
i
δ

δJ
, η̄, η

] ∫
D[φ] exp [i ( 12φKφ+ Jφ)]

=
1
C′
V

f

[
1
i
δ

δJ
, η̄, η

]
exp

[
− i
2
JDF

0 J

]

=
1
C′
V

∫
D[ψ]D[ψ̄]

×exp
[
i
∫

d4z
{
ψ̄α(z)

(
Dαβ(z)+g0(γ5)αβ

(
1
i
δ

δJ

))
ψβ(z)

+η̄β(z)ψβ(z) + ψ̄α(z)ηα(z)
}]

exp
[
− i
2
JDF

0 J

]

≡ 1
C′
V

∫
D[ψ]D[ψ̄] exp

[
i
∫

d4z
{
ψ̄α(z)

(
S

1
i

δ
δJ

F (z)
)
αβ
ψβ(z)

+η̄β(z)ψβ(z) + ψ̄α(z)ηα(z)
}]

exp
[
− i
2
JDF

0 J

]
, (2.3.27)

where S
1
i

δ
δJ

F (x) is the fermion Green’s function in the presence of an external
field and is defined by

S
1
i

δ
δJ

F (x)αβ ≡
(
D(x) + g0γ5

1
i
δ

δJ(x)

)−1

αβ

=
(
1 + g0SF0 (x)γ5

1
i
δ

δJ(x)

)−1

αε

SF0 (x)εβ . (2.3.28)

Next, we perform a function change of the fermion variable,

ψ′(x) =
(
S

1
i

δ
δJ

F (x)
)−1/2

ψ(x), D[ψ′]D[ψ̄′] = Det
(
S

1
i

δ
δJ

F

)
D[ψ]D[ψ̄] .

(2.3.29)

As a result of fermion number integration, we obtain

Z[J, η̄, η] =
1
C′
V

{
Det

(
S

1
i

δ
δJ

F

)}−1

exp
[
−iη̄αS

1
i

δ
δJ

F,αβηβ

]
exp

[
− i
2
JDF

0 J

]
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=
1
C′′
V

{
Det

(
1 + g0SF0 γ5

1
i
δ

δJ

)}−1

× exp
[
−iη̄αS

1
i

δ
δJ

F,αβηβ

]
exp

[
− i
2
JDF

0 J

]
, (2.3.30)

where the constants, (DetDF
0 )

−1/2 and (DetSF0 )
−1, are absorbed into the

normalization constants, C′
V and C′′

V , with C
′′
V given by

C′′
V =

{
Det

(
1 + g0SF0 γ5

1
i
δ

δJ

)}−1

exp
[
− i
2
JDF

0 J

]∣∣∣∣
J=0

. (2.3.31)

As is obvious from (2.3.30) that, once we know SφF(x), i.e., once the external
field problem is solved, we have solved the problem of the interacting system
as well.

Alternatively, using the translation property of

exp
[∫

d4xh(x)
δ

δJ(x)

]
,

with respect to J(x), we can rewrite (2.3.20) as

Z[J, η̄, η]

=
1
CV

exp
[
i
∫

d4zLint

(
1
i
δ

δJ(z)
,
1
i
δ

δη̄(z)
, i
δ

δη(z)

)]
Z0[J ]Z0[η̄, η]

=
1
CV

exp
[∫

d4zg0
δ

δη(z)
γ5

δ

δη̄(z)
δ

δJ(z)

]

× exp
[
− i
2
JDF

0 J

]
exp[−iη̄SF0 η]

=
1
CV

exp
[
− i
2

∫∫
d4xd4y

(
J(x) + g0

δ

δη(x)
γ5

δ

δη̄(x)

)
DF

0 (x − y)

×
(
J(y) + g0

δ

δη(y)
γ5

δ

δη̄(y)

)]
exp

[−iη̄SF0 η] , (2.3.32)

with the normalization constant CV given by

CV = exp
[
− i
2
g20
δ

δη
γ5
δ

δη̄
DF

0

δ

δη
γ5
δ

δη̄

]
exp

[−iη̄SF0 η] |η̄=η=0 . (2.3.33)

In this alternative approach, we need not know the solution, SφF(x), to the
external field problem.

Either of these methods works as long as the interaction Lagrangian den-
sity Lint(φ(x), ψ(x), ψ̄(x)) is given by the Yukawa coupling.
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2.4 Schwinger Theory of the Green’s Function

The “full” Green’s functions introduced in Sects. 2.1 and 2.2 are entirely dif-
ferent from the Green’s functions of linear differential equations encountered
in mathematical physics. Due to the presence of the interaction Lagrangian
density Lint(φ(x), ψ(x), ψ̄(x)), the equation of motion of the n-point “full”
Green’s function involves higher-order “full” Green’s functions. The system
of equations of motion is nonlinear and actually forms an infinite system. In
Sect. 2.2, we defined the “full” Green’s functions in an essentially perturbative
manner and did not know their equations of motion entirely. In this section, in
order to remedy these deficiencies, we discuss the Schwinger–Dyson equation.

In Sect. 2.4.1, we derive a coupled system of equations of motion of the
“full” Green’s functions using the equation of motion of Z[J, η̄, η], (2.3.13a–
c), as the starting point. In Sect. 2.4.2, with the introduction of the proper
self-energy parts and vertex operators after Dyson, we decouple the system of
equations of motion and derive the Schwinger–Dyson equation which is exact
and closed. From this equation, we can derive covariant perturbation theory
by iteration just like Sect. 2.2. On top of this, based on the Schwinger–Dyson
equation, we can discuss the nonperturbative behavior of QED and QCD
with the tri-Γ approximation.

In the discussion of this section, we do not use the path integral rep-
resentation of Z[J, η̄, η]. Instead, we start from the equations of motion of
Z[J, η̄, η], (2.3.13a–c). Furthermore, contrary to the Feynman–Dyson expan-
sion of Sect. 2.2, we can develop covariant perturbation theory based on the
exact equation of motion in closed form. To this end, we discuss the Schwinger
theory of the Green’s function in this section.

2.4.1 Definition of the Green’s Function
and the Equation of Motion

We discuss the Schwinger theory of the Green’s function with the interaction
Lagrangian density Lint(φ̂(x), ψ̂(x), ψ̂

†
(x)γ0) of the Yukawa coupling in mind,

Lint(φ̂(x), ψ̂(x), ψ̂
†
(x)γ0) = G0(ψ̂

†
(x)γ0)αγαβ(x)ψ̂β(x)φ̂(x) , (2.4.1)

with

G0 =



g0
f
e,
γ(x) =



γ5
γ5τi
γµ,

ψ̂(x) =



ψ̂α(x)
ψ̂N,α(x)
ψ̂α(x),

φ(x) =



φ̂(x)
φ̂i(x)
Âµ(x).

(2.4.2)

We define the vacuum expectation values, 〈F 〉J,η̄,η and 〈F 〉J , of the operator
function F (φ̂(x), ψ̂(x), ψ̂

†
(x)γ0) in the presence of the external hook terms

{J, η̄, η} by
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〈F 〉J,η̄,η ≡ 1
Z[J, η̄, η]

F

(
1
i
δ

δJ(x)
,
1
i
δ

δη̄(x)
, i
δ

δη(x)

)
Z[J, η̄, η] , (2.4.3a)

〈F 〉J = 〈F 〉J,η̄,η|η̄=η=0 . (2.4.3b)

We define the connected parts of the two-point “full” Green’s functions
in the presence of the external hook J(x) by

Fermion:

S′J
F,αβ(x1, x2) ≡

1
i

δ

δη̄α(x1)
i
δ

δηβ(x2)
1
i
lnZ[J, η̄, η]

∣∣∣
η̄=η=0

=
1
i

(
1
i

δ

δη̄α(x1)

)
〈(ψ̂†

(x2)γ0)β〉J,η̄,η
∣∣∣
η̄=η=0

=
1
i

{
〈ψ̂α(x1)(ψ̂

†
(x2)γ0)β〉J,η̄,η

∣∣∣
η̄=η=0

−〈ψ̂α(x1)〉J,η̄,η〈(ψ̂
†
(x2)γ0)β〉J,η̄,η

∣∣∣
η̄=η=0

}

=
1
i
〈ψ̂α(x1)(ψ̂

†
(x2)γ0)β〉J

≡ 1
i
〈0, out|T(ψ̂α(x1)(ψ̂

†
(x2)γ0)β)|0, in〉JC , (2.4.4)

where we have,

〈ψ̂α(x1)〉J,η̄,η
∣∣∣
η̄=η=0

= 〈(ψ̂†
(x2)γ0)β〉J,η̄,η

∣∣∣
η̄=η=0

= 0 , (2.4.5)

and

Boson:

D′J
F (x1, x2) ≡ 1

i
δ

δJ(x1)
1
i
δ

δJ(x2)
1
i
lnZ[J, η̄, η]

∣∣∣
η̄=η=0

=
1
i

(
1
i
δ

δJ(x1)
〈φ̂(x2)〉J

)

=
1
i
{〈φ̂(x1)φ̂(x2)〉J − 〈φ̂(x1)〉J 〈φ̂(x2)〉J}

≡ 1
i
〈0, out|T(φ̂(x1)φ̂(x2))|0, in〉JC , (2.4.6)

where we assume that

〈φ̂(x)〉J |J=0 = 0 . (2.4.7)

We have the equations of motion of Z[J, η̄, η], (2.3.13a–c), when the interac-

tion Lagrangian density Lint(φ̂(x), ψ̂(x), ψ̂
†
(x)γ0) is given by (2.4.1):
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{
Dαβ(x)

(
1
i
δ

δη̄β(x)

)
+G0γαβ(x)

(
1
i
δ

δη̄β(x)

)(
1
i
δ

δJ(x)

)}
Z[J, η̄, η]

= −ηα(x)Z[J, η̄, η] , (2.4.8a)

{
−DT

βα(−x)
(
i
δ

δηα(x)

)
−G0

(
i
δ

δηα(x)

)
γαβ(x)

(
1
i
δ

δJ(x)

)}
Z[J, η̄, η]

= +η̄β(x)Z[J, η̄, η] , (2.4.8b)

{
K(x)

(
1
i

δ

δJJ(x)

)
+G0

(
i
δ

δηα(x)

)
γαβ(x)

(
1
i
δ

δη̄β(x)

)}
Z[J, η̄, η]

= −J(x)Z[J, η̄, η] . (2.4.8c)

Dividing (2.4.8a–c) by Z[J, η̄, η], and referring to (2.4.3), we obtain the equa-
tions of motion for

〈ψ̂β(x)〉J,η̄,η, 〈(ψ̂
†
(x)γ0)α〉J,η̄,η and 〈φ̂(x)〉J,η̄,η

as

Dαβ(x)〈ψ̂β(x)〉J,η̄,η +G0γαβ(x)〈ψ̂β(x)φ̂(x)〉J,η̄,η = −ηα(x) , (2.4.9)

−DT
βα(−x)〈(ψ̂

†
(x)γ0)α〉 −G0γαβ(x)〈(ψ̂†

(x)γ0)αφ̂(x)〉J,η̄,η = +η̄β(x) ,
(2.4.10)

K(x)〈φ̂(x)〉J,η̄,η +G0γαβ(x)〈(ψ̂†
(x)γ0)αψ̂β(x)〉J,η̄,η = −J(x) . (2.4.11)

We take the following functional derivatives.

i
δ

δηε(y)
(2.4.9)

∣∣∣
η̄=η=0

:

Dαβ(x)〈(ψ̂†
(y)γ0)εψ̂β(x)〉J

+G0γαβ(x)〈(ψ̂†
(y)γ0)εψ̂β(x)φ̂(x)〉J = −iδαεδ4(x− y) ,

1
i
δ

δη̄ε(y)
(2.4.10)

∣∣∣
η̄=η=0

:

−DT
βα(−x)〈ψ̂ε(y)(ψ̂

†
(x)γ0)α〉J

−G0γαβ(x)〈ψ̂ε(y)(ψ̂
†
(x)γ0)αφ̂(x)〉J = −iδβεδ4(x− y) ,
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1
i
δ

δJ(y)
(2.4.11)

∣∣∣
η̄=η=0

:

K(x){〈φ̂(y)φ̂(x)〉J − 〈φ̂(y)〉J 〈φ̂(x)〉J}

+G0γαβ(x)
1
i
δ

δJ(y)
〈(ψ̂†

(x)γ0)αψ̂β(x)〉J = iδ4(x− y) .

These equations are part of an infinite system of coupled equations. We ob-
serve the following identities.

〈(ψ̂†
(y)γ0)εψ̂β(x)〉J = −iS′J

F,βε(x, y) ,

〈ψ̂ε(y)(ψ̂
†
(x)γ0)α〉J = iS′J

F,εα(y, x) ,

〈(ψ̂†
(y)γ0)εψ̂β(x)φ̂(x)〉J =

1
i
δ

δJ(x)
〈(ψ̂†

(y)γ0)εψ̂β(x)〉J

+〈(ψ̂†
(y)γ0)εψ̂β(x)〉J 〈φ̂(x)〉J

= −i
(
〈φ̂(x)〉J + 1

i
δ

δJ(x)

)
S′J
F,βε(x, y) ,

〈ψ̂ε(y)(ψ̂
†
(x)γ0)αφ̂(x)〉J =

1
i
δ

δJ(x)
〈ψ̂ε(y)(ψ̂

†
(x)γ0)α〉J

+〈ψ̂ε(y)(ψ̂
†
(x)γ0)α〉J 〈φ̂(x)〉J

= i
(
〈φ̂(x)〉J + 1

i
δ

δJ(x)

)
S′J
F,εα(y, x) .

With these identities, we obtain the equations of motion of the connected
parts of the two-point “full” Green’s functions in the presence of the external
hook J(x) as{

Dαβ(x) +G0γαβ(x)
(
〈φ̂(x)〉J + 1

i
δ

δJ(x)

)}
S′J
F,βε(x, y)

= δαεδ4(x− y) , (2.4.12a)

{
DT
βα(−x) +G0γαβ(x)

(
〈φ̂(x)〉J + 1

i
δ

δJ(x)

)}
S′J
F,εα(y, x)

= δβεδ4(x− y) , (2.4.13a)
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K(x)D′J
F (x, y)−G0γαβ(x)

1
i
δ

δJ(y)
S′J
F,βα(x, x±) = δ

4(x− y) . (2.4.14a)

Since the transpose of (2.4.13a) is (2.4.12a), we only have to consider (2.4.12a)
and (2.4.14a). At first sight, we may get the impression that we have the
equations of motion of the two-point “full” Green’s functions, S′J

F,αβ(x, y) and
D′J

F (x, y) in closed form. Due to the presence of the functional derivative,

1
i
δ

δJ(x)
,

however, (2.4.12a), (2.4.13a) and (2.4.14a) involve three-point “full” Green’s
functions and are merely part of an infinite system of coupled nonlinear equa-
tions of motion of the “full” Green’s functions.

2.4.2 Proper Self-Energy Parts and the Vertex Operator

In this section, we use the variables, “1”, “2”, “3”, . . . to represent the space-
time indices, t, x, y, z, the spinor indices, α, β, γ, . . . , as well as other internal
indices, i, j, k, . . . .

With the use of the “free” Green’s functions, SF0 (1 − 2) and DF
0 (1 − 2),

defined by

D(1)SF0 (1− 2) = 1 , (2.4.15a)

K(1)DF
0 (1− 2) = 1 , (2.4.15b)

we rewrite the functional differential equations satisfied by the “full” Green’s
functions S′J

F (1, 2) and D′J
F (1, 2), (2.4.12) and (2.4.14), as the integral equa-

tions

S′J
F (1, 2) = SF0 (1− 2) + SF0 (1− 3)(−G0γ(3))

×
(
〈φ̂(3)〉J + 1

i
δ

δJ(3)

)
S′J
F (3, 2) , (2.4.12b)

D′J
F (1, 2) = DF

0 (1− 2) +DF
0 (1− 3)

×
(
G0trγ(3)

1
i
δ

δJ(2)
S′J
F (3, 3±)

)
. (2.4.14b)

We compare (2.4.12b) and (2.4.14b) with the defining integral equations of
the proper self-energy parts, Σ∗ and Π∗, due to Dyson, in the presence of
the external hook J(x),

S′J
F (1, 2) = SF0 (1− 2) + SF0 (1− 3)(−G0γ(3)〈φ(3)〉J )S′J

F (3, 2)
+SF0 (1 − 3)Σ∗(3, 4)S′J

F (4, 2) , (2.4.16)
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and

D′J
F (1, 2) = DF

0 (1− 2) +DF
0 (1 − 3)Π∗(3, 4)D′J

F (4, 2) , (2.4.17)

obtaining

−G0γ(1)
1
i
δ

δJ(1)
S′J
F (1, 2) = Σ∗(1, 3)S′J

F (3, 2) ≡ Σ∗(1)S′J
F (1, 2) ,

(2.4.18)

and

G0trγ(1)
1
i
δ

δJ(2)
S′J
F (1, 1±) = Π∗(1, 3)D′J

F (3, 2)

≡ Π∗(1)D′J
F (1, 2) . (2.4.19)

Thus, we can write the functional differential equations, (2.4.12a) and (2.4.14a),
compactly as

{D(1) +G0γ(1)〈φ̂(1)〉J − Σ∗(1)}S′J
F (1, 2) = δ(1 − 2) , (2.4.20)

and

{K(1)− Π∗(1)}D′J
F (1, 2) = δ(1 − 2) . (2.4.21)

Defining the nucleon differential operator and meson differential operator by

DN (1, 2) ≡ {D(1) +G0γ(1)〈φ̂(1)〉J}δ(1− 2)− Σ∗(1, 2) , (2.4.22)

and

DM (1, 2) ≡ K(1)δ(1− 2)− Π∗(1, 2) , (2.4.23)

we can write the differential equations, (2.4.20) and (2.4.21), as

DN (1, 3)S′J
F (3, 2) = δ(1− 2), or DN(1, 2) = (S′J

F (1, 2))−1 , (2.4.24)

and

DM (1, 3)D′J
F (3, 2) = δ(1− 2), or DM (1, 2) = (D′J

F (1, 2))−1 . (2.4.25)

Next, we take the functional derivative of (2.4.20).

1
i
δ

δJ(3)
(2.4.20) :

{D(1) +G0γ(1)〈φ̂(1)〉J − Σ∗(1)}1
i
δ

δJ(3)
S′J
F (1, 2)

=
{
−iG0γ(1)D′J

F (1, 3)+
1
i
δ

δJ(3)
Σ∗(1)

}
S′J
F (1, 2) . (2.4.26)
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Solving (2.4.26) for 1
i

δ
δJ(3)S

′J
F (1, 2), and making use of (2.4.20), (2.4.22) and

(2.4.24), we obtain

1
i
δ

δJ(3)
S′J
F (1, 2)

= S′J
F (1, 4)

{
−iG0γ(4)D′J

F (4, 3) +
1
i
δ

δJ(3)
Σ∗(4)

}
S′J
F (4, 2)

= −iG0S
′J
F (1, 4)

{
γ(4)δ(4− 5)δ(4− 6)

− 1
G0

δ

δ〈φ̂(6)〉J Σ∗(4, 5)

}
S′J
F (5, 2)D′J

F (6, 3) . (2.4.27)

Comparing (2.4.27) with the definition of the vertex operator Γ (4, 5; 6) of
Dyson,

1
i
δ

δJ(3)
S′J
F (1, 2) ≡ −iG0S

′J
F (1, 4)Γ (4, 5; 6)S′J

F (5, 2)D′J
F (6, 3) , (2.4.28)

we obtain

Γ (1, 2; 3) = γ(1)δ(1− 2)δ(1− 3)− 1
G0

δ

δ〈φ̂(3)〉J Σ∗(1, 2) , (2.4.29)

while we can write the left-hand side of (2.4.28) as

1
i
δ

δJ(3)
S′J
F (1, 2) = iD′J

F (6, 3)
δ

δ〈φ̂(6)〉J S
′J
F (1, 2) . (2.4.30)

From this, we have

1
G0

δ

δ〈φ̂(6)〉J S
′J
F (1, 2) = −S′J

F (1, 4)Γ (4, 5; 6)S′J
F (5, 2) ,

and we obtain the compact representation of Γ (1, 2; 3),

Γ (1, 2; 3) =
1
G0

δ

δ〈φ̂(3)〉J (S
′J
F (1, 2))−1 =

1
G0

δ

δ〈φ̂(3)〉JDN (1, 2)

= (2.4.29) . (2.4.31)

Lastly, from (2.4.18) and (2.4.19), which define Σ∗(1, 2) and Π∗(1, 2)
indirectly and the defining equation of Γ (1, 2; 3), (2.4.28), we have

Σ∗(1, 3)S′J
F (3, 2) = iG2

0γ(1)S
′J
F (1, 4)Γ (4, 5; 6)S′J

F (5, 2)D′J
F (6, 1) ,

(2.4.32)
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and

Π∗(1, 3)D′J
F (3, 2) = −iG2

0trγ(1)S
′J
F (1, 4)Γ (4, 5; 6)

×S′J
F (5, 1)D′J

F (6, 2) . (2.4.33)

Namely, we obtain

Σ∗(1, 2) = iG2
0γ(1)S

′J
F (1, 3)Γ (3, 2; 4)D′J

F (4, 1) , (2.4.34)

and

Π∗(1, 2) = −iG2
0trγ(1)S

′J
F (1, 3)Γ (3, 4; 2)S′J

F (4, 1) . (2.4.35)

Summary of the Schwinger–Dyson Equations

DN (1, 3)S′J
F (3, 2) = δ(1− 2), DM (1, 3)D′J

F (3, 2) = δ(1 − 2) ,

DN (1, 2) ≡ {D(1) +G0γ(1)〈φ̂(1)〉J}δ(1− 2)− Σ∗(1, 2) ,

DM (1, 2) ≡ K(1)δ(1− 2)− Π∗(1, 2) ,

K(1)〈φ̂(1)〉J − iG0tr(γ(1)S′J
F (1, 1)) = −J(1) ,

Σ∗(1, 2) ≡ iG2
0γ(1)S

′J
F (1, 3)Γ (3, 2; 4)D′J

F (4, 1) ,

Π∗(1, 2) ≡ −iG2
0tr{γ(1)S′J

F (1, 3)Γ (3, 4; 2)S′J
F (4, 1)} ,

Γ (1, 2; 3) ≡ 1
G0

δ

δ〈φ̂(3)〉J (S
′J
F (1, 2))−1

= γ(1)δ(1− 2)δ(1− 3)− 1
G0

δ

δ〈φ̂(3)〉JΣ∗(1, 2) .

This system of nonlinear coupled integro-differential equations is exact and
closed. Starting from the 0th order term of Γ (1, 2; 3), we can develop covariant
perturbation theory by iterations.
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2.5 Equivalence of Path Integral Quantization
and Canonical Quantization

In this section, starting with the path integral quantization of Feynman as
Feynman’s action principle, we derive the canonical quantization from the
path integral quantization for the nonsingular Lagrangian (density). From
the discussions of Sects. 2.1 and 2.3, we shall see that path integral quantiza-
tion and canonical quantization are equivalent, at least for the nonsingular
Lagrangian (density).

In Sect. 2.5.1, we shall state Feynman’s action principle and we make three
assumptions which will be acceptable as common sense:

(A.1) principle of superposition and the composition law;
(A.2) functional integration by parts;
(A.3) resolution of the identity.

In Sect. 2.5.2, we derive the definition of the field operator in terms of its
matrix elements, the Euler–Lagrange equation of motion, and the definition
of the time-ordered product in terms of its matrix elements from path integral
quantization.

In Sect. 2.5.3, we show that the definition of the momentum operator
as the displacement operator in path integral quantization agrees with the
definition of the canonically conjugate momentum in canonical quantization,
and we derive the equal-time canonical (anti-)commutators from path integral
quantization.

In Sects. 2.1 and 2.3, by two different approaches, we have shown that

canonical quantization ⇒ path integral quantization,

while in this section, we shall show that

canonical quantization ⇐ path integral quantization.

Thus, we shall demonstrate their equivalence at least for a nonsingular La-
grangian (density).

In this section, in order to emphasize the parallelism of the discussions of
Feynman’s action principle in quantum mechanics and quantum field theory,
we shall add “M” and “F” at the end of each equation number.

2.5.1 Feynman’s Action Principle

The operator q̂(t) for all time t (the operator φ̂(x) for all space-time indices
x on a space-like hypersurface σ) forms a complete set of commuting opera-
tors. In other words, the quantum-theoretical state vector can be expressed in
terms of the complete set of eigenkets |q, t〉 of the commuting operators q̂(t)
(the complete set of eigenkets |φ, σ〉 of the commuting operators φ̂(x)). Feyn-
man’s action principle declares that the transformation function 〈q′′, t′′|q′, t′〉
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(〈φ′′, σ′′|φ′, σ′〉) is given by

〈q′′, t′′|q′, t′〉 = 1
N(Ω)

∫ q(t′′)=q′′

q(t′)=q′
D[q(t)]

× exp

[
i
�

∫ t′′

t′
dtL

(
q(t),

d
dt
q(t)

)]
, (2.5.1M)

〈φ′′, σ′′|φ′, σ′〉 = 1
N(Ω)

∫ φ′′,σ′′

φ′,σ′
D[φ]

× exp

[
i
�

∫
Ω(σ′′,σ′)

d4xL(φ(x), ∂µφ(x))
]
, (2.5.1F)

where Ω is given by

Ω =
{
Ω(t′′, t′) = space-time region sandwiched between t′ and t′′,
Ω(σ′′, σ′) = space-time region sandwiched between σ′′ and σ′.

We state three assumptions here.

(A-1) The principle of superposition and the composition law of the proba-
bility amplitudes in the space-time region ΩI +ΩII, where ΩI and ΩII

are neighbors:

∫ q(t′′)=q′′

q(t′)=q′
D[q] =

∫
t=t′′′

dq′′′
∫ qII(t

′′)=q′′

qII(t′′′)=q′′′

×D[qII]
∫ qI(t

′′′)=q′′′

qI(t′)=q′
D[qI] , (2.5.2M)

∫ φ′′,σ′′

φ′,σ′
D[φ] =

∫
σ′′′

dφ′′′
∫ φ′′,σ′′

φ′′′,σ′′′
D[φII]

∫ φ′′′,σ′′′

φ′,σ′
D[φI] . (2.5.2F)

(A-2) Functional integration by parts is allowed. The requisite “iε-piece”
which damps the contributions from the functional infinities is already
included in the Lagrangian (density).

(A-3) Resolution of the identity:∫
dq′|q′, t′〉〈q′, t′| = 1 , (2.5.3M)

∫
dφ′|φ′, σ′〉〈φ′, σ′| = 1 . (2.5.3F)
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From the consistency of these three assumptions, the normalization constant
N(Ω) must satisfy

N(Ω1 +Ω2) = N(Ω1)N(Ω2) , (2.5.4)

which also originates from the additivity of the action functional,

I[q; t′′, t′] = I[q; t′′, t′′′] + I[q; t′′′, t′] , (2.5.5M)

I[φ;σ′′, σ′] = I[φ;σ′′, σ′′′] + I[φ;σ′′′, σ′] . (2.5.5F)

The action functional is defined by

I[q; t′′, t′] =
∫ t′′

t′
dtL

(
q(t),

d
dt
q(t)

)
, (2.5.6M)

I[φ;σ′′, σ′] =
∫
Ω(σ′′,σ′)

d4xL(φ(x), ∂µφ(x)) . (2.5.6F)

2.5.2 The Operator, Equation of Motion
and Time-Ordered Product

In path integral quantization, the operator is defined by its matrix elements:

〈q′′, t′′|q̂(t)|q′, t′〉 = 1
N(Ω)

∫ q(t′′)=q′′

q(t′)=q′
D[q]q(t)

× exp
[
i
�
I[q; t′′, t′]

]
, (2.5.7M)

〈φ′′, σ′′|φ̂(x)|φ′, σ′〉 = 1
N(Ω)

∫ φ′′,σ′′

φ′,σ′
D[φ]φ(x)

× exp
[
i
�
I[φ;σ′′, σ′]

]
. (2.5.7F)

If t lies on the t′′-surface (x lies on the σ′′-surface), (2.5.7M) and (2.5.7F)
can be rewritten on the basis of (2.5.1M) and (2.5.1F) as

〈q′′, t′′|q̂(t′′)|q′, t′〉 = q′′〈q′′, t′′|q′, t′〉 , (2.5.8M)

〈φ′′, σ′′|φ̂(x′′)|φ′, σ′〉 = φ′′(x′′)〈φ′′, σ′′|φ′, σ′〉 , (2.5.8F)

for all |q′, t′〉 (for all |φ′, σ′〉) which form a complete set. Then, we have
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〈q′′, t′′|q̂(t′′) = q′′〈q′′, t′′| , (2.5.9M)

〈φ′′, σ′′|φ̂(x′′) = φ′′(x′′)〈φ′′, σ′′| , (2.5.9F)

which are the defining equations of the eigenbras, 〈q′′, t′′| and 〈φ′′, σ′′|.
Next, we consider the variation of the action functional.

δI[q; t′′, t′] =
∫ t′′

t′
dt
{
∂L(q(t), dq(t)/dt)

∂q(t)
− d

dt

(
∂L (q(t), dq(t)/dt)
∂ (dq(t)/dt)

)}
δq(t)

+
∫ t′′

t′
dt

d
dt

{
∂L (q(t), dq(t)/dt)
∂ (dq(t)/dt)

δq(t)
}
, (2.5.10M)

δI[φ;σ′′, σ′] =
∫
Ω(σ′′,σ′)

d4x
{
∂L(φ(x), ∂µφ(x))

∂φ(x)

−∂µ
(
∂L(φ(x), ∂µφ(x))
∂(∂µφ(x))

)}
δφ(x)

+
∫
Ω(σ′′,σ′)

d4x∂µ

{
∂L(φ(x), ∂µφ(x))
∂(∂µφ(x))

δφ(x)
}
. (2.5.10F)

We consider particular variations in which the end-points are fixed,

δq(t′) = δq(t′′) = 0; δφ(x′ on σ′) = δφ(x′′ on σ′′) = 0 . (2.5.11)

Then, the second terms in (2.5.10M) and (2.5.10F) vanish. We obtain the
Euler derivatives,

δI[q; t′′, t′]
δq(t)

=
∂L (q(t), dq(t)/dt)

∂q(t)
− d

dt

(
∂L (q(t), dq(t)/dt)
∂
(
d
dtq(t)

)
)
,

δI[φ;σ′′, σ′]
δφ(x)

=
∂L(φ(x), ∂µφ(x))

∂φ(x)
− ∂µ

(
∂L(φ(x), ∂µφ(x))
∂ (∂µφ(x))

)
.

Now, we evaluate the matrix elements of the operators,

δI[q̂; t′′, t′]
δq̂(t)

and
δI[φ̂;σ′′, σ′]
δφ̂(x)

,

in accordance with (2.5.7M) and (2.5.7F).
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〈
q′′, t′′

∣∣∣∣δI[q̂; t′′, t′]δq̂(t)

∣∣∣∣ q′, t′
〉

=
1

N(Ω)

∫ q(t′′)=q′′

q(t′)=q′
D[q]δI[q; t

′′, t′]
δq(t)

exp
[
i
�
I[q; t′′, t′]

]

=
1

N(Ω)

∫ q(t′′)=q′′

q(t′)=q′
D[q]�

i
δ

δq(t)
exp

[
i
�
I[q; t′′, t′]

]

= 0 , (2.5.12M)

〈
φ′′, σ′′

∣∣∣∣∣δI[φ̂;σ
′′, σ′]

δφ̂(x)

∣∣∣∣∣φ′, σ′
〉

=
1

N(Ω)

∫ φ′′,σ′′

φ′,σ′
D[φ]δI[φ;σ

′′, σ′]
δφ(x)

exp
[
i
�
I[φ;σ′′, σ′]

]

=
1

N(Ω)

∫ φ′′,σ′′

φ′,σ′
D[φ]�

i
δ

δφ(x)
exp

[
i
�
I[φ;σ′′, σ′]

]

= 0 . (2.5.12F)

By the assumption that the eigenkets |q, t〉 (|φ, σ〉) form a complete set of the
expansion basis, we obtain the Euler–Lagrange equations of motion at the
operator level, from (2.5.12M) and (2.5.12F), as

δI[q̂]
δq̂(t)

= 0, and
δI[φ̂]

δφ̂(x)
= 0 . (2.5.13)

As for the time-ordered products, we have

1
N(Ω)

∫ q(t′′)=q′′

q(t′)=q′
D[q]q(t1) · · · q(tn) exp

[
i
�
I[q; t′′, t′]

]
= 〈q′′, t′′|T(q̂(t1) · · · q̂(tn))|q′, t′〉 , (2.5.14M)

1
N(Ω)

∫ φ′′,σ′′

φ′,σ′
D[φ]φ(x1) · · ·φ(xn) exp

[
i
�
I[φ;σ′′, σ′]

]

= 〈φ′′, σ′′|T(φ̂(x1) · · · φ̂(xn))|φ′, σ′〉 . (2.5.14F)

We can prove above by mathematical induction starting from n = 2. Again
as in Sect. 1.2.3, the objects given by the left-hand sides of Eqs. (2.5.14M)
and (2.5.14F) are the matrix elements of the canonical T∗-product which is
defined for quantum field theory by the following equations,
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T∗(∂x1
µ Ô1(x1) · · · Ôn(xn)) ≡ ∂x1

µ T∗(Ô1(x1) · · · Ôn(xn)) ,

T∗(φ̂r1(x1) · · · φ̂rn
(xn)) ≡ T(φ̂r1(x1) · · ·̂φrn

(xn)) ,

with

T(φ̂r1(x)φ̂r2(y)) ≡ θ(x0 − y0)φ̂r1(x)φ̂r2(y) + θ(y0 − x0)φ̂r2(y)φ̂r1(x) .

2.5.3 Canonically Conjugate Momentum
and Equal-Time Canonical (Anti-)Commutators

We define the momentum operator as the displacement operator,

〈q′′, t′′|p̂(t′′)|q′, t′〉 = �

i
∂

∂q′′
〈q′′, t′′|q′, t′〉 , (2.5.15M)

〈φ′′, σ′′|π̂(x′′)|φ′, σ′〉 = �

i
δ

δφ′′
〈φ′′, σ′′|φ′, σ′〉 . (2.5.15F)

In order to express the right-hand sides of (2.5.15M) and (2.5.15F) in terms
of the path integral representation, we consider the following variation of the
action functional.

(1) Inside Ω, we consider infinitesimal variations of q(t) and φ(x),

q(t) → q(t) + δq(t), and φ(x) → φ(x) + δφ(x) , (2.5.16)

where, as δq(t) and δφ(x), we take

δq(t′) = 0, δq(t) = ξ(t), δq(t′′) = ξ′′ , (2.5.17M)

δφ(x′) = 0, δφ(x) = ξ(x), δφ(x′′) = ξ′′ . (2.5.17F)

(2) Inside Ω, the physical system evolves in time in accordance with the
Euler–Lagrange equation of motion.

As the response of the action functional to particular variations, (1) and (2),
we have

δI[q; t′′, t′] =
∂L(q(t′′), dq(t′′)/dt′′)
∂(dq(t′′)/dt′′)

ξ′′ , (2.5.18M)

δI[φ;σ′′, σ′] =
∫
σ′′

dσ′′µ

{
∂L(φ(x′′), ∂µφ(x′′))
∂(∂µφ(x′′))

ξ′′
}
, (2.5.18F)
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where the first terms of (2.5.10M) and (2.5.10F) vanish due to the Euler–
Lagrange equation of motion.

Thus, we obtain

δI[q; t′′, t′]
δq(t′′)

=
∂L(q(t′′), dq(t′′)/dt′′)
∂(dq(t′′)/dt′′)

, (2.5.19M)

δI[φ;σ′′, σ′]
δφ(x′′)

= nµ(x′′)
∂L(φ(x′′), ∂µφ(x′′))
∂(∂µφ(x′′))

, (2.5.19F)

where nµ(x′′) is the unit normal vector at a point x′′ on the space-like surface
σ′′. With these preparations, we can express the right-hand sides of (2.5.15M)
and (2.5.15F) as

�

i
∂

∂q(t′′)
〈q′′, t′′|q′, t′〉

=
�

i
lim
ξ′′→0

〈q′′ + ξ′′, t′′|q′, t′〉 − 〈q′′, t′′|q′, t′〉
ξ′′

=
�

i
lim
ξ′′→0

1
N(Ω)

∫ q(t′′)=q′′

q(t′)=q′
D[q] exp

[
i
�
I[q; t′′, t′]

]

× 1
ξ′′

{
exp

[
i
�
(I[q + ξ; t′′, t′]− I[q; t′′, t′])

]
− 1

}

= lim
ξ′′→0

1
N(Ω)

∫ q(t′′)=q′′

q(t′)=q′
D[q] exp

[
i
�
I[q; t′′, t′]

]

×I[q + ξ; t
′′, t′]− I[q; t′′, t′] + O((ξ′′)2)

ξ′′

=
1

N(Ω)

∫ q(t′′)=q′′

q(t′)=q′
D[q] exp

[
i
�
I[q; t′′, t′]

]
δI[q; t′′, t′]
δq(t′′)

=
1

N(Ω)

∫ q(t′′)=q′′

q(t′)=q′
D[q] exp

[
i
�
I[q; t′′, t′]

]

×∂L(q(t
′′), dq(t′′)/dt′′))

∂(dq(t′′)/dt′′)

=
〈
q′′, t′′

∣∣∣∣∂L(q̂(t′′), dq̂(t′′)/dt′′))∂(dq̂(t′′)/dt′′))

∣∣∣∣ q′, t′
〉
. (2.5.20M)

Likewise, we obtain
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�

i
δ

δφ′′(x′′)
〈φ′′, σ′′|φ′, σ′〉

=
1

N(Ω)

∫ φ′′,σ′′

φ′,σ′
D[φ] exp

[
i
�
I[φ;σ′′, σ′]

]
δI[φ;σ′′, σ′]
δφ(x′′)

=
1

N(Ω)

∫ φ′′,σ′′

φ′,σ′
D[φ] exp

[
i
�
I[φ;σ′′, σ′]

]
nµ(x′′)

×∂L(φ(x
′′), ∂µφ(x′′))

∂(∂µφ(x′′))

=

〈
φ′′, σ′′

∣∣∣∣∣nµ(x′′)∂L(φ̂(x
′′), ∂µφ̂(x′′))

∂(∂µφ̂(x′′))

∣∣∣∣∣φ′, σ′
〉
. (2.5.20F)

From (2.5.15M) and (2.5.15F), and (2.5.20M) and (2.5.20F), we obtain the
operator identities,

p̂(t) =
∂L(q̂(t), dq̂(t)/dt)
∂(dq̂(t)/dt)

, (2.5.21M)

π̂(x) = nµ(x)
∂L(φ̂(x), ∂µφ̂(x))
∂(∂µφ̂(x))

. (2.5.21F)

Equation (2.5.21M) is the definition of the momentum p̂(t) canonically con-
jugate to q̂(t). With the choice of the unit normal vector as

nµ(x) = (1, 0, 0, 0) ,

(2.5.21F) is also the definition of the momentum π̂(x) canonically conjugate
to φ̂(x). A noteworthy point is that π̂(x) is a normal dependent quantity.

Lastly, we discuss the equal-time canonical (anti-)commutators. For the
quantum mechanics of a Bose particle system, from

〈q′′, t′′|q̂B(t′′)|q′, t′〉 = q′′B〈q′′, t′′|q′, t′〉 (2.5.22M)

and from (2.5.15M), we have

〈q′′, t′′|p̂B(t′′)q̂B(t′′)|q′, t′〉
=

�

i
∂

∂q′′B
(q′′B〈q′′, t′′|q′, t′〉)

=
�

i
〈q′′, t′′|q′, t′〉+ q′′B〈q′′, t′′|p̂B(t′′)|q′, t′〉

=
�

i
〈q′′, t′′|q′, t′〉+ 〈q′′, t′′|q̂B(t′′)p̂B(t′′)|q′, t′〉 , (2.5.23M)
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i.e., we have

[p̂B(t), q̂B(t)] =
�

i
. (2.5.24M)

For the quantum mechanics of a Fermi particle system, we have extra minus
signs on the second terms of the second and third lines of (2.5.23M), arising
from the anticommutativity of the Fermion number, and thus we obtain

{p̂F(t), q̂F(t)} = �

i
. (2.5.25M)

For quantum field theory of the Bose field, from

〈φ′′, σ′′|φ̂B(x′′)|φ′, σ′〉 = φ′′B(x′′)〈φ′′, σ′′|φ′, σ′〉 (2.5.22F)

and from (2.5.15F), we have

〈φ′′, σ′′|π̂B(x′′1 )φ̂B(x′′2 )|φ′, σ′〉 (2.5.23F)

=
�

i
δ

δφ′′B(x
′′
1 )
(φ′′B(x

′′
2 )〈φ′′, σ′′|φ′, σ′〉)

=
�

i
δσ′′(x′′1 − x′′2)〈φ′′, σ′′|φ′, σ′〉+ φ′′B(x′′2 )〈φ′′, σ′′|π̂B(x′′1 )|φ′, σ′〉

=
�

i
δσ′′(x′′1 − x′′2)〈φ′′, σ′′|φ′, σ′〉+ 〈φ′′, σ′′|φ̂B(x′′2 )π̂B(x′′1 )|φ′, σ′〉,

i.e., we have

[π̂B(x1), φ̂B(x2)] =
�

i
δσ(x1 − x2) . (2.5.24F)

For quantum field theory of the Fermi field, for the same reason as in
(2.5.25M), we obtain

{π̂F(x1), φ̂F(x2)} =
�

i
δσ(x1 − x2) . (2.5.25F)

In summary, from Feynman’s action principle, (2.5.1M,F), the assump-
tions (A-1), (A-2) and (A-3), the definition of the operator in the path integral
quantization of Feynman, (2.5.7M,F), and the definition of the momentum
operator as the displacement operator, (2.5.15M,F), we deduced

(a) the Euler–Lagrange equation of motion, (2.5.13),
(b) the definition of the time-ordered product, (2.5.14M,F),
(c) the definition of the canonical conjugate momentum, (2.5.21M,F), and
(d) the equal-time canonical (anti-)commutator, (2.5.24M,F) and (2.5.25M,F).

Thus, we have demonstrated

canonical quantization ⇐ path integral quantization.

In view of the discussions in Sects. 2.1, 2.3 and in this section, we have
shown the equivalence of path integral quantization and canonical quantiza-
tion for the nonsingular Lagrangian (density).
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3. Path Integral Quantization

of Gauge Field

In Chap. 2, we assumed that the Lagrangian density

L(ψ(x), ∂µψ(x))
is nonsingular. In this chapter, we discuss the path integral quantization
of gauge field theory. Gauge field theory is singular in the sense that the
kernel of the quadratic part of the gauge field Lagrangian density is a four-
dimensionally transverse projection operator, which is not invertible without
the gauge fixing term.

The most familiar example of a gauge field is the electrodynamics of J.C.
Maxwell. The electromagnetic field has a well-known invariance property un-
der the gauge transformation (gauge invariance). The charged matter field
interacting with the electromagnetic field has a property known as the charge
conservation law. The original purpose of the introduction of the notion of
gauge invariance (originally called Eichinvarianz) by H. Weyl was a unified
description of the gauge invariance of the electromagnetic field and the scale
invariance of the gravitational field. Weyl failed to accomplish his goal. After
the birth of quantum mechanics, however, Weyl reconsidered gauge invari-
ance and discovered that the gauge invariance of the electromagnetic field is
not related to the scale invariance of the gravitational field, but is related to
the local phase transformation of the matter field and that the interacting
system of the electromagnetic field and the matter field is invariant under the
gauge transformation of the electromagnetic field plus the local phase trans-
formation of the matter field. The invariance of the matter field Lagrangian
density under a global phase transformation results in the charge conserva-
tion law, according to Noether’s theorem. Weyl’s gauge principle declares
that the extension of the global invariance (invariance under the space-time
independent phase transformation) of the matter field Lagrangian density

Lmatter(ψ(x), ∂µψ(x))

to the local invariance (invariance under the space-time dependent phase
transformation) of the matter field Lagrangian density under the continuous
symmetry group G necessitates the introduction of the gauge field and the
replacement of the derivative ∂µψ(x) with the covariant derivative Dµψ(x)
in the matter field Lagrangian density,
M. Masujima: Path Integral Quantization and Stochastic Quantization,
STMP 165, 103–174 (2000)
c© Springer-Verlag Berlin Heidelberg 2000
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Lmatter(ψ(x), ∂µψ(x)) → Lmatter(ψ(x), Dµψ(x)).

It also requires that the covariant derivative Dµψ(x) transforms exactly like
the matter field ψ(x) under the local phase transformation. From this, the
transformation law of the gauge field is uniquely determined. It further de-
clares that the coupling of the matter field with the gauge field is universal
and that the mechanical mass term of the gauge field is forbidden. As the
continuous symmetry group G, Weyl restricted his consideration to the U(1)
gauge group, the electrodynamics. C.N. Yang and R.L. Mills considered the
SU(2)-isospin gauge group, and their gauge field is called the Yang–Mills
gauge field. Generally, G is a semisimple Lie group. The gauge field trans-
forms under the adjoint representation of G, and the matter field undergoes
the phase transformation under its representation of G.

In this chapter, since the semisimple Lie group plays an important role,
we briefly review group theory in Sect. 3.1. We discuss group theory in gen-
eral (Sect. 3.1.1). We discuss sufficient details of Lie groups (Sect. 3.1.2). In
Sect. 3.2, we discuss non-Abelian gauge field theory. We discuss the motiva-
tion for the extension of U(1) gauge field theory to SU(2)-isospin gauge field
theory (Sect. 3.2.1). We discuss the construction of the general non-Abelian
gauge field theory with Weyl’s gauge principle (Sect. 3.2.2). We compare
Abelian gauge field theory with non-Abelian gauge field theory (Sect. 3.2.3).
We present explicit examples of SU(2)-isospin gauge field theory and SU(3)-
color gauge field theory (Sect. 3.2.4).

In Sect. 3.3, we discuss path integral quantization of gauge field theory.
We cannot accomplish proper quantization of gauge field theory by the ap-
plication of naive Feynman path integral quantization. In non-Abelian gauge
field theory, we obtain nonunitary results, i.e., the conservation of the prob-
ability is violated. This difficulty has its origin in gauge invariance. When
we perform path integration along the gauge equivalent class (which we call
the orbit of the gauge field), the integrand of the functional integral for the
vacuum-to-vacuum transition amplitude

〈0, out|0, in〉
remains constant and the infinite orbit volume VG is calculated. Thus, we
choose the hypersurface (the gauge fixing condition) which intersects with
each orbit only once in the manifold of the gauge field, and we perform the
path integration and the group integration on this hypersurface, extracting
the orbit volume VG, and completing path integral quantization (Sect. 3.3.1).
This method of path integral quantization is known as the Faddeev–Popov
method, and results in the emergence of the Faddeev–Popov determinant fac-
tor in the functional integrand. This determinant factor can be exponentiated
with the introduction of the Faddeev–Popov ghost field, and can be regarded
as the addition of the Faddeev–Popov ghost Lagrangian density

LFP ghost
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to

Lmatter(ψ(x), Dµψ(x)) + Lgauge,

thus restoring the unitarity. We note that the Faddeev–Popov ghost shows
up only in the internal loop. Next, we generalize the gauge fixing condition
and show that the vacuum-to-vacuum transition amplitude

〈0, out|0, in〉F,a
is invariant under an infinitesimal change of the generalized gauge fixing
condition. From this invariance, we derive the second Faddeev–Popov formula
(Sect. 3.3.2). We can introduce the quasi-Gaussian functional of the gauge-
fixing function and we obtain the total effective Lagrangian density

Leff ≡ Lmatter(ψ(x), Dµψ(x)) + Lgauge + Lgauge fixing + LF.P. ghost.

Among many gauge-fixing conditions, we discuss the axial gauge, the Lan-
dau gauge and the covariant gauge (Sect. 3.3.3). We then discuss the gauge
independence of the physical S-matrix with the use of the Ward–Takahashi–
Slavnov–Taylor identity (Sect. 3.3.4).

In our discussion so far, we have assumed the exact G invariance of the
vacuum |0,inout 〉, and hence, the gauge field remains massless even at the quan-
tum level. In Sect. 3.4, we discuss spontaneous symmetry breaking and gauge
field theory, thereby generating a mass term to the gauge field without vi-
olating gauge invariance. When the global G invariance of the matter field
Lagrangian density

Lmatter(ψ(x), ∂µψ(x))

is spontaneously broken by the vacuum |0,inout 〉, namely, when ψ(x) develops
a nonzero vacuum expectation value with respect to some internal degrees of
freedom of G, we have the Nambu–Goldstone boson (massless excitation) for
each broken generator of G (Sect. 3.4.1). We call this Goldstone’s theorem.
The elimination of the Nambu–Goldstone boson becomes the main issue.
Here, the symmetry is exact, but spontaneously broken. With the use of
Weyl’s gauge principle, we extend the global G invariance of the matter field
Lagrangian density

Lmatter(ψ(x), ∂µψ(x))

to local G invariance of the matter field Lagrangian density, with the in-
troduction of a gauge field and the replacement of the derivative ∂µψ(x) by
the covariant derivative Dµψ(x). When we perform the gauge transformation
plus the local phase transformation which depend appropriately on the vac-
uum expectation value of ψ(x), we can absorb the Nambu–Goldstone boson
into the longitudinal degree of freedom of the gauge field corresponding to the
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broken generator. The said gauge field becomes a massive vector field with
three degrees of freedom consisting of two transverse modes and one longitu-
dinal mode. The gauge field corresponding to the unbroken generator remains
as a massless gauge field with two degrees of freedom of the two transverse
modes. There are no changes in the total number of degrees of freedom in
the matter-gauge system since the Nambu–Goldstone boson gets eliminated
and emerges as the longitudinal mode of the massive vector field. We call
this method of the mass generating mechanism the Higgs–Kibble mechanism
(Sect. 3.4.2), which forms one of the foundations of the electroweak unification
and the grand unified theories.

Lastly, we discuss path integral quantization of the gauge field in the pres-
ence of spontaneous symmetry breaking in the Rξ-gauge (Sect. 3.4.3). The
Rξ-gauge is a convenient gauge which fixes the gauge as well as eliminating
the mixed term of the gauge field and the matter field in the quadratic part of
the total effective Lagrangian density, after invoking the Higgs–Kibble mecha-
nism. The Rξ-gauge depends on the nonnegative real parameter ξ. The gauge
independence (or ξ-independence) of the physical S-matrix can be proven
with the use of the Ward–Takahashi–Slavnov–Taylor identity (Sect. 3.4.4).

For the following three topics, we refer the reader to S. Weinberg, The
Quantum Theory of Fields, Vol. II:

(1) Algebraic proof of the renormalizability of the most general renormaliz-
able Lagrangian density, with the use of the Zinn–Justin equation and
BRST invariance.

(2) Demonstration of the asymptotic freedom of the non-Abelian gauge field
theory, with the use of a background field gauge.

(3) Triangular anomaly of the axial vector current, with the use of the con-
sistency condition.

Path integral quantization of the gauge field with the Faddeev–Popov
method has an interesting analog in multivariate normal analysis of mathe-
matical statistics. In multivariate normal analysis, we project the m-dimen-
sional “singular” multivariate normal distribution, Nm(µ,Σ), down to a
lower n-dimensional subspace, and obtain an n-dimensional nonsingular mul-
tivariate normal distribution, Nn(µ′,Σ′). The (m−n)-zero eigenvalues of Σ
get eliminated in this projection. Path integral quantization of the gauge
field with the Faddeev–Popov method corresponds to the quasi-Gaussian
functional version of this projection. The Faddeev–Popov determinant corre-
sponds to the Jacobian of the coordinate transformation of this projection.
On this matter, we refer the reader to Appendices 1 and 6.
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3.1 Review of Lie Groups

Semisimple Lie groups play a major role in non-Abelian gauge field theory.
We discuss group theory in general in Sect. 3.1.1. Starting with a compact
Lie group, we discuss Lie groups in particular in Sect. 3.1.2.

3.1.1 Group Theory

The group G is the set whose elements satisfy the following four properties
with the group multiplication law �:

(1) ∀g1, g2 ∈ G : g1 � g2 ∈ G,
(2) ∃e ∈ G : e � g = g � e = g, ∀g ∈ G,
(3) ∀g ∈ G, ∃g−1 ∈ G : g � g−1 = g−1 � g = e,
(4) ∀g1, g2, g3 ∈ G : (g1 � g2) � g3 = g1 � (g2 � g3).

In (1), if we have commutativity,

(1′) ∀g1, g2 ∈ G : g1 � g2 = g2 � g1,

G is called an Abelian group, otherwise a non-Abelian group.
In quantum theory, there exists a mapping from the group G to the set

of abstract linear unitary operators on a Hilbert space, i.e.,

(5) ∀g ∈ G : ∃U(g), an abstract linear unitary operator on a Hilbert space.

The group multiplication law of the elements of G is preserved under this
mapping:

(1′′) ∀g1, g2 ∈ G : U(g1)U(g2) = U(g1 � g2).

We call this abstract linear unitary operator U(g) the representation of G on
the Hilbert space.

Aside from this representation U(g) on the Hilbert space, there exists a
matrix representation D(g). When we choose {|n〉} as the orthonormal basis
of the Hilbert space on which the abstract linear unitary operator U(g) acts,
we define the (n,m) element of D(g) by

D(g)n,m ≡ 〈n|U(g)|m〉, g ∈ G . (3.1.1)

Then, we have

U(g)|n〉 =
∑
m

|m〉〈m|U(g)|n〉 =
∑
m

|m〉D(g)m,n . (3.1.2)

Since the correspondence of U(g) and D(g) is straightforward, from now on
we use the word “representation” interchangeably either designating U(g) or
D(g).
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When we say that two representations D1 and D2 are equivalent, we
mean that the two representations are related to each other by a similarity
transformation,

∃ a fixed S : D2(g) = SD1(g)S−1, ∀g ∈ G . (3.1.3)

When we say that the representation D(g) is reducible, we mean that D(g)
can be expressed in block diagonal form by a similarity transformation:

∃S, ∃D′, ∀g ∈ G : D′(g) = SD(g)S−1 =
(
D′

1(g) 0
0 D′

2(g)

)
. (3.1.4)

In this instance, we say that D′ is the direct sum of D′
1 and D′

2, and write

D′ = D′
1 ⊕D′

2 , (3.1.5)

where D′
1 and D′

2 provide the mappings in their respective subspaces under
the action of U(g). When we say that the representation D(g) is irreducible,
we mean that D(g) is not reducible.

3.1.2 Lie Groups

With these preparations, we move on to the discussion of Lie groups. A com-
pact Lie group is the group of unitary operators whose elements are specified
by finite numbers of a smooth continuous parameter and whose multiplica-
tion law depends on these smooth continuous parameters. By “compact” we
mean that the volume of the parameter space is finite. Any representation
of a compact Lie group is equivalent to a representation by a unitary opera-
tor. We write any group element which is smoothly connected to the identity
element in the parameter space as

U(ε) = exp[iεαTα]. (3.1.6)

Here, εα (α = 1, . . . , N) are N real parameters and Tα (α = 1, . . . , N)
are the N group generators which are linearly independent Hermitian op-
erators defined on the Hilbert space. Linear combinations of the group
generators, {εαTα : α = 1, . . . , N, εα ∈ R}, span the vector space and
{Tα : α = 1, . . . , N} are its basis vectors. Hereafter, the group genera-
tors are either arbitrary elements of this vector space or its basis vector
{Tα : α = 1, . . . , N}. We make the trivial statement that the N -dimensional
vector space spanned by the group generators, {Tα : α = 1, . . . , N}, and the
infinite dimensional Hilbert space on which the unitary operator U(ε) acts are
two distinct vector spaces. We use the notation G also for the N -dimensional
vector space spanned by the group generators {Tα : α = 1, . . . , N} of the Lie
group G.

The group generators {Tα : α = 1, . . . , N} not only span the N -
dimensional vector space but also provide the commutators and the structure
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constants Cγ
αβ from the group property of G, which almost completely de-

termine the group structure. In order to clarify the latter point, we expand
U(ε), (3.1.6), to second order in ε:

U(ε) = 1 + iεαTα +
1
2
εαεβTαβ +O(ε3) . (3.1.7)

Here, Tα and Tαβ are operators acting on the Hilbert space. From the uni-
tarity of U(ε),

U(ε)U †(ε) = 1 , (3.1.8)

we have

T †
α = Tα, Tαβ = Tβα, α, β = 1, . . . , N . (3.1.9)

The group multiplication law is expressed by

U(ε1)U(ε2) = U(ε(ε1, ε2))

=

{
U(ε1) if ε2 = 0

U(ε2) if ε1 = 0 .
(3.1.10)

From this, we obtain the following composition law:

εα(ε1, ε2) = εα1 + εα2 +Dα
βγε

β
1 ε

γ
2 +O(ε3) . (3.1.11)

From the second order term in ε in (3.10), we obtain

−TαTβ + Tαβ = iDγ
αβTγ ,

or,

TαTβ = Tαβ − iDγ
αβTγ . (3.1.12)

From (3.1.9) and (3.1.12), we obtain the commutator of the generators as

[Tα, Tβ] = iCγ
αβTγ , α, β, γ = 1, . . . , N . (3.1.13)

Here, we call Cγ
αβ the structure constant which is given by

Cγ
αβ = −Dγ

αβ +Dγ
βα , (3.1.14)

with the following properties

(1) Cγ
αβ is real and antisymmetric with respect to α and β,

Cγ
αβ = −Cγ

βα , (3.1.15)
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(2) Cγ
αβ satisfies the Jacobi identity,

Cγ
αβC

ε
γδ + Cγ

δαC
ε
γβ + Cγ

βδC
ε
γα = 0 . (3.1.16)

When the Lie group G originates from the internal symmetry of the in-
ternal degrees of freedom of quantum field theory, we have

U(g)ψ̂n(x)U−1(g) = Dn,m(g)ψ̂m(x) . (3.1.17)

The representation matrix D(g) of the Lie group G with respect to ψ̂n(x)
has the properties

D(g)D†(g) = 1 , (3.1.18)

D(g1)D(g2) = D(g1 � g2) . (3.1.19)

We parametrize D(ε) similar to the linear unitary operator U(ε) as

D(ε) = exp[iεαtα] , (3.1.20)

t†α = tα, α = 1, . . . , N . (3.1.21)

and express the group multiplication law (3.1.19) as

D(ε1)D(ε2) = D(ε(ε1, ε2)) . (3.1.22)

Based on the equivalence of the representations of U(ε) and D(ε), with the
use of the composition law (3.1.11), we obtain the commutator of tα by a
similar argument leading to the commutator of the generator of the group
(3.1.13) as

[tα, tβ ] = iCγ
αβtγ , α, β, γ = 1, . . . , N . (3.1.23)

We say that tα is the realization of the generator Tα upon the field operator
ψ̂n(x). {tα : α = 1, . . . , N} span the N -dimensional vector space like the
generator Tα. This vector space is also designated by G.

We list the definitions of the invariant subalgebra, the invariant Abelian
subalgebra, the simple algebra and the semisimple algebra:

(1) {tX}, a subset of {tα}Nα=1, is called an invariant subalgebra if we have

∃{tX} ⊂ {tα}Nα=1 : [tα, tX ] = linear combination of t′X . (3.1.24)

(2) {tX}, a subset of {tα}Nα=1, is called an invariant Abelian subalgebra if we
have, on top of (3.1.24),

∀tX , tY ∈ {tX} ⊂ {tα}Nα=1 : [tX , tY ] = 0 . (3.1.25)



3.1 Review of Lie Groups 111

(3) If the algebra does not have an invariant subalgebra, it is called a simple
algebra.

(4) If the algebra does not have an invariant Abelian subalgebra, it is called
a semisimple algebra. Note that the said algebra is allowed to have an
invariant subalgebra as long as it is not Abelian.

Here, we state some theorems without the proof.

Theorem

(1) A Lie algebra can be decomposed into a semisimple Lie algebra {ta} and
an invariant Abelian subalgebra {ti}.

(2) A necessary and sufficient condition for the Lie algebra {tα}Nα=1 to be
semisimple is that the matrix {gab}Na,b=1 defined below is positive definite:

gab ≡ −Cd
acC

c
bd . (3.1.26)

(3) The semisimple Lie algebra {ta} can be decomposed into the direct sum
of a simple Lie algebra {t(n)ξ }ξ, n = 1, . . . ,

{ta} = �n
{
t
(n)
ξ

}
ξ
, (3.1.27)

[
t
(n)
ξ , t

(n′)
ξ′

]
= δn,n′ iC(n),ξ′′

ξξ′ t
(n)
ξ′′ . (3.1.28)

(Here, the simple Lie algebra {t(n)ξ }ξ does not posses an invariant subalgebra
for each n.)

Since, in the discussion from the next section onward, semisimple Lie
algebras play a major role, we present some characteristics of semisimple Lie
algebras. If the Lie group G is semisimple, we note that {gab}Na,b=1, defined
by (3.1.26) in Theorem (2), is a real, symmetric and positive definite matrix.
Hence, we can define {g1/2} and {g−1/2}. We define C̃abc and t̃a by

C̃abc =
(
g−1/2

)
aa′

(
g−

1
2

)
bb′

(
g+

1
2

)
cc′

Cc′
a′b′ , (3.1.29)

t̃a =
(
g−1/2

)
aa′

ta′ . (3.1.30)

From (3.1.23), (3.1.29) and (3.1.30), we obtain the commutator

[t̃a, t̃b] = iC̃abc t̃c, a, b, c = 1, . . . , N . (3.1.31)

We observe that
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(a) From (3.1.15) and (3.1.16), C̃abc is real and completely antisymmetric
with respect to a, b and c.

C̃abc = −C̃bac, (from (3.1.15)) , (3.1.32a)

= −C̃acb, (from (3.1.16)). (3.1.32b)

(b) C̃abc satisfy the Jacobi identity,

C̃abcC̃cde + C̃dacC̃cbe + C̃bdcC̃cae = 0 . (3.1.33)

If the Lie group is simple, by an appropriate normalization of the generator
{Ta}Na=1, we have

g̃ab ≡ −C̃acdC̃bdc (3.1.34)

= δab . (3.1.35)

If the Lie group is semisimple, by an appropriate normalization of the gen-
erator {Ta}Na=1, we have the block diagonal identity,

g̃ab =




∼ 1
∼ 1

∼ 1
∼ 1


 . (3.1.36)

By the introduction of the “metric tensor” {gab} of the internal degrees of
freedom, we could change the upper index to the lower index as in (3.1.29),
and could show the complete antisymmetry of C̃abc. From this point onward,
we drop the tilde, “∼”.

Next, we define the adjoint representation of G, which plays an important
role in the non-Abelian gauge field theory,

(tadjα )βγ = −iCαβγ , α, β, γ = 1, . . . , N . (3.1.37)

The adjoint representation is an imaginary and antisymmetric (and hence
Hermitian) representation. The indices (β, γ) of the internal degrees of free-
dom run from 1 to N , just like the index α of the group generator, {Tα}Nα=1.

For future reference, we list the following Lie groups.

(1) SU(N): all unitary N ×N matrices with determinant = 1.
(2) SO(N): all orthogonal N ×N matrices with determinant = 1.
(3) Sp(N)
(4) Five series of exceptional groups.
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3.2 Non-Abelian Gauge Field Theory

In this section, based on Weyl’s gauge principle, we discuss the classical
theory of the Abelian (U(1)) gauge field and the non-Abelian (SU(2) or
SU(3)) gauge field.

In Sect. 3.2.1, from Weyl’s gauge principle, we discuss the relationship
between the global U(1) invariance of the matter system (charge conservation
law) and the local U(1) invariance of the matter-gauge system. The local
extension of the global U(1) invariance of the matter system is accomplished
by

(1) the introduction of a U(1) gauge field Aµ(x) and the replacement of the
derivative ∂µψ(x) in the matter field Lagrangian density

Lmatter(ψ(x), ∂µψ(x))

with covariant derivative Dµψ(x),

∂µψ(x) → Dµψ(x) ≡ (∂µ + iqAµ(x))ψ(x),

and

(2) the requirement that the covariant derivative Dµψ(x) transforms exactly
like the matter field ψ(x) under the local U(1) phase transformation of
ψ(x).

Next, we motivate the local extension of global SU(2) invariance (the total
isospin conservation law) of nuclear physics. In Sect. 3.2.2, by taking the
semisimple Lie group as the gauge group G, we construct a non-Abelian
gauge field with the use of Weyl’s gauge principle. In Sect. 3.2.3, we compare
the Abelian gauge field and the non-Abelian gauge field from the standpoints
of linearity vs. nonlinearity of the equation of motion and neutrality vs. non-
neutrality of the gauge field. In Sect. 3.2.4, we present examples of the non-
Abelian gauge field by taking an SU(2)-isospin gauge group and an SU(3)-
color gauge group as the gauge group G.

3.2.1 Gauge Principle: “U(1) ⇒ SU(2) Isospin”

The electrodynamics of James Clark Maxwell is described with the use of the
4-vector potential Aµ(x) by the total Lagrangian density

Ltot = Lmatter(ψ(x), ∂µψ(x)) + Lint(ψ(x), Aµ(x))
+Lgauge(Aµ(x), ∂νAµ(x)) . (3.2.1)

This system is invariant under the following local U(1) transformation,

Aµ(x) → A′
µ(x) ≡ Aµ(x) − ∂µε(x) , (3.2.2)
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ψ(x) → ψ′(x) ≡ exp[iqε(x)]ψ(x) . (3.2.3)

The interaction Lagrangian density Lint(ψ(x), Aµ(x)) of this system is the j·A
coupling produced by the minimal substitution rule in Lmatter(ψ(x), ∂µψ(x)),

∂µψ(x) → Dµψ(x) ≡ (∂µ + iqAµ(x))ψ(x) . (3.2.4)

The transformation property of the covariant derivative Dµψ(x) under the
local U(1) transformation, (3.2.2) and (3.2.3), is given by

Dµψ(x) → (Dµψ(x))′ = (∂µ + iqA′
µ(x))ψ

′(x)
= (∂µ + iqAµ(x) − iq∂µε(x)){exp[iqε(x)]ψ(x)}
= exp[iqε(x)]Dµψ(x) , (3.2.5)

namely, Dµψ(x) transforms exactly like ψ(x), (3.2.3).
The physical meaning of this local U(1) invariance lies in its weaker ver-

sion, global U(1) invariance,

ε(x) = ε, space-time independent constant.

Global U(1) invariance of the matter system under the global U(1) transfor-
mation of ψ(x),

ψ(x) → ψ′′(x) = exp[iqε]ψ(x), ε = constant, (3.2.6)

in its infinitesimal version results in

∂Lmatter(ψ(x), ∂µψ(x))
∂ψ(x)

δψ(x)

+
∂Lmatter(ψ(x), ∂µψ(x))

∂(∂µψ(x))
δ(∂µψ(x)) = 0 , (3.2.7)

with

δψ(x) = iqε · ψ(x) . (3.2.8)

With the use of the Euler–Lagrange equation of motion, we obtain the current
conservation law,

∂µj
µ
matter(x) = 0 , (3.2.9)

ε · jµmatter(x) =
∂Lmatter(ψ(x), ∂µψ(x))

∂(∂µψ(x))
δψ(x) , (3.2.10)

which in its integrated form becomes charge conservation law,

d
dt

Qmatter(t) = 0 , (3.2.11)
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Qmatter(t) =
∫

d3x · j0matter(t,x) . (3.2.12)

Weyl’s gauge principle considers the analysis backwards. The extension of the
“charge conserving” global U(1) invariance, (3.2.7) and (3.2.8), of the matter
field Lagrangian density

Lmatter(ψ(x), ∂µψ(x))

to the local U(1) invariance necessitates

(1) the introduction of the U(1) gauge field Aµ(x), and the replacement of
the derivative ∂µψ(x) in the matter field Lagrangian density with the
covariant derivative Dµψ(x) defined by (3.2.4);

(2) the requirement that the covariant derivative Dµψ(x) transforms exactly
like the matter field ψ(x) under the local U(1) phase transformation of
ψ(x), (3.2.3).

From the requirement (2), the transformation property of the U(1) gauge field
Aµ(x), (3.2.2), follows immediately. Also, from the requirement (2), the local
U(1) invariance of Lmatter(ψ(x), Dµψ(x)) is self-evident. In order to give the
dynamical content to the gauge field, we introduce the field strength tensor
Fµν(x) to the gauge field Lagrangian density Lgauge(Aµ(x), ∂νAµ(x)) by the
following trick,

[Dµ, Dν ]ψ(x) = iq(∂µAν(x)− ∂νAµ(x))ψ(x) ≡ iqFµν(x)ψ(x) . (3.2.13)

The fact that the field strength tensor Fµν(x), defined by (3.2.13), is a locally
U(1) invariant quantity follows from the transformation law of Aµ(x), (3.2.2),

Fµν(x) → F ′
µν(x) = ∂µA

′
ν(x)− ∂νA

′
µ(x)

= ∂µAν(x)− ∂νAµ(x) = Fµν(x) . (3.2.14)

We choose as the gauge field Lagrangian density Lgauge(Aµ(x), ∂νAµ(x)),

Lgauge(Aµ(x), ∂νAµ(x)) = −1
4
Fµν(x)Fµν(x) . (3.2.15)

In this manner, we obtain the total Lagrangian density of the matter-gauge
system which is locally U(1) invariant as,

Ltot = Lmatter(ψ(x), Dµψ(x)) + Lgauge(Fµν(x)) . (3.2.16)

The interaction Lagrangian density Lint(ψ(x), Aµ(x)) of (3.2.1) is given by

Lint(ψ(x), Aµ(x)) = Lmatter(ψ(x), Dµψ(x))
−Lmatter(ψ(x), ∂µψ(x)) , (3.2.17)
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and is the universal coupling generated by Weyl’s gauge principle. In this
way, as a result of the local extension of global U(1) invariance, we derive the
electrodynamics of J.C. Maxwell from the charge conservation law, (3.2.11)
and (3.2.12), or from the current conservation law, (3.2.9) and (3.2.10).

Next, we note “total isospin conservation” in nuclear physics. This is the
natural consequence of the global SU(2) isospin invariance of the nuclear
force. From the standpoint of Weyl’s gauge principle, we consider this global
SU(2) isospin invariance of the nuclear force. We raise the following two
questions.

(1) What is the local SU(2) isospin invariance?
(2) What are the corresponding gauge field, its transformation law and the

form of the universal interaction?

We make a table:

Gauge group U(1) SU(2)
Global invariance Charge conservation Total isospin conservation
Local invariance Electrodynamics ?

C.N. Yang and R.L. Mills explored this “?” and the corresponding gauge
field is called the Yang–Mills gauge field. R. Utiyama constructed a non-
Abelian gauge field theory based on his version of the gauge principle with a
(semisimple) Lie group as the gauge group. S.L. Glashow and M. Gell-Mann
analyzed non-Abelian gauge field theory including the analysis of the Lie
group. There is also a gauge principle due to J.J. Sakurai.

The gauge principle we have discussed so far is Weyl’s gauge principle and
its extension. There is another kind of gauge principle due to Klein, Kaluza
and Fock from which charge conservation law and total isospin conservation
law are also discussed. The modern interpretation of the latter gauge principle
is given by R. Jackiw.

In the next section, based on Weyl’s gauge principle, we discuss the con-
struction of the non-Abelian gauge field in general.

3.2.2 Non-Abelian Gauge Field Theory

We let the semisimple Lie group G be the gauge group. We let the represen-
tation of G in the Hilbert space be U(g), and its matrix representation on
the field operator ψ̂n(x) in the internal space be D(g),

U(g)ψ̂n(x)U−1(g) = Dn,m(g)ψ̂m(x), g ∈ G . (3.2.18)

For the element gε ∈ G continuously connected to the identity of G by the
parameter {εα}Nα=1, we have

U(gε) = exp[iεαTα] = 1 + iεαTα + · · · , (3.2.19)
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Tα : generator of Lie group G,

D(gε) = exp[iεαtα] = 1 + iεαtα + · · · , (3.2.20)

tα : realization of Tα on the multiplet ψ̂n(x),

[Tα, Tβ] = iCαβγTγ , (3.2.21)

[tα, tβ ] = iCαβγtγ . (3.2.22)

We assume that the action functional Imatter[ψn] of the matter field La-
grangian density Lmatter(ψn(x), ∂µψn(x)) given by

Imatter[ψn] ≡
∫

d4xLmatter(ψn(x), ∂µψn(x)) (3.2.23)

is invariant under the global G transformation,

δψn(x) = iεα(tα)n,mψm(x), εα = constant. (3.2.24)

Namely, we have

∂Lmatter(ψn(x), ∂µψn(x))
∂ψn(x)

δψn(x)

+
∂Lmatter(ψn(x), ∂µψn(x))

∂(∂µψn(x))
δ(∂µψn(x)) = 0 . (3.2.25)

With the use of the Euler–Lagrange equation of motion,

∂Lmatter(ψ(x), ∂µψ(x))
∂ψn(x)

− ∂µ

(
∂Lmatter(ψ(x), ∂µψ(x))

∂(∂µψn(x))

)
= 0 , (3.2.26)

we have current conservation law and charge conservation law.

∂µj
µ
α,matter(x) = 0, α = 1, . . . , N , (3.2.27a)

εαj
µ
α,matter(x) =

∂Lmatter(ψ(x), ∂µψ(x))
∂(∂µψn(x))

δψn(x) , (3.2.27b)

and

d
dt

Qmatter
α (t) = 0, α = 1, . . . , N , (3.2.28a)
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Qmatter
α (t) =

∫
d3xj0α,matter(t,x), α = 1, . . . , N . (3.2.28b)

Invoking Weyl’s gauge principle, we extend the global G invariance of the
matter system to the local G invariance of the matter system under the local
G phase transformation,

δψn(x) = iεα(x)(tα)n,mψm(x) . (3.2.29a)

We demand the followings:

(1) the introduction of the non-Abelian gauge field Aαµ(x) and the replace-
ment of the derivative ∂µψn(x) in the matter field Lagrangian density

Lmatter(ψ(x), ∂µψ(x))

with the covariant derivative (Dµψ(x))n,

∂µψn(x) → (Dµψ(x))n ≡ (∂µδn,m + i(tγ)n,mAγµ(x))ψm(x) ,
(3.2.30)

(2) the requirement that the covariant derivative (Dµψ(x))n transforms ex-
actly like the matter field ψn(x) under the local G phase transformation
of ψn(x), (3.2.29a),

δ(Dµψ(x))n = iεα(x)(tα)n,m(Dµψ(x))m , (3.2.31a)

where tγ is the realization of the generator Tγ upon the multiplet ψn(x).

From (3.2.29a) and (3.2.31a), the infinitesimal transformation law of the non-
Abelian gauge field Aαµ(x) follows:

δAαµ(x) = −∂µεα(x) + iεβ(x)(t
adj
β )αγAγµ(x) (3.2.32a)

= −∂µεα(x) + εβ(x)CβαγAγµ(x) . (3.2.32b)

Then, the local G invariance of the gauged matter field Lagrangian density

Lmatter(ψ(x), Dµψ(x))

becomes self-evident as long as the ungauged matter field Lagrangian density

Lmatter(ψ(x), ∂µψ(x))

is globally G invariant. In order to provide the dynamical content to the non-
Abelian gauge field Aαµ(x), we introduce the field strength tensor Fγµν(x)
by the following trick,

[Dµ, Dν ]ψ(x) ≡ i(tγ)Fγµν(x)ψ(x) , (3.2.33)
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Fγµν(x) = ∂µAγν(x)− ∂νAγµ(x)− CαβγAαµ(x)Aβν(x) . (3.2.34)

We can easily show that the field strength tensor Fγµν(x) undergoes a local
G rotation under the local G transformations, (3.2.29a) and (3.2.32a), with
the adjoint representation, (3.1.37).

δFγµν(x) = iεα(x)(tadjα )γβFβµν(x) (3.2.35a)

= εα(x)CαγβFβµν(x) . (3.2.35b)

As the Lagrangian density of the non-Abelian gauge field Aαµ(x), we choose

Lgauge(Aγµ(x), ∂νAγµ(x)) ≡ −1
4
Fγµν(x)Fµν

γ (x) . (3.2.36)

The total Lagrangian density Ltotal of the matter-gauge system is given by

Ltotal = Lmatter(ψ(x), Dµψ(x)) + Lgauge(Fγµν(x)) . (3.2.37)

The interaction Lagrangian density Lint consists of two parts due to the non-
linearity of the field strength tensor Fγµν(x) with respect to Aγµ(x),

Lint = Lmatter(ψ(x), Dµψ(x)) − Lmatter(ψ(x), ∂µψ(x))
+Lgauge(Fγµν(x))− Lquad

gauge(Fγµν(x)) , (3.2.38)

which provides a universal coupling just like the U(1) gauge field theory. The
conserved current jµα,total(x) also consists of two parts,

jµα,total(x) ≡ jµα,matter(x) + jµα,gauge(x) ≡
δItotal[ψ,Aαµ]

δAαµ(x)
, (3.2.39a)

Itotal[ψ,Aαµ]=
∫
d4x{Lmatter(ψ(x), Dµψ(x))+Lgauge(Fγµν(x))}. (3.2.39b)

The conserved charge {Qtotal
α (t)}Nα=1 after extension to local G invariance

also consists of two parts,

Qtotal
α (t) = Qmatter

α (t) +Qgauge
α (t)

=
∫

d3x{j0α,matter(t,x) + j0α,gauge(t,x)} . (3.2.40)

The gauged matter current jµα,matter(x) of (3.2.39a) is not identical to the un-
gauged matter current jµα,matter(x) of (3.2.27b):

εαj
µ
α,matter(x) of (3.2.27b) =

∂Lmatter(ψ(x), ∂µψ(x))
∂(∂µψn(x))

δψn(x)
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whereas after local G extension,

εαj
µ
α,matter(x) of (3.2.39a) =

∂Lmatter(ψ(x), Dµψ(x))
∂(Dµψn(x))

δψn(x)

=
∂Lmatter(ψ(x), Dµψ(x))

∂(Dµψ(x))n
iεα(tα)n,mψm(x)

= εα
∂Lmatter(ψ(x), Dµψ(x))

∂(Dνψ(x))n
∂(Dνψ(x))n
∂Aαµ(x)

= εα
∂Lmatter(ψ(x), Dµψ(x))

∂Aαµ(x)

= εα
δ

δAαµ(x)
Imatter[ψ,Dµψ] . (3.2.41)

Here, we note that Imatter[ψ,Dµψ] is not identical to the ungauged matter ac-
tion functional Imatter[ψn] given by (3.2.23), but is the gauged matter action
functional defined by

Imatter[ψ,Dµψ] ≡
∫

d4xLmatter(ψ(x), Dµψ(x)) . (3.2.42)

We emphasize here that the conserved Noether current after extension of the
global G invariance to local G invariance is not the gauged matter current
jµα,matter(x) but the total current jµα,total(x), (3.2.39a). This has to do with
the fact that the Lie group G under consideration is non-Abelian and hence
that the non-Abelian gauge field Aαµ(x) is self-charged as opposed to the
neutral U(1) gauge field Aµ(x).

Before closing this section, we discuss the finite gauge transformation
property of the non-Abelian gauge field Aαµ(x). Under the finite local G
transformation of ψn(x),

ψn(x) → ψ′
n(x) = (exp[iεα(x)tα])n,mψm(x) , (3.2.29b)

we demand that the covariant derivative Dµψ(x) defined by (3.2.30) trans-
forms exactly like ψ(x),

Dµψ(x) → (Dµψ(x))′ = (∂µ + itγA′
γµ(x))ψ

′(x)
= exp[iεα(x)tα]Dµψ(x) . (3.2.31b)

From (3.2.31b), we obtain the following equation,

exp[−iεα(x)tα](∂µ + itγA′
γµ(x)) exp[iεα(x)tα]ψ(x)

= (∂µ + itγAγµ(x))ψ(x).

Cancelling the ∂µψ(x) term on both sides of the above equation, and dividing
by ψ(x), we obtain
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exp[−iεα(x)tα](∂µ exp[iεα(x)tα]) + exp[−iεα(x)tα](itγA′
γµ(x))

× exp[iεα(x)tα] = itγAγµ(x).

Solving this equation for tγA
′
γµ(x), we finally obtain the finite gauge trans-

formation law of A′
γµ(x),

tγA
′
γµ(x)=exp[iεα(x)tα]{tγAγµ(x)+exp[−iεβ(x)tβ ](i∂µ exp[iεβ(x)tβ ])}

× exp[−iεα(x)tα] . (3.2.32c)

At first sight, the finite gauge transformation law of A′
γµ(x), (3.2.32c), may

depend on the specific realization {tγ}Nγ=1 of the generator {Tγ}Nγ=1 upon
the multiplet ψ(x). But, actually, A′

γµ(x) transforms under the adjoint rep-
resentation {tadjγ }Nγ=1. This point will become clear when we consider the
infinitesimal version of (3.2.32c).

tγA
′
γµ(x) = tγAγµ(x) + iεα(x)[tα, tβ ]Aβµ(x) − tγ∂µεγ(x)

= tγ{Aγµ(x) + iεα(x)(tadjα )γβAβµ(x)− ∂µεγ(x)}.

Multiplying tγ on both sides and taking the trace, we obtain,

δAγµ(x) = −∂µεγ(x) + iεα(x)(tadjα )γβAβµ(x),

which is (3.2.32a). Clearly, Aγµ(x) transforms under the adjoint representa-
tion {tadjα }Nα=1 of G. For later convenience, we write (3.2.32a) as follows,

δAγµ(x) = −∂µεγ(x) + εα(x)CαγβAβµ(x)

= −(∂µεγ(x) + i(tadjβ )γαAβµ(x)εα(x))

= −(∂µ + itadjβ Aβµ(x))γαεα(x)

= −(Dadj
µ ε(x))γ , (3.2.32d)

where we define

Dadj
µ = ∂µ + itadjβ Aβµ(x) . (3.2.32e)

3.2.3 Abelian Gauge Fields vs. Non-Abelian Gauge Fields

In the matter-gauge system which is locallyG invariant, due to the fact thatG
is Non-Abelian, we found in Sect. 3.2.2 that the field strength tensor Fγµν(x)
is nonlinear with respect to the non-Abelian gauge field Aαµ(x) and that the
interaction Lagrangian density Lint which provides the universal coupling, the
total conserved G-current {jµα,total(x)}Nα=1 and the total conserved G-charge
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{Qtotal
α (t)}Nα=1 all consist of a matter part and a gauge part. In Sect. 3.2.1,

we found that the physical significance of the local U(1) invariance lies in its
weaker version, global U(1) invariance, namely, the charge conservation law.
In the present section, we explore the implication of global G invariance of
the matter-gauge system which is locally G-invariant.

There follows a table of the global U(1) transformation law and the global
G transformation law.

Global U(1) transformation law Global G transformation law
δψn(x) = iεqnψn(x), charged δψn(x) = iεα(tα)n,mψm(x), charged
δAµ(x) = 0, neutral δAαµ(x) = iεβ(t

adj
β )αγAγµ(x), charged

(3.2.43)

In the global transformation of the internal symmetry, (3.2.43), the matter
fields ψn(x) which have the group charge undergo a global (U(1) or G) rota-
tion. As for the gauge fields, Aµ(x) and Aαµ(x), the Abelian gauge field Aµ(x)
remains unchanged under the global U(1) transformation while the non-
Abelian gauge field Aαµ(x) undergoes a global G rotation under the global G
transformation. Hence, the Abelian gauge field Aµ(x) is U(1)-neutral while
the non-Abelian gauge field Aαµ(x) is G-charged. The field strength tensors,
Fµν(x) and Fαµν(x), behave like Aµ(x) and Aαµ(x), under the global U(1)
and G transformations. The field strength tensor Fµν(x) is U(1)-neutral,
while the field strength tensor Fαµν(x) is G-charged, which originate from
their linearity and nonlinearity in Aµ(x) and Aαµ(x), respectively.

Global U(1) transformation law Global G transformation law
δFµν(x) = 0, neutral δFαµν(x)=iεβ(t

adj
β )αγFγµν(x), charged

(3.2.44)

When we write down the Euler–Lagrange equation of motion for each case,
the linearity and the nonlinearity with respect to the gauge fields become
clear.

Abelian U(1) gauge field Non-Abelian Ggauge field
∂νF

νµ(x)=jµmatter(x), linear Dadj
ν F νµ

α (x)=jµα,matter(x), nonlinear (3.2.45)

From the antisymmetry of the field strength tensor with respect to the
Lorentz indices, µ and ν, we have the following current conservation as an
identity.

Abelian U(1) gauge field Non-Abelian G gauge field
∂µj

µ
matter(x) = 0 Dadj

µ jµα,matter(x) = 0 (3.2.46)

Here, we have

Dadj
µ = ∂µ + itadjγ Aγµ(x) . (3.2.47)
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As a result of the extension to local (U(1) or G) invariance, in the case of
the Abelian U(1) gauge field, due to the neutrality of Aµ(x), the matter
current jµmatter(x) alone (which originates from the global U(1) invariance)
is conserved, while in the case of the non-Abelian G gauge field, due to
the G-charge of Aαµ(x), the gauged matter current jµα,matter(x) alone (which
originates from the local G invariance) is not conserved, but the sum with
the gauge current jµα,gauge(x) which originates from the self-interaction of
the non-Abelian gauge field Aαµ(x) is conserved at the expense of loss of
covariance. A similar situation exists for the charge conservation law.

Abelian U(1) gauge field Non-Abelian G gauge field
d
dtQ

matter(t) = 0 d
dtQ

total
α (t) = 0

Qmatter(t) =
∫
d3x · j0matter(t,x) Qtotal

α (t) =
∫
d3x · j0α,total(t,x) (3.2.48)

3.2.4 Examples

In this section, we discuss examples of the extension of global G invariance
of the matter system to local G invariance of the matter-gauge system. For
this purpose, we first establish several notations.

Boson Field: φi(x) realization (θα)i,j [θα, θβ ] = iCαβγθγ .
Infinitesimal local G transformation.

δφi(x) = iεα(x)(θα)i,jφj(x) . (3.2.49a)

Fermion Field: ψn(x) realization (tα)n,m [tα, tβ] = iCαβγtγ .
Infinitesimal local G transformation.

δψn(x) = iεα(x)(tα)n,mψm(x) . (3.2.49b)

Gauge Field: Aαµ(x) realization (tadjα )β,γ [tadjα , tadjβ ] = iCαβγt
adj
γ .

Infinitesimal local G transformation.

δAαµ(x) = −∂µεα(x) + iεβ(x)(t
adj
β )α,γAγµ(x) . (3.2.49c)

Covariant Derivative

Boson Field:

(Dµφ(x))i = (∂µ + iθαAαµ(x))i,jφj(x) . (3.2.50a)

Fermion Field:

(Dµψ(x))n = (∂µ + itαAαµ(x))n,mψm(x) . (3.2.50b)
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Gauge Field:

(Dadj
µ )α,β = (∂µ + itadjγ Aγµ(x))α,β . (3.2.50c)

Example 3.1. Dirac particle (spin 1
2 ) in interaction with a non-Abelian

gauge field. We consider the Dirac Lagrangian density LDirac(ψ(x), ∂µψ(x))
which is globally G invariant,

LDirac(ψ(x), ∂µψ(x)) = ψ̄n(x){(iγµ∂µ −m)δn,,m}ψm(x) . (3.2.51)

G = SU(2): We assume that the Dirac particle ψn(x) transforms under
the fundamental representation of SU(2):

tα =
1
2
τα, (tadjα )βγ = −iεαβγ , α, β, γ = 1, 2, 3 ; (3.2.52)

τ1 =
(
0 1
1 0

)
, τ2 =

(
0 −i
i 0

)
, τ3 =

(
1 0
0 −1

)
; (3.2.53)

τ0 =
(
1 0
0 1

)
.

As a result of the extension to local SU(2) invariance, we obtain Ltot as

Ltot = −1
4
(∂µAαν(x) − ∂νAαµ − εαβγAβµ(x)Aγν(x))2

+ψ̄n(x)
{
iγµ

(
∂µδn,m+i

(
1
2τα

)
n,m

Aαµ(x)
)
−mδn,m

}
ψm(x). (3.2.54)

Here, SU(2) is called the isospin gauge group, and we have the following iden-
tification,

ψn(x) : Nucleon field, (iso-doublet), n = 1, 2 .
Aαµ(x) : Yang–Mills gauge field, (iso-triplet), α = 1, 2, 3 . (3.2.55)

This non-Abelian gauge field was derived by C.N. Yang and R.L. Mills in
1954 as a result of the extension of total isospin conservation to local SU(2)
invariance. This is a local extension of the custom that we call a nucleon with
isospin up a proton and a nucleon with isospin down a neutron.

G = SU(3): We assume that the Dirac particle ψn(x) transforms under
the fundamental representation of SU(3).

tα =
1
2
λα, (tadjα )β,γ = −ifαβγ, α, β, γ = 1, . . . , 8 ; (3.2.56)
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λ1 =


0 1 0
1 0 0
0 0 0


 , λ2 =


0 −i 0
i 0 0
0 0 0


 , λ3 =


1 0 0
0 −1 0
0 0 0


 ,

λ4 =


0 0 1
0 0 0
1 0 0


 , λ5 =


0 0 −i
0 0 0
i 0 0


 , λ6 =


0 0 0
0 0 1
0 1 0


 ,

λ7 =


0 0 0
0 0 −i
0 i 0


 , λ8 =

1√
3


1 0 0
0 1 0
0 0 −2


 ; (3.2.57)

λ0 =

√
2
3


1 0 0
0 1 0
0 0 1


 .

As a result of the extension to local SU(3) invariance, we obtain Ltot as

Ltot = −1
4
(∂µAαν(x) − ∂νAαµ(x) − fαβγAβµ(x)Aγν(x))2

+ψ̄n(x)
{
iγµ

(
∂µδn,m+i

(
1
2λα

)
n,m

Aαµ(x)
)
−mδn,m

}
ψm(x) . (3.2.58)

Here, SU(3) is called the color gauge group, and we have the following iden-
tification,

ψn(x) : quark (color triplet), n = 1, 2, 3.
Aαµ(x) : gluon (color octet), α = 1, . . . , 8. (3.2.59)

This is the “color-triplet quark color-octet gluon” model proposed by H.
Fritzsch, M. Gell-Mann and H. Leutwyler in 1972. As a predecessor to this
model, we have the three-triplet model proposed by M.Y. Han and Y. Nambu.
Both of these models are SU(3) Yang–Mills gauge models which resolve the
spin-statistics problem of the quark-ace model of Gell-Mann and Zweig pro-
posed in 1964 by the color-singlet hypothesis.

Example 3.2. Klein–Gordon particle (spin 0) in interaction with a non-
Abelian gauge field. We consider the real scalar Lagrangian density Lreal

scalar

(φα(x), ∂µφα(x)) and the complex scalar Lagrangian density Lcomplex
scalar (φi(x),

∂µφi(x);φ
†
i (x), ∂µφ

†
i (x)) which are globally G invariant,

Lreal
scalar(φ(x), ∂µφ(x)) =

1
2
(∂µφα(x))2 − 1

2
m2(φα(x)φα(x))

−λ2(φα(x)φα(x))2 (3.2.60)
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Lcomplex
scalar (φ(x), ∂µφ(x);φ†(x), ∂µφ†(x))

= ∂µφ
†
i (x)∂

µφi(x)−m2(φ†
i (x)φi(x)) − λ2(φ†

i (x)φi(x))
2 . (3.2.61)

G = SU(2): We assume that the real scalar particle φα(x) (the com-
plex scalar particle φi(x)) transforms under the adjoint representation (the
fundamental representation) of SU(2):

(θadjα )βγ = −iεαβγ , α, β, γ = 1, 2, 3, real scalar iso-triplet , (3.2.62)

θα =
1
2
τα, α = 1, 2, 3, complex scalar iso-doublet. (3.2.63)

As a result of the extension to local SU(2) invariance, we obtain Ltot as

Ltot = − 1
4 (∂µAαν(x) − ∂νAαµ(x)− εαβγAβµ(x)Aγν(x))2

+ 1
2 (∂µφα(x)− εαβγAβµ(x)φγ(x))

2

− 1
2m

2 (φα(x)φα(x)) − λ2(φα(x)φα(x))2 , (3.2.64)

Ltot = − 1
4 (∂µAαν(x) − ∂νAαµ(x)− εαβγAβµ(x)Aγν(x))2

+
(
∂µφi(x) + i

(
1
2τα

)
i,j

Aαµ(x)φj(x)
)†

×
(
∂µφi(x) + i

(
1
2τβ

)
i,k

Aβµ(x)φk(x)
)

−m2(φ†
i (x)φi(x)) − λ2(φ†

i (x)φi(x))
2 . (3.2.65)

As a final example, we discuss the most general renormalizable Lagrangian
density.

Example 3.3. Canonical locally G invariant Lagrangian density. The most
general Lagrangian density which is locally G invariant and renormalizable
by power counting, involving ψn(x), φi(x) and Aαµ(x), is given by

Ltot = ψ̄n(x)(iγµDµ −m)n,mψm(x) + 1
2 (Dµφ(x))i(Dµφ(x))i

− 1
4Fαµν(x)F

µν
α (x) + ψ̄n(x)(Γi)n,mψm(x)φi(x)

+V (φi(x)) . (3.2.66)

(1) The φi(x) are real scalar fields. From the reality of the local G transfor-
mation,

δφi(x) = iεα(x)(θα)i,jφj(x) , (3.2.49a)
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we find that {θα}Nα=1 are imaginary and antisymmetric (and hence Her-
mitian) matrices,

θ∗α = θTα = −θα, α = 1, . . . , N . (3.2.67)

(2) V (φ(x)) is a locally G invariant quartic polynomial,

∂V (φ(x))
∂φi(x)

(θα)i,jφj(x) = 0, α = 1, . . . , N . (3.2.68)

(3) The mass term of ψn(x) is invariant under the local G transformation,

δψn(x) = iεα(x)(tα)n,,mψm(x) , (3.2.49b)

i.e., we have

[tα, γ0m] = 0 . (3.2.69)

(4) The coupling of φi(x) and ψn(x) is a gauge covariant Yukawa coupling
under the local G transformations, (3.2.49a) and (3.2.49b),

[tα, γ0Γi] = γ0Γj(θα)j,i = −(θα)i,jγ0Γj . (3.2.70)

(5) The total Lagrangian density Ltot, (3.2.66), is Hermitian, i.e., we have

V ∗ = V , (3.2.71a)

m† = γ0mγ0 , (3.2.71b)

Γ †
i = γ0Γiγ

0 . (3.2.71c)

3.3 Path Integral Quantization
of Gauge Fields

In this section, we discuss path integral quantization of the gauge field. When
we apply the path integral representation of 〈0, out|0,in〉 obtained in Chap. 2,

〈0, out|0, in〉 =
∫

D[φi] exp
[
i
∫

d4xL(φi(x), ∂µφi(x))
]
,

naively to path integral quantization of the gauge field, we obtain results
which violate unitarity. The origin of this difficulty lies in the gauge invariance
of the gauge field action functional Igauge[Aαµ], i.e., the four-dimensional
transversality of the kernel of the quadratic part of the gauge field action
functional Igauge[Aαµ]. In other words, when we path-integrate along the
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gauge equivalent class, the functional integrand remains constant and we
merely calculate the orbit volume VG. We introduce the hypersurface (the
gauge fixing condition)

Fα(Aβµ(x)) = 0, α = 1, . . . , N,

in the manifold of the gauge field which intersects with each gauge equivalent
class only once and perform path integration and group integration on this
hypersurface. We shall complete the path integral quantization of the gauge
field and the separation of the orbit volume VG simultaneously (Sect. 3.3.1).
This method is called the Faddeev–Popov method. Next, we generalize the
gauge-fixing condition to the form

Fα(Aβµ(x)) = aα(x), α = 1, . . . , N,

with aα(x) an arbitrary function independent of Aαµ(x). From this consid-
eration, we obtain the second formula of Faddeev–Popov and we arrive at
the standard covariant gauge (Sect. 3.3.2). Roughly speaking, we introduce
the Faddeev–Popov ghost (fictitious scalar fermion) only in the internal loop,
which restores unitarity. Lastly, we discuss the various gauge-fixing conditions
(Sect. 3.3.3), and the advantage of the axial gauge.

3.3.1 The First Faddeev–Popov Formula

In Chap. 2, we derived the path integral formula for the vacuum-to-vacuum
transition amplitude 〈0, out|0,in〉 for the nonsingular Lagrangian density
L(φi(x), ∂µφi(x)) as

〈0, out|0, in〉 =
∫

D[φ] exp
[
i
∫

d4xL(φi(x), ∂µφi(x))
]
. (3.3.1)

We cannot apply this path integral formula naively to non-Abelian gauge
field theory. The kernel Kαµ,βν(x − y) of the quadratic part of the action
functional of the gauge field Aγµ(x),

Igauge[Aγµ] =
∫

d4xLgauge(Fγµν(x))

= −1
4

∫
d4xFγµν(x)Fµν

γ (x) , (3.3.2a)

Fγµν(x) = ∂µAγν(x)− ∂νAγµ(x)− CαβγAαµ(x)Aβν(x) , (3.3.2b)

is given by

Iquadgauge[Aγµ] = −1
2

∫∫
d4xd4yAµ

α(x)Kαµ,βν(x − y)Aν
β(y) , (3.3.3a)
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Kαµ,βν(x− y) = δαβ(−ηµν∂
2 + ∂µ∂ν)δ4(x− y), µ, ν = 0, 1, 2, 3 .

(3.3.3b)

Kαµ,βν(x − y) is singular and noninvertible. We cannot define the “free”
Green’s function of Aαµ(x) as it stands now, and we cannot apply the Feyn-
man path integral formula, (3.3.1), for path integral quantization of the gauge
field. As a matter of fact, this Kαµ,βν(x − y) is the four-dimensional trans-
verse projection operator for arbitrary Aαµ(x). The origin of this calamity
lies in the gauge invariance of the gauge field action functional Igauge[Aγµ]
under the gauge transformation,

Aγµ(x) → Ag
γµ(x) , (3.3.4a)

with

tγA
g
γµ(x) = U(g(x)){tγAγµ(x)

+U−1(g(x))[i∂µU(g(x))]}U−1(g(x)) , (3.3.4b)

and

U(g(x)) = exp[igγ(x)tγ ] . (3.3.4c)

In other words, it originates from the fact that the gauge field action func-
tional Igauge[Aγµ] is constant on the orbit of the gauge group G. Here, by the
orbit we mean the gauge equivalent class,

{Ag
γµ(x) : Aγµ(x) fixed, ∀g(x) ∈ G} , (3.3.5)

where Ag
γµ(x) is defined by (3.3.4b). Hence, the naive expression for the

vacuum-to-vacuum transition amplitude 〈0, out|0,in〉 of the gauge fieldAγµ(x),

〈0, out|0, in〉 “=”
∫

D[Aγµ] exp
[
i
∫

d4xLgauge(Fγµν(x))
]
, (3.3.6)

is proportional to the orbit volume VG,

VG =
∫

dg(x) , (3.3.7)

which is infinite and independent of Aγµ(x). In order to accomplish path
integral quantization of the gauge field Aγµ(x) correctly, we must extract the
orbit volume VG from the vacuum-to-vacuum transition amplitude,

〈0, out|0, in〉.
In the path integral∫

D[Aγµ]
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in (3.3.6), we should not path-integrate over all possible configurations of
the gauge field, but we should path-integrate only over distinct orbits of the
gauge field Aγµ(x). For this purpose, we shall introduce the hypersurface (the
gauge-fixing condition),

Fα(Aγµ(x)) = 0, α = 1, . . . , N , (3.3.8)

in the manifold of the gauge field Aγµ(x), which intersects with each orbit
only once. The statement that the hypersurface, (3.3.8), intersects with each
orbit only once implies that

Fα(Ag
γµ(x)) = 0, α = 1, . . . , N , (3.3.9)

has the unique solution g(x) ∈ G for arbitrary Aγµ(x). In this sense, the
hypersurface, (3.3.8), is called the gauge-fixing condition. Here, we recall
group theory:

(1) g(x), g′(x) ∈ G ⇒ (gg′)(x) ∈ G . (3.3.10a)

(2) U(g(x))U(g′(x)) = U((gg′)(x)) . (3.3.10b)

(3) dg′(x) = d(gg′)(x), invariant Hurwitz measure. (3.3.10c)

We parametrize U(g(x)) in the neighborhood of the identity element of G as

U(g(x)) = 1 + itγεγ(x) +O(ε2) , (3.3.11a)

∏
x

dg(x) =
∏
α,x

dεα(x) for g(x) ≈ Identity . (3.3.11b)

With these preparations, we define the Faddeev–Popov determinant
∆F [Aγµ] by

∆F [Aγµ]
∫ ∏

x

dg(x)
∏
α,x

δ(Fα(Ag
γµ(x))) = 1 . (3.3.12)

We first show that∆F [Aγµ] is gauge invariant under the gauge transformation

Aγµ(x) → Ag
γµ(x) . (3.3.4a)

(∆F [Ag
γµ])

−1 =
∫ ∏

x

dg′(x)
∏
α,x

δ(Fα(Agg′
γµ ))

=
∫ ∏

x

d(gg′)(x)
∏
α,x

δ(Fα(Agg′
γµ ))

=
∫ ∏

x

dg′′(x)
∏
α,x

δ(Fα(Ag′′
γµ))

= (∆F [Aγµ])−1,
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i.e., we have

∆F [Ag
γµ] = ∆F [Aγµ] . (3.3.13)

We substitute the defining equation of the Faddeev–Popov determinant into
the functional integrand on the right-hand side of the naive expression,
(3.3.6), for the vacuum-to-vacuum transition amplitude 〈0, out|0,in〉.

〈0, out|0, in〉 “ = ”
∫ ∏

x

dg(x)D[Aγµ]∆F [Aγµ]
∏
α,x

δ(Fα(Ag
γµ(x)))

× exp
[
i
∫

d4xLgauge(Fγµν(x))
]
. (3.3.14)

In the integrand of (3.3.14), we perform the following gauge transformation,

Aγµ(x) → Ag−1

γµ (x) . (3.3.15)

Under this gauge transformation, we have

D[Aγµ] → D[Aγµ], ∆F [Aγµ] → ∆F [Aγµ],

δ(Fα(Ag
γµ(x))) → δ(Fα(Aγµ(x))) ,

∫
d4xLgauge(Fγµν(x)) →

∫
d4xLgauge(Fγµν(x)) . (3.3.16)

Since the value of the functional integral remains unchanged under a change
of function variable, from (3.3.14) and (3.3.16), we have

〈0, out|0, in〉 “ = ”
∫ ∏

x

dg(x)
∫

D[Aγµ]∆F [Aγµ]
∏
α,x

δ(Fα(Aγµ(x)))

× exp
[
i
∫

d4xLgauge(Fγµν(x))
]

= VG

∫
D[Aγµ]∆F [Aγµ]

∏
α,x

δ(Fα(Aγµ(x)))

× exp
[
i
∫

d4xLgauge(Fγµν(x))
]
. (3.3.17)

In this manner, we extract the orbit volume VG, which is infinite and is in-
dependent of Aγµ(x), and at the expense of the introduction of ∆F [Aγµ], we
perform the path integral of the gauge field∫

D[Aγµ]
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on the hypersurface

Fα(Aγµ(x)) = 0, α = 1, . . . , N , (3.3.8)

which intersects with each orbit of the gauge field only once. From now on,
we drop VG and write the vacuum-to-vacuum transition amplitude as

〈0, out|0, in〉F =
∫

D[Aγµ]∆F [Aγµ]
∏
α,x

δ(Fα(Aγµ(x)))

× exp
[
i
∫

d4xLgauge(Fγµν(x))
]
, (3.3.18)

under the gauge-fixing condition, (3.3.8).
In (3.3.18), noting that the Faddeev–Popov determinant ∆F [Aγµ] gets

multiplied by∏
α,x

δ(Fα(Aγµ(x))),

we calculate ∆F [Aγµ] only for Aγµ(x) which satisfies the gauge-fixing con-
dition, (3.3.8). Mimicking the parametrization of U(g(x)) in the neighbor-
hood of the identity element of G, (3.3.11a) and (3.3.11b), we parametrize
Fα(Ag

γµ(x)) as

Fα(Ag
γµ(x)) = Fα(Aγµ(x))

+
N∑
β=1

∫
d4yMF

αx,βy(Aγµ)εβ(y) +O(ε2) , (3.3.19)

∏
x

dg(x) =
∏
α,x

dεα(x).

The matrix MF
αx,βy(Aγµ) is the kernel of the linear response with respect to

εβ(y) of the gauge-fixing condition under the infinitesimal gauge transforma-
tion

δAg
γµ(x) = −(Dadj

µ ε(x))γ . (3.3.20)

Thus, from (3.3.19) and (3.3.20), we have

MF
αx,βy(Aγµ) =

δFα(Ag
γµ(x))

δεβ(y)
|g=1

=
δFα(Aγµ(x))

δAγµ(x)
(−Dadj

µ )γβδ4(x− y)

≡ MF
α,β(Aγµ(x))δ4(x− y) , (3.3.21)
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with

(Dadj
µ )αβ = ∂µδαβ + CαβγAγµ(x).

For those Aγµ(x) which satisfy the gauge-fixing condition, (3.3.8), we have

(∆F [Aγµ])−1 =
∫ ∏

α,x

dεα(x)
∏
α,x

δ(MF
α,β(Aγµ(x))εβ(x))

= (DetMF (Aγµ))−1 ,

i.e., we have

∆F [Aγµ] = DetMF (Aγµ) . (3.3.22)

We introduce the Faddeev–Popov ghost (fictitious scalar fermion), c̄α(x) and
cβ(x), in order to exponentiate the Faddeev–Popov determinant ∆F [Aγµ].
Then, the determinant ∆F [Aγµ] can be written as

∆F [Aγµ] = DetMF (Aγµ)

=
∫
D[c̄α]D[cβ ] exp

[
i
∫
d4xc̄α(x)MF

α,β(Aγµ(x))cβ(x)
]
. (3.3.23)

Thus, we obtain the first Faddeev–Popov formula:

〈0, out|0, in〉F =
∫

D[Aγµ]∆F [Aγµ]
∏
α,x

δ(Fα(Aγµ(x)))

× exp
[
i
∫

d4xLgauge(Fγµν(x))
]

(3.3.24a)

=
∫

D[Aγµ]D[c̄α]D[cβ ]
∏
α,x

δ(Fα(Aγµ(x)))

× exp
[
i
∫

d4x{Lgauge(Fγµν(x))

+c̄α(x)MF
α,β(Aγµ(x))cβ(x)}

]
. (3.3.24b)

The Faddeev–Popov determinant ∆F [Aγµ] plays the role of restoring the uni-
tarity.
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3.3.2 The Second Faddeev–Popov Formula

We now generalize the gauge-fixing condition, (3.3.8):

Fα(Aγµ(x)) = aα(x), α = 1, . . . , N ; aα(x) independent of Aαµ(x) .
(3.3.25)

According to the first Faddeev–Popov formula, (3.3.24a), we have

ZF (a(x)) ≡ 〈0, out|0, in〉F,a
=

∫
D[Aγµ]∆F [Aγµ]×

∏
α,x

δ(Fα(Aγµ(x))− aα(x))

× exp
[
i
∫

d4xLgauge(Fγµν(x))
]
. (3.3.26)

We perform the nonlinear infinitesimal gauge transformation g0, in the func-
tional integrand of (3.3.26), parametrized by λβ(y),

εα(x;MF (Aγµ)) = (MF (Aγµ))−1
αx,βyλβ(y) , (3.3.27)

where λβ(y) is an arbitrary infinitesimal function, independent of Aαµ(x).
Under this g0, we have the following three statements.

(1) The gauge invariance of the gauge field action functional,∫
d4xLgauge(Fγµν(x))

is invariant under g0.
(2) The gauge invariance of the integration measure,

D[Aγµ]∆F [Aγµ] (3.3.28)

is invariant measure under g0. (For the proof of this statement, see Ap-
pendix 4.)

(3) The gauge-fixing condition Fα(Aγµ(x)) gets transformed into the follow-
ing,

Fα(Ag0
γµ(x)) = Fα(Aγµ(x)) + λα(x) +O(λ2α(x)). (3.3.29)

Since the value of the functional integral remains unchanged under a change
of function variable, the value of ZF (a(x)) remains unchanged under the non-
linear gauge transformation g0. When we choose the infinitesimal parameter
λα(x) as

λα(x) = δaα(x), α = 1, . . . , N , (3.3.30)
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we have from the above-stated (1), (2) and (3),

ZF (a(x)) = ZF (a(x) + δa(x)) or
d

da(x)
ZF (a(x)) = 0 . (3.3.31)

Namely, ZF (a(x)) is independent of a(x). Introducing an arbitrary weight-
ing functional H [aα(x)] for ZF (a(x)), and path-integrating with respect to
aα(x), we obtain the weighted ZF (a(x)):

ZF ≡
∫ ∏

α,x

daα(x)H [aα(x)]ZF (a(x))

=
∫

D[Aγµ]∆F [Aγµ]H [Fα(Aγµ(x))]

× exp
[
i
∫

d4xLgauge(Fγµν(x))
]
. (3.3.32)

As the weighting functional, we choose the quasi-Gaussian functional

H [aα(x)] = exp
[
− i
2

∫
d4xa2α(x)

]
. (3.3.33)

Then, we obtain as ZF ,

ZF =
∫
D[Aγµ]∆F [Aγµ]exp

[
i
∫
d4x{Lgauge(Fγµν(x)) − 1

2F
2
α(Aγµ(x))}

]

=
∫

D[Aγµ]D[c̄α]D[cβ ] exp
[
i
∫

d4x{Lgauge(Fγµν(x))

− 1
2F

2
α(Aγµ(x)) + c̄α(x)MF

α,β(Aγµ(x))cβ(x)}
]
. (3.3.34)

Thus, we obtain the second Faddeev–Popov formula:

〈0, out|0, in〉F =
∫

D[Aγµ]D[c̄α]D[cβ ] exp[iIeff[Aγµ, c̄α, cβ]] , (3.3.35a)

with the effective action functional Ieff[Aγµ, c̄α, cβ],

Ieff[Aγµ, c̄α, cβ ] =
∫

d4xLeff , (3.3.35b)

where the effective Lagrangian density Leff is given by

Leff = Lgauge(Fγµν(x))− 1
2
F 2
α(Aγµ(x)) + c̄α(x)MF

α,β(Aγµ(x))cβ(x) .

(3.3.35c)

There are other methods to arrive at this second formula, due to Fradkin and
Tyutin, and Vassiliev.
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3.3.3 Choice of Gauge-Fixing Condition

We consider the following gauge-fixing conditions.

(1) Axial gauge

Fα(Aγµ(x)) = nµAαµ(x) = 0, α = 1, . . . , N , (3.3.36a)

nµ = (0; 0, 0, 1), n2 = nµnµ = −1, nk = nµkµ = −k3 ,
(3.3.36b)

(2) Landau gauge

Fα(Aγµ(x)) = ∂µAαµ(x) = 0, α = 1, . . . , N , (3.3.37)

(3) Covariant gauge

Fα(Aγµ(x)) =
√

ξ∂µAαµ(x), α = 1, . . . , N, 0 < ξ < ∞ ,
(3.3.38)

and obtain the Green’s functions D
(A)
αµ,βν(x − y) of the gauge field Aγµ(x)

and D
(C)
α,β(x−y) of the Faddeev–Popov ghost fields, c̄α(x) and cβ(x), and the

effective interaction Lagrangian density Lint
eff .

(1) Axial Gauge: We use the first Faddeev–Popov formula, (3.3.24a). The
kernel K(axial)

αµ,βν (x−y) of the quadratic part of the gauge field action functional
Igauge[Aγµ] in the axial gauge, (3.3.36a) and (3.3.36b), is given by

Iquadgauge[Aγµ] = −1
2

∫
d4xd4yAµ

α(x)K
(axial)
αµ,βν (x − y)Aν

β(y)

with

K
(axial)
αµ,βν (x− y) = δαβ(−ηµν∂

2 + ∂µ∂ν)δ4(x− y) (3.3.39a)

where

µ, ν = 0, 1, 2; α, β = 1, . . . , N . (3.3.39b)

At first sight, this axial gauge kernel K(axial)
αµ,βν (x − y) appears to be a non-

invertible kernel, (3.3.3b). Since the Lorentz indices, µ and ν, run through
0, 1, 2 only, this axial gauge kernel K(axial)

αµ,βν (x − y) is invertible, contrary to
(3.3.3b). This has to do with the fact that the third spatial component of the
gauge field Aγµ(x) gets killed by the gauge-fixing condition, (3.3.36a) and
(3.3.36b).
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The “free” Green’s function D
(axial)
αµ,βν (x− y) of the gauge field in the axial

gauge satisfies the following equation:

δαβ(ηµν∂2 − ∂µ∂ν)D(axial)
βν,γλ (x− y) = δαγη

µ
λδ

4(x− y) . (3.3.40)

Upon Fourier transforming the “free” Green’s function D
(axial)
αµ,βν (x − y),

D
(axial)
αµ,βν (x− y) = δαβD

(axial)
µ,ν (x− y)

= δαβ

∫
d4k
(2π)4

exp[−ik(x− y)]D(axial)
µ,ν (k) , (3.3.41)

we have the momentum space Green’s function D
(axial)
µ,ν (k) satisfying

(−ηµνk2 + kµkν)D(axial)
νλ (k) = ηµλ . (3.3.42a)

In order to satisfy the axial gauge condition (3.3.36a) automatically, we in-
troduce the transverse projection operator Λµν(n) with respect to nµ

Λµν(n) = ηµν − nµnν
n2

= ηµν + nµnν , (3.3.43a)

with

nΛ(n) = Λ(n)n = 0, Λ2(n) = Λ(n) , (3.3.43b)

and write the momentum space Green’s function D
(axial)
νλ (k) as,

D
(axial)
νλ (k) = Λνσ(n)(ησρA(k2) + kσkρB(k2))Λρλ(n) . (3.3.44)

Left-multiplying Λτµ(n) in (3.3.42a), we have

Λτµ(n)(−ηµνk2 + kµkν)D(axial)
νλ (k) = Λτλ(n) . (3.3.42b)

Substituting (3.3.44) into (3.3.42b) and making use of the identities

(kΛ(n))µ = (Λ(n)k)µ = kµ − (nk)
n2

nµ , (3.3.45a)

kΛ(n)k = k2 − (nk)2

n2
, (3.3.45b)

we have

(−k2A(k2))Λτλ(n) +
(
A(k2)− (nk)2

n2
B(k2)

)
×(Λ(n)k)τ (kΛ(n))λ = Λτλ(n) . (3.3.46)
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From this, we obtain A(k2), B(k2) and D
(axial)
νλ (k) as

A(k2) = − 1
k2

, B(k2) =
n2

(nk)2
A(k2) = − 1

k2
n2

(nk)2
, (3.3.47)

D
(axial)
νλ (k)

= − 1
k2

{
ηνλ − nνnλ

n2
+

n2

(nk)2

(
kν − (nk)

n2
nν

)

×
(
kλ − (nk)

n2
nλ

)}
(3.3.48a)

= − 1
k2

{
ηνλ +

n2

(nk)2
kνkλ − 1

(nk)
nνkλ − 1

(nk)
kνnλ

}
(3.3.48b)

= − 1
k2

{
ηνλ − kνkλ

k23
+

nνkλ
k3

+
kνnλ
k3

}
, (3.3.48c)

where in (3.3.48c) for the first time in this derivation, the following explicit
representations for the axial gauge are used,

n2 = −1, nk = −k3 . (3.3.36b)

Next, we demonstrate that the Faddeev–Popov ghost does not show up
in the axial gauge, (3.3.36a) and (3.3.36b). The kernel of the Faddeev–Popov
ghost Lagrangian density is given by

M
(axial)
αx,βy (Aγµ) =

δFα(Aγµ(x))
δAγµ(x)

(−Dadj
µ )γβδ4(x− y)

= −nµ(δαβ∂µ + CαβγAγµ(x))δ4(x− y)
= δαβ∂3δ

4(x− y) , (3.3.49)

which is independent of Aγµ(x). Hence, the Faddeev–Popov determinant
∆F [Aγµ] is an infinite number, independent of the gauge field Aγµ(x), and
the Faddeev–Popov ghost does not show up.

In this way we see that we can carry out canonical quantization of the non-
Abelian gauge field theory in the axial gauge, starting out with the separation
of the dynamical variable and the constraint variable. Thus, we can apply
the phase space path integral formula developed in Chap. 2 with the minor
modification of the insertion of the gauge-fixing condition∏

α,x

δ(nµAαµ(x))

in the functional integrand. In the phase space path integral formula, with
the use of the constraint equation, we perform the momentum integration
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and obtain

〈0, out|0, in〉 =
∫

D[Aγµ]
∏
α,x

δ(nµAαµ(x))

× exp
[
i
∫

d4xLgauge(Fγµν(x))
]
. (3.3.50)

In (3.3.50), the manifest covariance is miserably destroyed. This point will be
overcome by the gauge transformation from the axial gauge to some covariant
gauge, say the Landau gauge, and the Faddeev–Popov determinant ∆F [Aγµ]
will show up again as the Jacobian of the change of the function variable (the
gauge transformation) in the delta function,

F (axial)
α (Aγµ(x)) → F (covariant)

α (Aγµ(x)) . (3.3.51)

Equation (3.3.50) can be rewritten as the first Faddeev–Popov formula,
(3.3.24a) and (3.3.24b).

The effective interaction Lagrangian density Lint
eff is given by

Lint
eff = Leff − Lquad

eff . (3.3.52)

(2) Landau Gauge: We use the first Faddeev–Popov formula, (3.3.24a)
and (3.3.24b). The kernel K(Landau)

αµ,βν (x−y) of the quadratic part of the gauge
field action functional Igauge[Aγµ] in the Landau gauge, (3.3.37),

Iquadgauge[Aγµ] = −1
2

∫
d4xd4yAµ

α(x)K
(Landau)
αµ,βν (x− y)Aν

β(y)

is given by

K
(Landau)
αµ,βν (x− y) = δαβ(−ηµν∂

2 + ∂µ∂ν)δ4(x− y) , (3.3.53a)

µ, ν = 0, 1, 2, 3; α, β = 1, . . . , N . (3.3.53b)

K
(Landau)
αµ,βν (x − y) is a four-dimensional transverse projection operator and

hence is not invertible. This difficulty is overcome by the introduction of the
four-dimensional transverse projection operator ΛT(k).

The “free” Green’s function D
(Landau)
αµ,βν (x − y) of the gauge field in the

Landau gauge satisfies the equation

δαβ(ηµν∂2 − ∂µ∂ν)D(Landau)
βν,γλ (x− y) = δαγη

µ
λδ

4(x− y) . (3.3.54)
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Upon Fourier transforming the “free” Green’s function D
(Landau)
αµ,βν (x− y),

D
(Landau)
αµ,βν (x − y) = δαβD

(Landau)
µ,ν (x− y)

= δαβ

∫
d4k
(2π)4

exp[−ik(x− y)]D(Landau)
µν (k) , (3.3.55)

we have the momentum space Green’s function D
(Landau)
µν (k) satisfying

(−ηµνk2 + kµkν)D(Landau)
νλ (k) = ηµλ . (3.3.56a)

In order to satisfy the four-dimensional transversality, (3.3.37), automatically,
we introduce the four-dimensional transverse projection operator ΛT(k) for
an arbitrary 4-vector kµ by

ΛT µν(k) = ηµν − kµkν
k2

, (3.3.57a)

kΛT(k) = ΛT(k)k = 0, Λ2
T(k) = ΛT(k) , (3.3.57b)

and write D
(Landau)
νλ (k) as

D
(Landau)
νλ (k) = ΛT νλ(k)A(k2) . (3.3.58)

Left-multiplying ΛT τµ(k) in (3.3.56a), we have

ΛT τµ(k)(−k2)ΛµνT (k)D(Landau)
νλ (k) = ΛT τλ(k) . (3.3.56b)

Substituting (3.3.58) into the left-hand side of (3.3.56b), and noting the idem-
potence of ΛT(k), we have

(−k2A(k2))ΛT τλ(k) = ΛT τλ(k) . (3.3.59)

From (3.3.59), we obtain

A(k2) = − 1
k2

, (3.3.60)

D
(Landau)
νλ (k) = − 1

k2

(
ηνλ − kνkλ

k2

)
. (3.3.61)

We now calculate the kernel M (Landau)
αx,βy (Aγµ) of the Faddeev–Popov ghost

in the Landau gauge.
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M
(Landau)
αx,βy (Aγµ) =

δFα(Aγµ(x))
δAγµ(x)

(−Dadj
µ )γβδ4(x− y)

= −∂µ(∂µδαβ + CαβγAγµ(x))δ4(x− y)
≡ ML

α,β(Aγµ(x))δ4(x − y) . (3.3.62)

The Faddeev–Popov ghost part of Ieff[Aγµ, c̄α, cβ ] is given by

Ighosteff [Aγµ, c̄α, cβ] =
∫

d4xc̄α(x)ML
α,β(Aγµ(x))cβ(x) (3.3.63)

=
∫

d4x∂µc̄α(x)(∂µcα(x) + CαβγAγµ(x)cβ(x)) .

From this, we find that the Faddeev–Popov ghost in the Landau gauge is a
massless scalar fermion and that the Green’s function D

(C)
L α,β(x− y) is given

by

D
(C)
L α,β(x− y) = δαβ

∫
d4k
(2π)4

exp[−ik(x− y)]
1
k2

. (3.3.64)

The effective interaction Lagrangian density Lint
eff is given by the following

expression and there emerges the oriented ghost-ghost-gauge coupling in the
internal loop,

Lint
eff = Leff − Lquad

eff

= Lgauge(Fγµν(x)) + c̄α(x)ML
α,β(Aγµ(x))cβ(x)

−1
2
Aµ
α(x)δαβ(ηµν∂

2 − ∂µ∂ν)Aν
β(x)− c̄α(x)δαβ(−∂2)cβ(x)

=
1
2
Cαβγ(∂µAαν(x) − ∂νAαµ(x))A

µ
β(x)A

ν
γ(x)

−1
4
CαβγCαδεAβµ(x)Aγν(x)A

µ
δ (x)A

ν
ε (x)

+Cαβγ∂
µc̄α(x)Aγµ(x)cβ(x) . (3.3.65)

(3) Covariant Gauge: We use the second Faddeev–Popov formula, (3.3.35a),
(3.3.35b) and (3.3.35c). The kernel Kαµ,βν(x− y; ξ) of the quadratic part of
the effective action functional Ieff[Aγµ, c̄α, cβ] with respect to the gauge field
Aγµ(x) in the covariant gauge, (3.3.38),

I
quad. in Aµ

γ

eff [Aγµ, c̄α, cβ ]

=
∫

d4x{Lgauge(Fγµν(x))− 1
2F

2
α(Aγµ(x))}quad. in Aµ

γ

≡ −1
2

∫
d4xd4yAµ

α(x)Kαµ,βν(x− y; ξ)Aν
β(y) , (3.3.66)
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is given by

Kαµ,βν(x− y; ξ) = δαβ{−ηµν∂
2 + (1− ξ)∂µ∂ν}δ4(x− y) , (3.3.67)

and is invertible for ξ > 0.
The “free” Green’s function D

(cov.)
αµ,βν(x− y; ξ) of the gauge field Aγµ(x) in

the covariant gauge satisfies the following equation,

δαβ{ηµν∂2 − (1− ξ)∂µ∂ν}D(cov.)
βν,γλ(x− y; ξ) = δαγη

µ
λδ

4(x− y) . (3.3.68)

Upon Fourier transforming the “free” Green’s function D
(cov.)
αµ,βν(x− y; ξ),

D
(cov.)
αµ,βν(x− y; ξ) = δαβD

(cov.)
µ,ν (x− y; ξ)

= δαβ

∫
d4k
(2π)4

exp[−ik(x− y)]D(cov.)
µ,ν (k; ξ) , (3.3.69)

the momentum space Green’s function D
(cov.)
µ,ν (k; ξ) satisfies

{−ηµνk2 + (1 − ξ)kµkν}D(cov.)
ν,λ (k; ξ) = ηµλ . (3.3.70a)

We define the four-dimensional transverse and longitudinal projection oper-
ators, ΛT(k) and ΛL(k), for an arbitrary 4-vector kµ by

ΛT µ,ν(k) = ηµ,ν − kµkν
k2

, ΛL µ,ν(k) =
kµkν
k2

. (3.3.71)

Λ2
T(k) = ΛT(k), Λ2

L(k) = ΛL(k), ΛT(k)ΛL(k) = ΛL(k)ΛT(k) = 0 .
(3.3.72)

Equation (3.3.70a) is written in terms of ΛT(k) and ΛL(k) as

(−k2)(Λµ,νT (k) + ξΛµ,νL (k))D(cov.)
ν,λ (k; ξ) = ηµλ . (3.3.70b)

Expressing D
(cov.)
ν,λ (k; ξ) as

D
(cov.)
ν,λ (k; ξ) = ΛT ν,λ(k)A(k2) + ΛL ν,λ(k)B(k2; ξ) , (3.3.73)

and making use of (3.3.72), we obtain

(−k2A(k2))ΛµT λ(k) + (−ξk2B(k2; ξ))ΛµL λ(k) = ηµλ . (3.3.74)

Left-multiplying ΛT τ,µ(k) and ΛL τ,µ(k) in (3.3.74), respectively, we obtain

(−k2A(k2))ΛT τ,λ(k) = ΛT τ,λ(k),
(−ξk2B(k2; ξ))ΛL τ,λ(k) = ΛL τ,λ(k) , (3.3.75)
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from which we obtain

A(k2) = − 1
k2

, B(k2; ξ) = −1
ξ

1
k2

, (3.3.76)

D
(cov.)
ν,λ (k; ξ) = − 1

k2

{(
ην,λ − kνkλ

k2

)
+

1
ξ

kνkλ
k2

}

= − 1
k2

{
ην,λ −

(
1− 1

ξ

)
kνkλ
k2

}
. (3.3.77)

The gauge parameter ξ shifts the longitudinal component of the covariant
gauge Green’s function. In the limit ξ → ∞, the covariant gauge Green’s
function D

(cov.)
ν,λ (k; ξ) coincides with the Landau gauge Green’s function

D
(Landau)
ν,λ (k), and, at ξ = 1, the covariant gauge Green’s function D

(cov.)
ν,λ (k; ξ)

coincides with the ′t Hooft–Feynman gauge Green’s function D
(Feynman)
ν,λ (k),

D
(cov.)
ν,λ (k;∞) = − 1

k2

(
ην,λ − kνkλ

k2

)
= D

(Landau)
ν,λ (k) , (3.3.78a)

D
(cov.)
ν,λ (k; 1) = − 1

k2
ην,λ = D

(Feynman)
ν,λ (k) . (3.3.78b)

We calculate the kernel M (cov.)
αx,βy(Aγµ) of the Faddeev–Popov ghost in the

covariant gauge.

M
(cov.)
αx,βy(Aγµ) =

δFα(Aγµ(x))
δAγµ(x)

(−Dadj
µ )γβδ4(x− y)

=
√

ξM
(Landau)
αx,βy (Aγµ)

=
√

ξML
α,β(Aγµ(x))δ4(x − y) . (3.3.79)

We absorb the factor
√
ξ into the normalization of the Faddeev–Popov ghost

field, c̄α(x) and cβ(x). The ghost part of the effective action functional is
then given by

Ighosteff [Aγµ, c̄α, cβ] =
∫

d4xc̄α(x)ML
α,β(Aγµ(x))cβ(x)

=
∫

d4x∂µc̄α(x)(∂µcα(x)

+CαβγAγµ(x)cβ(x)) , (3.3.80)
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just like in the Landau gauge, (3.3.63). From this, we find that the Faddeev–
Popov ghost in the covariant gauge is the massless scalar Fermion whose
Green’s function D

(C)
L α,β(x − y) is given by

D
(C)
L α,β(x− y) = δαβ

∫
d4k
(2π)4

exp[−ik(x− y)]
1
k2

. (3.3.81)

We calculate the effective interaction Lagrangian density Lint
eff in the co-

variant gauge. We have

Leff = Lgauge(Fγµν(x)) − 1
2
F 2
α(Aγµ(x))

+c̄α(x)ML
α,β(Aγµ(x))cβ(x) , (3.3.82)

and

Lquad
eff = −1

2
Aµ
α(x)δαβ{−ηµν∂

2 + (1− ξ)∂µ∂ν}Aν
β(x)

+c̄α(x)δαβ(−∂2)cβ(x) . (3.3.83)

From (3.3.82) and (3.3.83), we obtain Lint
eff as

Lint
eff = Leff − Lquad

eff

=
1
2
Cαβγ(∂µAαν(x) − ∂νAαµ(x))A

µ
β(x)A

ν
γ(x)

−1
4
CαβγCαδεAβµ(x)Aγν(x)A

µ
δ (x)A

ν
ε (x)

+Cαβγ∂
µc̄αAγµ(x)cβ(x) . (3.3.84a)

The generating functional ZF [Jγµ, ζα, ζ̄β ] (WF [Jγµ, ζα, ζ̄β ]) of (the con-
nected parts of) the “full” Green’s functions in the covariant gauge is given
by

ZF [Jγµ, ζα, ζ̄β ] ≡ exp[iWF [Jγµ, ζα, ζ̄β ]]

≡
〈
0, out

∣∣∣∣T
(
exp

[
i
∫

d4z{Jγµ(z)Âµ
γ (z)

+ c̄α(z)ζα(z) + ζ̄β(z)cβ(z)}
])∣∣∣∣ 0, in

〉

=
∫

D[Aγµ]D[c̄α]D[cβ ]

× exp
[
i
∫

d4z{Leff + Jγµ(z)Aµ
γ(z)

+c̄α(z)ζα(z) + ζ̄β(z)cβ(z)}
]
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= exp
[
iI inteff

[
1
i

δ

δJµγ
, i

δ

δζα
,
1
i

δ

δζ̄β

]]
ZF,0

[
Jγµ, ζα, ζ̄β

]
,

(3.3.85)

with

I inteff [Aγµ, c̄α, cβ ] =
∫

d4xLint
eff ((3.3.84a)) , (3.3.84b)

and

ZF,0[Jγµ, ζα, ζ̄β ]

=
∫

D[Aγµ]D[c̄α]D[cβ ] exp
[
i
∫
d4z{Lquad

eff ((3.3.83))+Jγµ(z)Aµ
γ(z)

+ c̄α(z)ζα(z) + ζ̄β(z)cβ(z)}
]

= exp
[
i
∫

d4xd4y{− 1
2J

µ
α(x)D

(cov.)
αµ,βν(x − y; ξ)Jνβ (y)

−ζ̄β(x)D
(C)
αβ (x− y)ζα(y)}

]
. (3.3.86)

Equation (3.3.85) is the starting point of the Feynman–Dyson expansion of
the “full” Green’s function in terms of the “free” Green’s functions and the
effective interaction vertices, (3.3.84a). Noting the fact that the Faddeev–
Popov ghost appears only in the internal loops, we might as well set

ζα(z) = ζ̄β(z) = 0,

in ZF [Jγµ, ζα, ζ̄β ] and define ZF [Jγµ] by

ZF [Jγµ] ≡ exp[iWF [Jγµ]]

≡
〈
0, out

∣∣∣∣T
(
exp

[
i
∫

d4zJγµ(z)Âµ
γ (z)

])∣∣∣∣ 0, in
〉

=
∫

D[Aγµ]D[c̄α]D[cβ ] exp
[
i
∫

d4z{Leff + Jγµ(z)Aµ
γ (z)}

]

=
∫

D[Aγµ]∆F [Aγµ] exp
[
i
∫

d4z{Lgauge(Fγµν(z))

− 1
2F

2
α(Aγµ(z)) + Jγµ(z)Aµ

γ (z)}
]
, (3.3.87)

which we shall use in the next section.
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3.3.4 The Ward–Takahashi–Slavnov–Taylor Identity
and Gauge Independence of the Physical S-Matrix

In the discussion so far, in order to accomplish path integral quantization
of the gauge field, we introduced the gauge-fixing term and the requisite
Faddeev–Popov ghost term in the original gauge-invariant Lagrangian den-
sity. In the discussion of the covariant gauge in Sect. 3.3.3, we saw the explicit
ξ-dependence of the longitudinal part of the covariant gauge Green’s func-
tion D

(cov.)
µν (k; ξ). The physical S-matrix, however, should not depend on the

choice of the gauge. The identity in the heading of this subsection is the
starting point of the demonstration of the gauge independence of the physi-
cal S-matrix. This identity will be the last remnant of the gauge invariance
of the original Lagrangian density.

In the functional integrand of ZF [Jγµ],

ZF [Jγµ] =
∫

D[Aγµ]∆F [Aγµ]

× exp
[
i
∫

d4z{Lgauge(Fγµν(x))− 1
2F

2
α(Aγµ(z)) + Jγµ(z)Aµ

γ(z)}
]
,

(3.3.87)

we perform the nonlinear infinitesimal gauge transformation g0, parametrized
by

εα(x;MF (Aγµ)) = (MF (Aγµ))−1
αx,βyλβ(y), (3.3.27)

where λβ(y) is an arbitrary infinitesimal function independent of Aγµ(x). Due
to the invariance of the integration measure, D[Aγµ]∆F [Aγµ], and due to the
fact that the value of the functional integral remains unchanged under the
change of the function variable, we have the following identity,

0 =
∫

D[Aγµ]∆F [Aγµ]

× exp
[
i
∫

d4z{Lgauge(Fγµν(z))− 1
2F

2
α(Aγµ(z)) + Jγµ(z)Aµ

γ (z)}
]

× δ

δλα(x)

∫
d4z{− 1

2F
2
α(A

g0
γµ) + Jγµ(z)Ag0µ

γ (z)}|g0=1

=
∫

D[Aγµ]∆F [Aγµ]

× exp
[
i
∫

d4z{Lgauge(Fγµν(z))− 1
2F

2
α(Aγµ(z)) + Jγµ(z)Aµ

γ (z)}
]

×{−Fα(Aγµ(x)) + Jµε (x)(−Dadj
µ (Aγµ(x)))εβ(MF (Aγµ(x)))−1

βα}.
(3.3.88a)
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Pulling out the last { } part in front of the functional integral, we obtain{
−Fα

(
1
i

δ

δJµγ (x)

)
+ Jµε (x)

(
−Dadj

µ

(
1
i

δ

δJµγ (x)

))
εβ

×
(
MF

(
1
i

δ

δJµγ (x)

))−1

βα

}
ZF [Jγµ] = 0, (3.3.88b)

where(
Dadj
µ

(
1
i

δ

δJµγ (x)

))
αβ

= δαβ∂µ + Cαβγ
1
i

δ

δJµγ (x)
. (3.3.89)

We call the identity, (3.3.88b), the Ward–Takahashi–Slavnov–Taylor identity.
With this identity, we shall prove the gauge independence of the physical

S-matrix.

Claim: The physical S-matrix is invariant under the infinitesimal variation
∆Fα(Aγµ(x)) of the gauge-fixing condition Fα(Aγµ(x)).

Under the variation of the gauge-fixing condition,

Fα(Aγµ(x)) → Fα(Aγµ(x)) +∆Fα(Aγµ(x)), (3.3.90)

we have, to first order in ∆Fα(Aγµ(x)),

ZF+∆F [Jγµ]− ZF [Jγµ] =
∫

D[Aγµ]∆F [Aγµ]

× exp
[
i
∫

d4z{Lgauge(Fγµν(z))− 1
2F

2
α(Aγµ(z)) + Jµγ (z)Aγµ(z)}

]

×
{
−i

∫
d4xFα(Aγµ(x))∆Fα(Aγµ(x)) +

∆F+∆F [Aγµ]−∆F [Aγµ]
∆F [Aγµ]

}
.

(3.3.91)

We calculate ∆F+∆F [Aγµ] to first order in ∆Fα(Aγµ(x)),

∆F+∆F [Aγµ] = DetMF+∆F
αx,βy (Aγµ)

= Det
{(

δFα(Aγµ(x))
δAγµ(x)

+
δ∆Fα(Aγµ(x))

δAγµ(x)

)

×(−Dadj
µ (Aεµ(x)))δ4(x− y)

}

= DetMF
α,β(Aγµ(x))Det

{
δαβδ

4(x− y)

+
δ∆Fα(Aγµ(x))

δAγµ(x)
(−Dadj

µ (Aεµ(x)))γζ

×(MF (Aεµ(x)))−1
ζβ δ

4(x− y)
}
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= ∆F [Aγµ]
{
1 +

∫
d4x

δ∆Fα(Aγµ(x))
δAγµ(x)

×(−Dadj
µ (Aεµ(x)))γζ(MF (Aεµ(x)))−1

ζα

+O((∆F )2)
}
.

From this, we obtain

∆F+∆F [Aγµ]−∆F [Aγµ]
∆F [Aγµ]

=
∫

d4x
δ∆Fα(Aγµ(x))

δAγµ(x)

×(−Dadj
µ (Aεµ(x)))γζ (MF (Aεµ(x)))−1

ζα +O((∆F )2). (3.3.92)

From (3.3.91) and (3.3.92), we obtain

ZF+∆F [Jγµ]− ZF [Jγµ] =
∫

D[Aγµ]∆F [Aγµ]

× exp
[
i
∫

d4z{Lgauge(Fγµν(z))− 1
2F

2
α(Aγµ(z)) + Jµγ (z)Aγµ(z)}

]

×
{
−i

∫
d4xFα(Aγµ(x))∆Fα(Aγµ(x))

+
δFα(Aγµ(x))

δAγµ(x)
(−Dadj

µ (Aεµ(x)))γζ(MF (Aεµ(x)))−1
ζα +O((∆F )2)

}
.

(3.3.93)

We now note the following identity,

i∆Fα

(
1
i

δ

δJµγ (x)

)
Jµγ (x) exp

[
i
∫

d4zJµγ (z)Aγµ(z)
]

= exp
[
i
∫

d4zJµγ (z)Aγµ(z)
]

×
{
iJµγ (x)∆Fα(Aγµ(x)) +

δ∆Fα(Aγµ(x))
δAγµ(x)

}
. (3.3.94)

Left-multiplying by i∆Fα

(
1
i

δ
δJµ

γ (x)

)
in (3.3.88a), we obtain
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0 =
∫

D[Aγµ]∆F [Aγµ]

× exp
[
i
∫

d4z{Lgauge(Fγµν(z))− 1
2F

2
α(Aγµ(z)) + Jµγ (z)Aγµ(z)}

]

×
∫

d4x
{
− iFα(Aγµ(x))∆Fα(Aγµ(x))

+
(
iJµγ (x)∆Fα(Aγµ(x)) +

δ∆Fα(Aγµ(x))
δAγµ(x)

)

×(−Dadj
µ (Aεµ(x)))γβ(MF (Aγµ(x)))−1

βα

}
. (3.3.95)

We subtract (3.3.95) from (3.3.93), and obtain

ZF+∆F [Jγµ]− ZF [Jγµ] =
∫

D[Aγµ]∆F [Aγµ]

× exp
[
i
∫

d4z{Lgauge(Fγµν(z))− 1
2
F 2
α(Aγµ(z)) + Jµγ (z)Aγµ(z)}

]

×
{
i
∫

d4xJµγ (x)(−Dadj
µ (Aεµ(x)))γβ(MF (Aεµ(x)))−1

βα∆Fα(Aγµ(x))

+O((∆F )2)
}
.

We exponentiate the above expression to first order in ∆Fα(Aγµ(x)) as

ZF+∆F [Jγµ] =
∫

D[Aγµ]∆F [Aγµ] (3.3.96a)

× exp
[
i
∫

d4z{Lgauge(Fγµν(z))− 1
2F

2
α(Aγµ(z)) + Jµγ (z)A

g̃−1
0
γµ (z)}

]
,

where

A
g̃−1
0
γµ (z) = Aγµ(z) + (Dadj

µ (Aεµ(z)))γβ(MF (Aεµ(z)))−1
βα∆Fα(Aγµ(z)).

(3.3.96b)

Here, g̃0 is the gauge transformation parametrized by

εα(x;MF (Aγµ), ∆Fβ(Aγµ)) = (MF (Aεµ(x)))−1
αβ ·∆Fβ(Aγµ(x)).

(3.3.97)
The response of the gauge-fixing condition

Fα(Aγµ(x))

to this g̃0 gives (3.3.90). In this manner, we find that the variation of the
gauge-fixing condition, (3.3.90), gives rise to an additional vertex between
the external hook Jµγ (z) and the gauge field Aγµ(z),
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Jµγ (z)(A
g̃−1
0
γµ (z)−Aγµ(z)). (3.3.98)

We can take care of this extra vertex by the renormalization of the wave
function renormalization constants of the external lines of the S-matrix on
the mass shell. Namely, we have

SF+∆F =
∏
e

(
ZF+∆F

ZF

)1/2

e

· SF . (3.3.99)

Here, SF and ZF are the S-matrix and the wave function renormalization
constant in the gauge specified by Fα(Aγµ(x)), and the subscript “e” indicates
the external lines. From (3.3.99), we find that the renormalized S-matrix,
Sren, given by

Sren ≡ SF�
∏
e

(
Z
1/2
F

)
e

(3.3.100)

is independent of Fα(Aγµ(x)), i.e., is gauge independent.

3.4 Spontaneous Symmetry Breaking
and the Gauge Field

In this section, we discuss the method with which we give a mass term to the
gauge field without violating gauge invariance.

We consider the matter field Lagrangian density Lmatter(φ̂(x), ∂µφ̂(x))
which is globally G invariant. When the field operator φ̂(x) develops the
non-zero vacuum expectation value in the direction of some generator Tα
of the internal symmetry group G, we say that the internal symmetry G
is spontaneously broken by the ground state |0,inout 〉. In this instance, there
emerges a massless excitation, corresponding to each broken generator, and
we call it the Nambu–Goldstone boson (Sect. 3.4.1). We call this phenomenon
the Goldstone’s theorem. The elimination of the Nambu–Goldstone boson
becomes the main issue. We note that the global G symmetry is exact, but
spontaneously broken by the ground state |0,inout 〉. Next, by invoking Weyl’s
gauge principle, we extend the global G invariance of the matter system to
the local G invariance of the matter-gauge system,

Lmatter(φ̂(x), Dµφ̂(x)) + Lgauge(Fγµν(x)).

Under the appropriate localG transformation (the local phase transformation
of φ̂(x) and the gauge transformation of Âγµ(x)) which depends on the vac-
uum expectation value of φ̂(x), the Nambu–Goldstone boson gets eliminated
and emerges as the longitudinal mode of the gauge field corresponding to
the broken generator and the said gauge field becomes a massive vector field



3.4 Spontaneous Symmetry Breaking and the Gauge Field 151

with three degrees of freedom, two transverse modes and one longitudinal
mode. The gauge field corresponding to the unbroken generator remains as
the massless gauge field with two transverse modes only. Since the Nambu–
Goldstone boson got eliminated and emerged as the longitudinal mode of
the massive vector field, the total degrees of freedom of the matter-gauge
system remain unchanged. We call this mass generating mechanism as the
Higgs–Kibble mechanism (Sect. 3.4.2). We carry out the path integral quan-
tization of this matter-gauge system in the Rξ-gauge. The Rξ-gauge is a
gauge-fixing condition involving both the matter field and the gauge field
linearly which eliminates the mixed term of the matter field and the gauge
field in the quadratic part of the total effective Lagrangian density Lquad

tot and
fixes the gauge (Sect. 3.4.3). We prove the gauge independence of the phys-
ical S-matrix with the use of the Ward–Takahashi–Slavnov–Taylor identity
(Sect. 3.4.4).

3.4.1 Goldstone’s Theorem

We designate the n-component real scalar field φi(x), i = 1, . . . , n, by vector
notation,

φ̃(x) =




φ1(x)
·
·
φn(x)


 , φ̃T(x) =

(
φ1(x), . . . φn(x)

)
, (3.4.1)

and express the globally G invariant matter field Lagrangian density as

Lmatter(φ̃(x), ∂µφ̃(x)) =
1
2
∂µφ̃

T(x)∂µφ̃(x)− V (φ̃(x)). (3.4.2)

Here, we assume the following three conditions:

(1) G is a semi-simple N -parameter Lie group whose N generators we des-
ignate

Tα, α = 1, . . . , N.

(2) Under the globalG transformation, φ̃(x) transform with the n-dimensional
reducible representation, θα, α = 1, . . . , N ,

δφi(x) = iεα(θα)ijφj(x), α = 1, . . . , N, i, j = 1, . . . , n.
(3.4.3)

(3) V (φ̃(x)) is the globally G invariant quartic polynomial in φ̃(x) whose the
global G invariance condition is given by

∂V (φ̃(x))
∂φi(x)

(θα)ijφj(x) = 0, α = 1, . . . , N. (3.4.4)
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We assume that the minimizing φ̃(x) of V (φ̃(x)) exists and is given by
the constant vector ṽ,

∂V (φ̃(x))
∂φi(x)

|φ̃(x)=ṽ = 0, i = 1, . . . , n. (3.4.5)

We differentiate the global G invariance condition, (3.4.4), with respect to
φk(x) and set φ̃(x) = ṽ, obtaining the broken symmetry condition

∂2V (φ̃(x))
∂φk(x)∂φi(x)

|φ̃(x)=ṽ(θα)ijvj = 0, α = 1, . . . , N, i, j, k = 1, . . . , n.

(3.4.6)

We expand V (φ̃(x)) around φ̃(x) = ṽ and choose V (ṽ) = 0 as the origin of
energy.

V (φ̃(x)) =
1
2
(φ̃(x)− ṽ)T(M2)(φ̃(x) − v) + higher-order terms. (3.4.7a)

We set

(M2)i,j ≡ ∂2V (φ̃(x))
∂φi(x)∂φj(x)

|φ̃(x)=ṽ i, j = 1, . . . , n, (3.4.7b)

where M2 is the mass matrix of the n-component real scalar field. We express
the broken symmetry condition, (3.4.6), in terms of the mass matrix M2 as

(M2)i,j(θαṽ)j = 0, α = 1, . . . , N, i, j = 1, . . . , n. (3.4.8)

We let the stability group of the vacuum, i.e., the symmetry group of the
ground state φ̃(x) = ṽ, be the M -dimensional subgroup S ⊂ G. When θα is
the realization on the scalar field φ̃(x) of the generator Tα belonging to the
stability group S, this θα annihilates the “vacuum” ṽ

(θαṽ) = 0 for θα ∈ S, (3.4.9)

and we have the invariance of ṽ expressed as

exp

[
i
∑
θα∈S

εαθα

]
ṽ = ṽ, stability group of the vacuum. (3.4.10)

As for the M realizations θα ∈ S on the scalar field φ̃(x) of the M generators
Tα ∈ S, the broken symmetry condition, (3.4.8), is satisfied automatically
due to the stability condition, (3.4.9), and we do not get any new information
from (3.4.8). As for the remaining (N −M) realizations θα /∈ S on the scalar
field φ̃(x) of the (N −M) broken generators Tα /∈ S which break the stability
condition, (3.4.9), we get the following information from (3.4.8), i.e., the
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“mass matrix” (M2)i,j has (N − M) non-trivial eigenvectors belonging to
the eigenvalue 0,

θαṽ �= 0, θα /∈ S. (3.4.11)

Here, we show that {θαṽ, θα /∈ S} span the (N −M)-dimensional vector
space. We define the N ×N matrix µ2α,β by

µ2α,β ≡ (θαṽ, θβ ṽ) ≡
n∑
i=1

(θαṽ)
†
i (θβ ṽ)i, α, β = 1, . . . , N. (3.4.12a)

From the Hermiticity of θα, we have

µ2α,β = (ṽ, θαθβ ṽ) =
n∑
i=1

v∗i (θαθβ ṽ)i, (3.4.12b)

µ2α,β − µ2β,α = (ṽ, [θα, θβ ]ṽ) = iCαβγ(ṽ, θγ ṽ) = 0, (3.4.13)

i.e., we know that µ2α,β is a real symmetric matrix. The last equality of
(3.4.13) follows from the antisymmetry of θα, (3.2.67). Next, we let µ̃2α,β
be the restriction of µ2α,β to the subspace {θαṽ, θα /∈ S}. The µ̃2α,β is a real
symmetric (N − M) × (N − M) matrix and is diagonalizable. We let the
(N − M) × (N − M) orthogonal matrix which diagonalizes µ̃2α,β be O, and
let µ̃′2

α,β be the diagonalized µ̃2α,β:

µ̃′2
α,β = (Oµ̃2O)α,β = ((Oθ)αṽ, (Oθ)β ṽ) = δαβ · µ̃′2

(α). (3.4.14)

The diagonal element µ̃′2
(α) is given by

µ̃′2
(α) = ((Oθ)αṽ, (Oθ)αṽ) =

n∑
i=1

((Oθ)αṽ)
†
i ((Oθ)αṽ)i. (3.4.15)

From the definition of the stability group of the vacuum, (3.4.9), and the
definition of linear independence in the N -dimensional vector space spanned
by the realization θα, we obtain the following three statements:

(1) ∀θα /∈ S : (Oθ)αṽ �= 0.
(2) The (N −M) diagonal elements, µ̃′2

(α), of µ̃
′2
α,β are all positive.

(3) The (N −M) θ′αs, θα /∈ S, are linearly independent.

Hence, we understand that {θαṽ : ∀θα /∈ S} span the (N−M)-dimensional
vector space. In this way, we obtain the following theorem.

Goldstone’s Theorem: When the global symmetry induced by (N − M)
generators Tα corresponding to {θα : θα /∈ S} is spontaneously broken (θαṽ �=
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0) by the vacuum ṽ, the “mass matrix” (M2)i,j has (N − M) eigenvectors
{θαṽ : θα /∈ S} belonging to the eigenvalue 0, and these vectors {θαṽ : θα /∈ S}
span the (N −M)-dimensional vector space of the Nambu–Goldstone boson
(massless excitation). The remaining n− (N −M) scalar fields are massive.

From the preceding argument, we find that the N × N matrix µ2α,β has
rank (N − M) and has (N − M) positive eigenvalues µ̃′2

(α) and the M zero
eigenvalues. Now, we rearrange the generators Tα in the order of the M
unbroken generators Tα ∈ S and the (N −M) broken generators Tα /∈ S. We
get µ2α,β in block diagonal form,

µ2α,β =
(
0 0
0 µ̃2α,β

)
, (3.4.16)

where the upper left diagonal block corresponds to the M -dimensional vector
space of the stability group of the vacuum, S, and the lower right diagonal
block corresponds to the (N −M)-dimensional vector space of the Nambu–
Goldstone boson.

The purpose of the introduction of the N ×N matrix µ2α,β is twofold.

(1) {θαṽ : θα /∈ S} span the (N −M)-dimensional vector space.
(2) The “mass matrix” of the gauge fields to be introduced by the application

of Weyl’s gauge principle in the presence of the spontaneous symmetry
breaking is given by µ2α,β.

Having disposed of the first point, we move on to a discussion of the
second point.

3.4.2 Higgs–Kibble Mechanism

In this section, we extend the global G invariance which is spontaneously
broken by the “vacuum” ṽ of the matter field Lagrangian density

Lmatter(φ̃(x), ∂µφ̃(x))

to local G invariance with Weyl’s gauge principle. From the discussion of
Sect. 3.2, we know that the total Lagrangian density Ltotal of the matter-
gauge system after the gauge extension is given by

Ltotal

= Lgauge(Fγµν(x)) + Lscalar(φ̃(x), Dµφ̃(x))

= −1
4
Fγµν(x)Fµν

γ (x)

+
1
2
{(∂µ + iθαAαµ(x))φ̃(x))}Ti {(∂µ + iθβA

µ
β(x))φ̃(x)}i − V (φ̃(x))
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= −1
4
Fγµν(x)Fµν

γ (x)

+
1
2
{∂µφ̃T(x) − iφ̃T(x)θαAαµ(x)}i{∂µφ̃(x)

+iθβA
µ
β(x)φ̃(x)}i − V (φ̃(x)), (3.4.17)

where, in the transition from the second equality to the third equality, we used
the antisymmetry of θα, (3.2.67). We parametrize the n-component scalar
field φ̃(x) as

φ̃(x) = exp


i ∑

θα /∈S

ξα(x)θα
vα


 (ṽ + η̃(x)). (3.4.18)

We note that the (N−M) ξα(x)′s correspond to the (N−M) broken genera-
tors Tα /∈ S, and the η̃(x) has (n− (N −M)) non-vanishing components and
is orthogonal to the Nambu–Goldstone direction, {θαṽ : θα /∈ S}. We have
the vacuum expectation values of {ξα(x)}N−M

α=1 and {ηi(x)}n−(N−M)
i=1 equal to

0. From the global G invariance of V (φ̃(x)), we have

V (φ̃(x)) = V (ṽ + η̃(x)), (3.4.19)

and find that V (φ̃(x)) is independent of {ξα(x)}N−M
α=1 . Without the gauge

extension, we had the ξα(x)-dependence from the derivative term in Lscalar,

1
2
∂µφ̃

T(x)∂µφ̃(x) =
1
2
∂µξα(x)∂µξα(x) + · · · . (3.4.20)

Thus, the {ξα(x)}N−M
α=1 would have been the massless Nambu–Goldstone bo-

son with the gradient coupling with the other fields. As in (3.4.17), after
the gauge extension, we have the freedom of the gauge transformation and
can eliminate the Nambu–Goldstone boson fields {ξα(x)}N−M

α=1 completely.
We employ the following local phase transformation and the nonlinear gauge
transformation:

φ̃′(x) = exp


−i ∑

θα /∈S

ξα(x)θα
vα


 φ̃(x)

= ṽ + η̃(x)

=




v1
·
vN−M
η1(x)
·
ηn−(N−M)(x)




, (3.4.21a)
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θγA
′
γµ(x) = exp


−i ∑

θα /∈S

ξα(x)θα
vα




θγAγµ(x)

+ exp


i ∑

θβ /∈S

ξβ(x)θβ
vβ




i∂µ exp


−i ∑

θβ /∈S

ξβ(x)θβ
vβ









× exp


i ∑

θα /∈S

ξα(x)θα
vα


 . (3.4.21b)

As a result of these local G transformations, we have managed to eliminate
{ξα(x)}N−M

α=1 completely and have the total Lagrangian density Ltotal as

Ltotal = −1
4
F ′
γµν(x)F

′µν
γ (x)

+
1
2
{(∂µ + iθαA′

αµ(x))(ṽ + η̃(x))}T

×{(∂µ + iθαA′µ
α (x))(ṽ + η̃(x))} − V (ṽ + η̃(x)). (3.4.22)

After the gauge transformations, (3.4.21a) and (3.4.21b), we have the covari-
ant derivative as,

(∂µ + iθαA′
αµ(x))(ṽ + η̃(x)) = ∂µη(x) + i(θαṽ)A′

αµ(x) + i(θαη̃(x))A′
αµ(x),

(3.4.23)

so that from the definitions of µ2α,β, (3.4.12a) and (3.4.12b), we have

1
2
{(∂µ + iθαA′

αµ(x))(ṽ + η̃(x))}T{(∂µ + iθβA
′µ
β (x))(ṽ + η̃(x))}

=
1
2
(∂µη̃T(x)∂µη̃(x) + µ2α,βA

′
αµ(x)A

′µ
β (x)

+(η̃(x), θαθβ η̃(x))A′
αµ(x)A

′µ
β (x)) + +∂µη̃

T(x)i(θαṽ)A′µ
α (x)

+∂µη̃
T(x)i(θαη̃(x))A′µ

α (x) + (η̃(x), θαθβ ṽ)A′
αµ(x)A

′µ
β (x). (3.4.24)

We expand V (φ̃′(x)) around φ̃′(x) = ṽ, and obtain

V (ṽ + η̃(x)) =
1
2
(M2)ijηi(x)ηj(x) +

1
3!
fijkηi(x)ηj(x)ηk(x)

+
1
4!
fijklηi(x)ηj(x)ηk(x)ηl(x), (3.4.25a)
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(M2)ij =
∂2V (φ̃(x))

∂φi(x)∂φj(x)
|φ̃(x)=ṽ, (3.4.25b)

fijk =
∂3V (φ̃(x))

∂φi(x)∂φj(x)∂φk(x)
|φ̃(x)=ṽ, (3.4.25c)

fijkl =
∂4V (φ̃(x))

∂φi(x)∂φj(x)∂φk(x)∂φl(x)
|φ̃(x)=ṽ. (3.4.25d)

From (3.4.24) and (3.4.25a), we have Ltotal after the localG transformation as

Ltotal = −1
4
F ′
γµν(x)F

′µν
γ (x) +

1
2
µ2α,βA

′
αµ(x)A

′µ
β (x) + ∂µη̃(x)i(θαṽ)A′µ

α (x)

+
1
2
∂µη̃(x)∂µη̃(x) − 1

2
(M2)i,jηi(x)ηj(x) + ∂µη̃(x)i(θαη̃(x))A′µ

α (x)

+η̃(x)(θαθβ ṽ)A′
αµ(x)A

′µ
β (x)− 1

3!
fijkηi(x)ηj(x)ηk(x)

+
1
2
η̃(x)(θαθβ η̃(x))A′

αµ(x)A
′µ
β (x) − 1

4!
fijklηi(x)ηj(x)ηk(x)ηl(x).

(3.4.26)

From (3.4.26), we obtain as the quadratic part of Ltotal,

Lquad
total = −1

4
(∂µA′

αν(x)− ∂νA
′
αµ(x))(∂

µA′ν
α (x) − ∂νA′µ

α (x))

+
1
2
µ2α,βA

′
αµ(x)A

′µ
β (x)

+
1
2
∂µη̃(x)∂µη̃(x) − 1

2
(M2)i,jηi(x)ηj(x)

+∂µη̃(x)i(θαṽ)A′µ
α (x). (3.4.27)

Were it not for the last term in (3.4.27) which represents the mixing of the
gauge field and the scalar field, we can regard (3.4.27) as the “free” La-
grangian density of the following fields:

(1) M massless gauge fields corresponding to the M unbroken generators,
Tα ∈ S, belonging to the stability group of the vacuum,

(2) (N − M) massive vector fields corresponding to the (N − M) broken
generators, Tα /∈ S, with the mass eigenvalues, µ̃′2

(α), α = M + 1, . . . , N ,
(3) (n− (N −M)) massive scalar fields with the mass matrix, (M2)i,j .

The (N−M) Nambu–Goldstone boson fields {ξα(x)}N−M
α=1 get completely

eliminated from the particle spectrum as a result of the gauge transforma-
tions, (3.4.21a) and (3.4.21b), and are absorbed as the longitudinal mode of
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the gauge fields corresponding to the (N−M) broken generators Tα /∈ S. The
said (N−M) gauge fields become the (N−M) massive vector fields with two
transverse modes and one longitudinal mode. We call this mass generating
mechanism for the gauge fields the Higgs–Kibble mechanism. We make lists
of the degrees of freedom of the matter-gauge system before and after the
gauge transformations, (3.4.21a) and (3.4.21b):

Before the gauge transformation Degrees of freedom

N massless gauge fields 2N
(N −M) Goldstone boson fields N −M
(n− (N −M)) massive scalar fields n− (N −M)
Total degrees of freedom n+ 2N

and

After the gauge transformation Degrees of freedom

M massless gauge fields 2M
(N −M) massive vector fields 3(N −M)
(n− (N −M)) massive scalar fields n− (N −M)
Total degrees of freedom n+ 2N

There is no change in the total degrees of freedom, n + 2N . Before the
gauge transformation, the local G invariance of Ltotal, (3.4.17), is manifest,
whereas after the gauge transformation, the particle spectrum content of
Ltotal, (3.4.26), is manifest and the local G invariance of Ltotal is hidden. In
this way, we can give the mass term to the gauge field without violating the
local G invariance and verify that the mass matrix of the gauge field is indeed
given by µ2α,β .

3.4.3 Path Integral Quantization of the Gauge Field
in the Rξ-Gauge

In this section, we employ the Rξ-gauge as the gauge-fixing condition, carry
out the path integral quantization of the matter-gauge system described by
the total Lagrangian density, (3.4.26), and, at the same time, eliminate the
mixed term

∂µη̃(x)i(θαṽ)A′µ
α (x)

of the scalar fields η̃(x) and the gauge fields A′
αµ(x) in Lquad

total . The Rξ-gauge
is the gauge-fixing condition involving the Higgs scalar field and the gauge
field, {η̃(x), A′

γµ(x)}, linearly. We will use the general notation introduced in
Appendix 4:
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{φa} = {ηi(x), A′
γµ(x)}, a = (i, x), (γµ, x). (3.4.28)

As the general linear gauge-fixing condition, we employ

Fα({φa}) = aα(x), α = 1, . . . , N. (3.4.29)

We assume that

Fα({φga}) = aα(x), α = 1, . . . , N, {φa} fixed, (3.4.30)

has the unique solution g(x) ∈ G. We parameterize the element g(x) in the
neighborhood of the identity element of G by

g(x) = 1 + iεα(x)θα +O(ε2), (3.4.31)

with εα(x) an arbitrary infinitesimal function independent of {φa}. The
Faddeev–Popov determinant∆F [{φa}] of the gauge-fixing condition, (3.4.29),
is defined by

∆F [{φa}]
∫ ∏

x

dg(x)
∏
α,x

δ(Fα({φga})− aα(x)) = 1, (3.4.32)

and is invariant under the linear gauge transformation, (3.4.31),

∆F [{φga}] = ∆F [{φa}] . (3.4.33)

According to the first Faddeev–Popov formula, (3.24a), the vacuum-to-
vacuum-transition amplitude of the matter-gauge system described by the
total Lagrangian density, Ltotal((3.4.26)), is given by

ZF (aα(x)) ≡ 〈0, out|0, in〉F =
∫

D[{φa}]∆F [{φa}] exp[iItotal[{φa}]]

×
∏
α,x

δ(Fα({φa})− aα(x)), (3.4.34)

with

D[{φa}] ≡ D[ηi(x)]D
[
A′
γµ(x)

]
, (3.4.35)

and

Itotal[{φa}] =
∫

d4xLtotal((3.4.26)). (3.4.36)

Since ∆F [{φa}] in 〈0, out|0,in〉F gets multiplied by δ(Fα({φa})−aα(x)), it is
sufficient to calculate ∆F [{φa}] for {φa} which satisfies (3.4.29). Parametriz-
ing g(x) as in (3.4.31), we have
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∆F [{φa}] = DetMF ({φa}), (3.4.37)

{MF ({φa})}αx,βy = δFα({φga(x)})
δεβ(y)

|g=1, α, β = 1, . . . , N, (3.4.38)

Fα({φga}) = Fα({φa}) +MF ({φa})αx,βyεβ(y) +O(ε2). (3.4.39)

We now consider the nonlinear gauge transformation g0 parametrized by

εα(x; {φa}) = {M−1
F ({φa})}αx,βyλβ(y), (3.4.40)

with λβ(y) an arbitrary infinitesimal function independent of {φa}. Under
this nonlinear gauge transformation, we have

(1) Itotal[{φa}] is gauge invariant,
(2) D[{φa}]∆F [{φa}] = gauge invariant measure, (3.4.41)

(for the proof, see Appendix 4);

(3) the gauge-fixing condition Fα({φa}) gets transformed into

Fα({φg0a }) = Fα({φa}) + λα(x) +O(λ2). (3.4.42)

Since the value of the functional integral remains unchanged under a
change of function variables, the value of ZF (aα(x)) remains unchanged.
Choosing

λα(x) = δaα(x), α = 1, . . . , N, (3.4.43)

we have

ZF (aα(x)) = ZF (aα(x) + δaα(x)) or
d

daα(x)
ZF (aα(x)) = 0. (3.4.44)

Since we find that ZF (aα(x)) is independent of aα(x), we introduce an arbi-
trary weighting functional H [aα(x)] for ZF (aα(x)) and path-integrate with
respect to aα(x), obtaining as the weighted ZF (aα(x)),

ZF ≡
∫ ∏

α,x

daα(x)H [aα(x)]ZF (aα(x))

=
∫

D[{φa}]∆F [{φa}]H [Fα({φa})] exp [iItotal[{φa}]] . (3.4.45)

As the weighting functional H [aα(x)], we choose the quasi-Gaussian func-
tional
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H [aα(x)] = exp
[
− i
2

∫
d4xa2α(x)

]
, (3.4.46)

and obtain ZF as

ZF =
∫

D[{φa}]∆F [{φa}] exp
[
i
∫

d4x{Ltotal((3.4.26))− 1
2F

2
α({φa})}

]

=
∫

D[{φa}]D[c̄α]D[cβ ] exp
[
i
∫

d4x{Ltotal((3.4.26))− 1
2F

2
α({φa})

+c̄α(x)MF ({φa(x)})cβ(x)}
]
. (3.4.47)

From the fact that the gauge-fixing condition, (3.4.29), is linear with respect
to {φa}, we have

{MF ({φa})}αx,βy = δ4(x− y)MF ({φa(x)})α,β . (3.4.48)

Summarizing the results, we have

〈0, out|0, in〉F =
∫

D[{φa}]D[c̄α]D[cβ ] exp [iIeff[{φa}, c̄α, cβ ]] , (3.4.49a)

with the effective action functional Ieff[{φa}, c̄α, cβ ] given by

Ieff[{φa}, c̄α, cβ ] =
∫

d4xLeff({φa(x)}, c̄α(x), cβ(x)), (3.4.49b)

and the effective Lagrangian density Leff({φa(x)}, c̄α(x), cβ(x)) given by

Leff({φa(x)}, c̄α(x), cβ(x)) = Ltotal({φa(x)}; (3.4.26))− 1
2F

2
α({φa(x)})

+c̄α(x)MF ({φa(x)})α,βcβ(x). (3.4.49c)

(4) Rξ-Gauge: In order to eliminate the mixed term

∂µη̃(x)i(θαṽ)A′µ
α (x)

in the quadratic part of the total Lagrangian density Lquad.
total in (3.4.27), which

couples the longitudinal component of the gauge field, i(θαṽ)A′µ
α (x), and the

Higgs scalar field, η̃(x), we choose the Rξ-gauge-fixing condition as

Fα({φa(x)}) =
√

ξ

(
∂µA

′µ
α (x) −

1
ξ
η̃(x)i(θαṽ)

)
, ξ > 0. (3.4.50)

We have the exponent of the quasi-Gaussian functional as

1
2
F 2
α({φa(x)}) =

ξ

2
(∂µA′µ

α (x))
2 − η̃(x)i(θαṽ)∂µA′µ

α (x)−
1
2ξ

{(θαṽ)η̃(x)}2,
(3.4.51)
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so that the mixed terms add up to the 4-divergence,{Lquad.
total − 1

2F
2
α({φa(x)})}mixed

= ∂µη̃(x)i(θαṽ)A′µ
α (x) + η̃(x)i(θαṽ)∂µA′µ

α (x)
= ∂µ{η̃(x)i(θαṽ)A′µ

α (x)} , (3.4.52)

i.e., in the Rξ-gauge, the mixed term does not contribute to the effective ac-
tion functional Ieff[{φa}, c̄α, cβ ].

We calculate the Faddeev–Popov determinant in the Rξ-gauge from the
transformation laws of A′

αµ(x) and η̃(x).

δA′
αµ(x) = −(Dadj

µ ε(x))α, α = 1, . . . , N. (3.4.53a)

δη̃(x) = iεα(x){θα(ṽ + η̃(x))}. (3.4.53b)

{MF ({φa})}αx,βy ≡ δFα({φga(x)})
δεβ(y)

|g=1

≡ δ4(x− y)MF ({φa(x)})α,β
= δ4(x− y)

√
ξ
{
− ∂µ(Dadj

µ )α,β

−1
ξ
µ2α,β − 1

ξ
(ṽ, θαθβ η̃(x))

}
. (3.4.54)

We absorb
√
ξ into the normalization of the Faddeev–Popov ghost fields,

{c̄α(x), cβ(x)}.
We then have the Faddeev–Popov ghost Lagrangian density as

Lghost(c̄α(x), cβ(x)) ≡ c̄α(x)MF ({φa(x)})α,βcβ(x)
= ∂µc̄α(x)∂µcα(x)− 1

ξ
µ2α,β c̄α(x)cβ(x)

+Cγαβ∂µc̄α(x)A′µ
γ (x)cβ(x)

−1
ξ
c̄α(x)(ṽ, θαθβ η̃(x))cβ(x) . (3.4.55)

From Ltotal((3.4.26)), the gauge-fixing term, − 1
2F

2
α({φa(x)}), (3.4.51),

and Lghost((3.4.55)), we have the effective Lagrangian density Leff((3.4.49c))
as

Leff((3.4.49c)) = Ltotal((3.4.26))− 1
2
F 2
α({φa(x)}) + Lghost((3.4.55))

= Lquad
eff + Lint

eff , (3.4.56)
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where Lquad
eff and Lint

eff are respectively given by

Lquad
eff = −1

2
A′
αµ(x)[δαβ{−ηµν∂2 + (1 − ξ)∂µ∂ν} − µ2α,βη

µν ]A′
βν(x)

+
1
2
ηi(x)

{
−δij∂

2 − (M2)ij +
1
ξ
(θαṽ)i(θαṽ)j

}
ηj(x)

+c̄α(x)
{
−δαβ∂

2 − 1
ξ
µ2α,β

}
cβ(x) , (3.4.57)

Lint
eff = Leff − Lquad

eff =
1
2
CαβγA

′
βµ(x)A

′
γν(x)(∂

µA′ν
α (x)− ∂νA′µ

α (x))

−1
4
CαβγCαδεA

′
βµ(x)A

′
γν(x)A

′µ
δ (x)A′ν

ε (x) + ∂µη̃(x)i(θαη̃(x))A′µ
α (x)

+η̃(x)(θαθβ ṽ)A′
αµ(x)A

′µ
α (x)− 1

3!
fijkηi(x)ηj(x)ηk(x)

+
1
2
η̃(x)(θαθβ η̃(x))A′

αµ(x)A
′µ
β (x) − 1

4!
fijklηi(x)ηj(x)ηk(x)ηl(x)

+Cαβγ∂µc̄α(x)cβ(x)A′µ
γ (x)− 1

ξ
c̄α(x)(ṽ, θαθβ η̃(x))cβ(x). (3.4.58)

From Lquad
eff ((3.4.57)), we have the equations satisfied by the “free” Green’s

functions,

{
D

(A′)
αµ,βν(x− y), D(η)

i,j (x− y), D(C)
α,β(x− y)

}
,

of the gauge fields, the Higgs scalar fields and the Faddeev–Popov ghost fields,

{A′
αµ(x); ηi(x); c̄α(x); cβ(x)},

as

−[δαβ{(−ηµν∂2 + ∂µ∂ν)− ξ∂µ∂ν} − µ2α,βη
µν ]D(A′)

βν,γλ(x− y)

= δαγη
µ
λδ

4(x − y), (3.4.59a)

{
−δij∂

2 − (M2)ij +
1
ξ
(θαṽ)i(θαṽ)j

}
D

(η)
j,k (x− y) = δikδ

4(x− y),

(3.4.59b)

{
−δαβ∂

2 − 1
ξ
µ2α,β

}
D

(C)
β,γ (x− y) = δαγδ

4(x− y). (3.4.59c)

Fourier transforming the “free” Green’s functions as
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D

(A′)
αµ,βν(x− y)

D
(η)
i,j (x − y)

D
(C)
α,β(x− y)


 =

∫
d4k
(2π)4

exp[−ik(x− y)]


D

(A′)
αµ,βν(k)

D
(η)
i,j (k)

D
(C)
α,β(k)


 , (3.4.60)

we have the equations satisfied by the momentum space “free” Green’s func-
tions as

−
[
δαβk

2

{(
ηµν − kµkν

k2

)
+ ξ

kµkν

k2

}
− µ2α,βη

µν

]
D

(A′)
βν,γλ(k) = δαγη

µ
λ ,

(3.4.61a)

{
δijk

2 − (M2)ij +
1
ξ
(θαṽ)i(θαṽ)j

}
D

(η)
j,k (k) = δik, (3.4.61b)

{
δαβk

2 − 1
ξ
µ2α,β

}
D

(C)
β,γ (k) = δαγ . (3.4.61c)

We obtain the momentum space “free” Green’s functions as

D
(A′)
αµ,βν(k) = −

(
ηµν − kµkν

k2

)(
1

k2 − µ2

)
α,β

− 1
ξ

kµkν
k2

(
1

k2 − µ2�ξ

)
α,β

= −ηµν

(
1

k2 − µ2

)
α,β

−
(
1
ξ
− 1

)
kµkν

(
1

k2 − µ2
· 1
k2 − µ2�ξ

)
α,β

,

(3.4.62a)

D
(η)
i,j (k) = (1− P )i,k

(
1

k2 −M2

)
k,j

−(θαṽ)i
(

1
µ2

· 1
k2 − µ2�ξ

)
α,β

(θβ ṽ)j

=
(

1
k2 −M2

)
i,j

− (θαṽ)i
1
ξ
· 1
k2

·
(

1
k2 − µ2�ξ

)
α,β

(θβ ṽ)j , (3.4.62b)

D
(C)
α,β(k) =

(
1

k2 − µ2�ξ

)
α,β

. (3.4.62c)

Here, Pi,j is the projection operator onto the (N −M)-dimensional subspace
spanned by the Nambu–Goldstone boson:

Pi,j =
∑

θα,θβ /∈S
(θαṽ)i

(
1
µ2

)
α,β

(θβ ṽ)
†
j , i, j = 1, . . . , n, (3.4.63a)
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Pi,j(θγ ṽ)j = (θγ ṽ)i, (θγ ṽ)
†
iPi,j = (θγ ṽ)

†
j , θγ /∈ S. (3.4.63b)

The Rξ-gauge is not only the gauge which eliminates the mixed term of
A′
αµ(x) and η̃(x) in the quadratic part of the effective Lagrangian density,

but also the gauge which connects the unitarity gauge (ξ = 0), the ′t Hooft–
Feynman gauge (ξ = 1) and the Landau gauge (ξ → ∞) continuously in
ξ.

(4.1) Unitarity Gauge (ξ = 0):

D
(A′)
αµ,βν(k) = −

{(
ηµν − kµkν

µ2

)
·
(

1
k2 − µ2

)}
α,β

, (3.4.64a)

D
(η)
i,j (k) =

(
1

k2 −M2

)
i,j

+
1
k2

(θαṽ)i ·
(

1
µ2

)
αβ

· (θβ ṽ)j , (3.4.64b)

D
(C)
α,β(k) ∝ ξ → 0, infinitely massive ghost. (3.4.64c)

(4.2) ′t Hooft–Feynman Gauge (ξ = 1):

D
(A′)
αµ,βν(k) = −ηµν

(
1

k2 − µ2

)
α,β

, (3.4.65a)

D
(η)
i,j (k) =

(
1

k2 −M2

)
i,j

− (θαṽ)i
1
k2

(
1

k2 − µ2

)
αβ

(θβ ṽ)j , (3.4.65b)

D
(C)
α,β(k) =

(
1

k2 − µ2

)
α,β

, massive ghost at k2 = µ2. (3.4.65c)

(4.3) Landau Gauge (ξ → ∞):

D
(A′)
αµ,βν(k) = −

(
ηµν − kµkν

k2

)(
1

k2 − µ2

)
α,β

, (3.4.66a)

D
(η)
i,j (k) =

(
1

k2 −M2

)
i,j

, (3.4.66b)

D
(C)
α,β(k) =

δαβ
k2

, massless ghost at k2 = 0. (3.4.66c)
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We have the generating functional of (the connected part of) the “full”
Green’s functions as

ZF [{Ja}, ζα, ζ̄β ] ≡ exp[iWF [{Ja}, ζα, ζ̄β ]]
≡

〈
0, out

∣∣∣∣T
(
exp

[
i
∫

d4z{Ja(z)φ̂a(z)

+ c̄α(z)ζα(z) + ζ̄β(z)cβ(z)}
])∣∣∣∣ 0, in

〉

=
∫

D[φa]D[c̄α]D[cβ ] exp
[
i
∫

d4z{Leff({φa(z)}, c̄α(z), cβ(z))

+Ja(z)φa(z) + c̄α(z)ζα(z) + ζ̄βcβ(z)}
]

= exp
[
iI inteff

[{
1
i

δ

δJa

}
, i

δ

δζα
,
1
i

δ

δζ̄β

]]
ZF,0

[{Ja}, ζα, ζ̄β] , (3.4.67)

with

ZF,0[{Ja}, ζα, ζ̄β ] =
∫

D[φa]D[c̄α]D[cβ ] exp
[
i
∫

d4z{Lquad
eff ((3.4.57))

+Ja(z)φa(z) + c̄α(z)ζα(z) + ζ̄β(z)cβ(z)}
]

= exp
[
i
∫

d4xd4y{− 1
2J

µ
α(x)D

(A′)
αµ,βν(x − y)Jνβ (y)

− 1
2Ji(x)D

(η)
i,j (x− y)Jj(y)− ζ̄β(x)D

(C)
β,α(x− y)ζα(y)}

]
, (3.4.68)

and

I inteff [{φa}, c̄α, cβ] =
∫

d4xLint
eff ((3.4.58)). (3.4.69)

Since the Faddeev–Popov ghost, {c̄α(x), cβ(x)}, appears only in the internal
loop, we might as well set

ζα(z) = ζ̄β(z) = 0

in ZF [{Ja}, ζα, ζ̄β ], (3.4.67), and define ZF [{Ja}] by

ZF [{Ja}] ≡ exp[iWF [{Ja}]]
≡

〈
0, out

∣∣∣∣T
(
exp

[
i
∫

d4zJa(z)φ̂a(z)
])∣∣∣∣ 0, in

〉
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=
∫

D[φa]D[c̄α]D[cβ ]

× exp
[
i
∫

d4z{Leff({φa(z)}, c̄α(z), cβ(z)) + Ja(z)φa(z)}
]

=
∫

D[φa]∆F [{φa}]

× exp
[
i
∫

d4z{Ltotal({φa(z)})− 1
2F

2
α({φa}) + Ja(z)φa(z)}

]
= ZF

[{Ja}, ζα = 0, ζ̄β = 0
]
, (3.4.70)

which we shall use in the next section.

3.4.4 Ward–Takahashi–Slavnov–Taylor Identity
and the ξ-Independence of the Physical S-Matrix

In the functional integrand of Z[{Ja}], (3.4.70), we perform the nonlin-
ear gauge transformation g0, (3.4.40). Then, by an argument identical to
Sect. 3.3.4, we obtain the Ward–Takahashi–Slavnov–Taylor identity{

− Fα

({
1
i

δ

δJa

})
+ Ja

(
iΓ β
ab

1
i

δ

δJb
+ Λβa

)

×
(
M−1

F

({
1
i

δ

δJa

}))
β,α

}
ZF [{Ja}] = 0, (3.4.71)

where Γα
ab and Λαa are defined by (A4.3) in Appendix 4. Armed with this

identity, we move on to prove the ξ-independence of the physical S-matrix.
By an argument entirely similar to that of Sect. 3.3.4, under an infinitesimal
variation of the gauge-fixing condition,

Fα({φa(x)}) → Fα({φa(x)}) +∆Fα({φa(x)}), (3.4.72)

with the use of the Ward–Takahashi–Slavnov–Taylor identity, (3.4.71), we
obtain ZF+∆F [{Ja}] to first order in ∆F ({φa(x)}) as

ZF+∆F [{Ja}] =
∫

D[φa]∆F [{φa}]

× exp
[
i
∫

d4z{Ltotal({φa(z)})

−1
2
F 2
α({φa(z)}) + Ja(z)φ

g̃−1
0
a (z)}

]
, (3.4.73)
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with

φ
g̃−1
0
a (z) = φa(z)− (iΓα

abφb + Λαa )(M
−1
F ({φb(z)}))α,β∆Fβ({φb(z)}).

(3.4.74)

The transformation, g̃0, is the gauge transformation generated by the param-
eter

εα(x;MF ({φa(x)}), ∆Fβ({φa(x)})) = (M−1
F ({φa(x)}))α,β∆Fβ({φa(x)}).

(3.4.75)

The response of the gauge-fixing condition, Fα({φa(x)}), to this gauge trans-
formation g̃0 provides (3.4.72). In this manner, the variation of the gauge-
fixing condition, (3.4.72), gives rise to an extra vertex,

Ja(x)(φ
g̃−1
0
a (x)− φa(x)) (3.4.76)

between the external hook {Ja(x)} and the matter-gauge system. We can
take care of this extra vertex by the renormalization of the wave function
renormalization constants of the external lines of the S-matrix on the mass-
shell. Namely, we have

SF+∆F =
∏
e

(ZF+∆F�ZF )1/2e SF . (3.4.77)

From (3.4.77), we find that the renormalized S-matrix, Sren., defined by

Sren. = SF�
∏
e

(
Z
1/2
F

)
e

(3.4.78)

does not depend on Fα({φa(x)}), i.e., Sren. is gauge independent. We have
thus verified that Sren. is ξ-independent in the Rξ-gauge. In this respect,
the Rξ-gauge is a convenient gauge-fixing condition. Without fixing the ξ-
parameter at ξ = 0, 1, or ∞, we can use the cancelation of the ξ-dependent
terms, originating from the spurious pole at k2 = µ2�ξ and the ξ-dependent
vertex of Lint.

eff ((3.4.58)) in the perturbative calculation, as a check of the
accuracy of the calculation.
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, Cambridge Univ. Press. 1982, Cambridge.

(T-40) Quigg, C.;
′′
Gauge Theories of the Strong, Weak and Electromagnetic

Interactions
′′
, Benjamin Cummings, 1983, Massachusetts.

(T-41) Georgi, H.;
′′
Weak Interactions and Modern Particle Theory

′′
, Ben-

jamin Cummings, 1984, Massachusetts.
(T-42) Ross, G.G.;

′′
Grand Unified Theories

′′
, Benjamin Cummings, 1984,

Massachusetts.
(T-43) Frampton, P.H.;

′′
Gauge Field Theories

′′
, Benjamin Cummings, 1987,

Massachusetts.
(T-44) Kugo, T.;

′′
Eichtheorie

′′
, Springer, 1997, Heidelberg. (In German).

We cite the following book for a discussion of gauge field theory in terms of
differential geometry.
(T-45) Bleecker, D.;

′′
Gauge Theory and Variational Principles

′′
, Addison-

Wesley, 1981, Massachusetts.

Chapter 3. Section 3.1

We cite the following two books for Lie algebras and Lie groups.
(T-46) Gilmore, R.;

′′
Lie Groups, Lie Algebras and Some of Their Applications

′′
,

John Wiley and Sons, 1974, New York.
(T-47) Georgi, H.;

′′
Lie Algebras in Particle Physics

′′
, Benjamin Cummings,

1982, Massachusetts.

Chapter 3. Section 3.2

We cite the following articles for Weyl
′
s gauge principle.

(R3-1) Weyl, H.; Proc. Nat. Acad. Sci. 15, (1929), 323.
(R3-2) Weyl, H.; Z. Physik. 56, (1929), 330.
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(T-26) Weyl, H.;
′′
Theory of Groups and Quantum Mechanics

′′
, Leipzig,

1928, Zurich; reprinted by Dover, 1950, 275, Chapter 2, Section 12; Chapter
4, Section 5.
(R3-3) Weyl, H.; Die Naturwissenschaften 3, (1931), 49.
The extension of Weyl

′
s gauge principle from Abelian gauge theory to Non-

Abelian gauge theory is considered in the following articles.
(R3-4) Yang, C.N. and Mills, R.L.; Phys. Rev. 96, (1954), 191.
(R3-5) Utiyama, R.; Phys. Rev. 101, (1956), 1597.
(R3-6) Glashow, S.L. and Gell-Mann, M.; Ann. Phys. 15, (1961), 437.
J.J. Sakurai

′
s Gauge Principle is discussed in the following articles.

(R3-7) Sakurai, J.J.; Ann. Phys. 11, (1960), 1.
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′′
Invariance Principles and Elementary Particles

′′
,

Princeton Univ. Press, 1964, New Jersey.
Klein–Kaluza–Fock type gauge principle is discussed in the following articles.
(R3-8) Klein, O.; Z. Physik. 37, (1926), 895.
(R3-9) Klein, O.; Le Magnetisme, Proc. Univ. Strasbourg, (1939), 77.
(R3-10) Jackiw, R.; Acta. Phys. Austriaca, Suppl.XXII. (1980), 383.
We cite the following two articles for QCD.
(R3-11) Han, M.Y. and Nambu, Y.; Phys. Rev. 139B, (1965), 1006.
(R3-12) Fritzsch, H., Gell-Mann, M. and Leutwyler, H.; Phys. Letters. 47B,
(1973), 365.

Chapter 3. Section 3.3

As an early attempt at path integral quantization of the non-Abelian gauge
field and the gravitational field, we cite the following articles.
(R3-13) Feynman, R.P.; Acta. Phys. Polonica. 26, (1963), 697.
(R3-14) DeWitt, B.; Phys. Rev. 162, (1967), 1195, 1239.
In this section, our argument is based on the following articles.
(R3-15) Popov, V.N. and Faddeev, L.D.; Kiev report. No.ITP-67-36, (1967);
translated into English by B.W. Lee and D. Gordon, NAL-THY-57, (1972).
(R3-16) Faddeev, L.D. and Popov, V.N.; Phys. Letters. 25B, (1967) 29.
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Gauge fixing by the method of the Lagrange multiplier is discussed in the
following articles.
(R3-21) Fradkin, E.S. and Tyutin, I.V.; Phys. Letters. 30B, (1969), 562;
Phys. Rev. D2, (1970), 2841.
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Chapter 3. Section 3.4

Spontaneous symmetry breaking in condensed matter physics is lucidly dis-
cussed in the following book.
(T-49) Umezawa, H., Matsumoto, H. and Tachiki, M.;

′′
Thermo Field Dy-

namics and Condensed States
′′
, North-Holland, 1982, New York.

The notion of spontaneous symmetry breaking was brought into particle
physics by Y. Nambu in 1961.
We cite the following articles for the Goldstone

′
s theorem.

(R3-22) Goldstone, J.; Nuovo Cimento. 19, (1961), 154.
(R3-23) Goldstone, J., Salam, A. and Weinberg, S.; Phys. Rev. 127, (1962),
965.
(R3-24) Bludman, S. and Klein, A.; Phys. Rev. 131, (1962), 2363.
(R3-25) Jona-Lasinio, G.; Nuovo Cimento. 34, (1964), 1790.
We have the Schwinger mechanism which dynamically gives the mass term
to the gauge field without violating gauge invariance, through a simple pole
at k2 = 0 in the vacuum polarization tensor.
(R3-26) Schwinger, J.; Phys. Rev. 125, (1962), 397.; 128, (1962), 2425.
We cite the following article which points out the possibility of the mutual
cancellation of the zero mass problem of the Nambu–Goldstone boson and
the zero mass problem of the Yang–Mills gauge field.
(R3-27) Anderson, P.W.; Phys. Rev. 130, (1963), 439.
We have the Higgs–Kibble mechanism which realizes the Schwinger mecha-
nism by the non-vanishing vacuum expectation value of the Higgs scalar field.
(R3-28) Higgs, P.W.; Phys. Rev. Letters. 12, (1964), 132; 13, (1964), 508.
(R3-29) Englert, F. and Brout, R.; Phys. Rev. Letters. 13, (1964), 321.
(R3-30) Guralnik, G.S., Hagen, C.R. and Kibble, T.W.B.; Phys. Rev. Let-
ters. 13, (1964), 585.
(R3-31) Higgs, P.W.; Phys. Rev. 145, (1966), 1156.
(R3-32) Kibble, T.W.B.; Phys. Rev. 155, (1967), 1554.
We cite the following articles on the path integral quantization of the gauge
field in the Rξ-gauge.
(R3-33) Fujikawa, K., Lee, B.W. and Sanda, A.I.; Phys. Rev. D6, (1972),
2923.
(R3-34) Weinberg, S.; Phys. Rev. D7, (1973), 1068, 2887.
We cite the following articles on the dynamical generation of the mass, not
discussed in the main text.
(R3-35) Nambu, Y. and Jona-Lasinio, G.; Phys. Rev. 122, (1961), 345; 124,
(1961), 246.
(R3-36) Freundlich, Y. and Lurie, D.; Nucl. Phys. B19, (1970), 557.
(R3-37) Jackiw, R. and Johnson, K.; Phys. Rev. D8, (1973), 2386.
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(T-34) Balian, R. and Zinn-Justin, J.;
′′
Methods in Field Theory

′′
, North

Holand, 1977, New York, and Faddeev, L.D. Lecture by Jackiw, R.; pp. 224-
251.
(R3-38) Schwinger, J.; Rev. Mod. Phys. 36, (1964), 609.
We cite the following articles on electroweak unification without the resolu-
tion of the mass problem.
(R3-39) Bludman, S.; Nuovo Cimento. 9, (1958), 433.
(R3-40) Glashow, S.L.; Nucl. Phys. 10, (1959), 107; 22, (1961), 579.
(R3-41) Salam, A. and Ward, J.C.; Nuovo Cimento. 11, (1959), 568; 19,
(1961), 165; Phys. letters. 13, (1964), 168.
We cite the following articles on electroweak unification with the mass gener-
ated by the Higgs–Kibble mechanism.
(R3-42) Weinberg, S.; Phys. Rev. Letters. 19, (1967), 1264; 27, (1971), 1688.
(T-50) Salam, A.;

′′
Weak and Electromagnetic Interactions in Elementary

Particle Theory
′′
, Svartholm, N., ed., Almquist andWiksell, 1968, Stockholm.

pp. 367-377.
(R3-43) Georgi, H. and Glashow, S.L.; Phys. Rev. Letters. 28, (1972), 1494.
(R3-44) Weinberg, S.; Rev. Mod. Phys. 52, (1980), 515.
(R3-45) Salam, A.; Rev. Mod. Phys. 52, (1980), 525.
(R3-46) Glashow, S.L.; Rev. Mod. Phys. 52, (1980), 539.
In the

′′
electrostrong

′′
unification discussed in (R3-38), if we replace


Strong by Weak,
Isotopic Spin by Weak Isotopic Spin,
Hypercharge by Weak Hypercharge,

we shall obtain the Weinberg–Salam model based on the Schwinger mechanism
with the requisite modification of the paradigm of the underlying theory.
We cite the following articles for BRST Symmetry.
(R3-47) Becchi, C., Rouet, A. and Stora, R.; Comm. Math. Phys. 42, (1975),
127.; Ann. Phys. 98, (1976), 287.
(R3-48) Tyutin, I.V.; Lebedev Institute preprint. N39, (1975).
We cite the following book for the Zinn-Justin Equation.
(T-51) Zinn-Justin, J.;

′′
Trends in Elementary Particle Theory - Interna-

tional Summer Institute on Theoretical Physics in Bonn 1974
′′
, Springer-

Verlag, 1975, Berlin. Lecture by Zinn-Justin, J.
We cite the following articles for the proofs of the renormalizability of
non-Abelian gauge field theory based on the Ward–Takahashi–Slavnov–Taylor
identity.
(R3-20) Lee, B.W. and Zinn-Justin, J.; Phys. Rev. D5, (1972), 3121, 3137,
3155; D7, (1972), 1049. The first, second and fourth articles.
(R3-49) ′t Hooft, G. and Veltman, M.; Nucl. Phys. B50, (1972), 318.
(R3-50) Lee, B.W.; Phys. Rev. D9, (1974), 933.
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We cite the following books for the proofs of the renormalizability of non-
Abelian gauge field theory based on BRST symmetry.
(T-51) Zinn-Justin, J.;

′′
Trends in Elementary Particle Theory - Interna-

tional Summer Institute on Theoretical Physics in Bonn 1974
′′
, Springer-

Verlag, 1975, Berlin. Lecture by Zinn-Justin, J.
(T-34) Balian, R. and Zinn-Justin, J.;

′′
Methods in Field Theory

′′
, North

Holand, 1977, New York,; Lectures by Lee, B.W.
We cite the following articles for asymptotic freedom of non-Abelian gauge
field theory.
(R3-51) Gross, D.J. and Wilczek, F.; Phys. Rev. Lett. 30, (1973), 1343.
(R3-52) Politzer, H.D.; Phys. Rev. Lett. 30, (1973), 1346.
We cite the following book for the discussion of BRST symmetry, Zinn–
Justin equation, renormalization of gauge theories, asymptotic freedom of
non-Abelian gauge field theory and anomalies.
(T-15) Weinberg, S.;

′′
Quantum Theory of Fields II

′′
, Cambridge Univ.

Press, 1996, New York, Chapters 15, 17, 18 and 22.
We cite the following article on the renormalizability of nonrenormalizable
gauge theories.
(R3-53) Gomis, J. and Weinberg, S.; Nucl. Phys. B469, (1996), 473.
We cite the following book and the references cited therein for Grand Unified
Theories (GUTs).
(T-42) Ross, G.G.;

′′
Grand Unified Theories

′′
, Benjamin Cummings, 1984,

Massachusetts. Chapters 5 through 11.

Gravitational Field from the Gauge Principle. It is anachronistic to
say that the gravitational field is also a gauge field. Indeed, the gravitational
field is the genesis of the gauge field as originally conceived by H. Weyl before
the advent of the correct Weyl’s gauge principle. The Lagrangian density for
the gravitational field can be derived from the requirement of the gauge in-
variance of the action functional I[φa] under the local 10-parameter Poincare
transformation. Ordinarily, it is obtained from the principle of equivalence.
We cite the following books as a general reference on the theory of the grav-
itational field.
(T-52) Weinberg, S.;

′′
Gravitation and Cosmology. Principles and Applica-

tions of The General Theory of Relativity
′′
, John Wiley and Sons, Inc., 1972,

New York.
(T-53) Low, F.E.;

′′
Classical Field Theory

′′
, John Wiley and Sons, Inc., 1997,

New York.
We cite the following articles for the discussion of the gravitational field in
terms of the gauge principle.
(R3-5) Utiyama, R.; Phys. Rev. 101, (1956), 1597, Section 4.
(R3-54) Kibble, T.W.B.; J. Math. Phys. 2, (1961), 212.
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We cite the following articles for path integral quantization of the gravita-
tional field.
(R3-15) Popov, V.N. and Faddeev, L.D.; Kiev report. No.ITP-67-36, (1967);
translated into English by B.W. Lee and D. Gordon, NAL-THY-57, (1972),
Section V.
(R3-55) Faddeev, L.D. and Popov, V.N.; Sov. Phys.-Usp. 16, (1974), 777.
We cite the following book and the references cited therein for Supersymmetry
and Supergravity.
(T-16) Weinberg, S.;

′′
Quantum Theory of Fields III

′′
, Cambridge Univ.

Press, 2000, New York. The entire book.
We cite the following book as an introduction to Superstrings in the path
integral formalism.
(T-54) Kaku, M.;

′′
Introduction to Superstrings

′′
, Springer-Verlag, 1988,

New York.



4. Path Integral Representation

of Quantum Statistical Mechanics

In this chapter, we discuss the path integral representation of quantum sta-
tistical mechanics with the following two methods.

(1) The Analytic continuation of the results of Chaps. 1 and 2 to negative
imaginary time,

t→ −iτ, 0 ≤ τ ≤ β ≡ 1
kBT

.

(2) The Fradkin construction starting from the canonical formalism based on
the extended Matsubara representation of quantum field theory at finite
temperature.

In Sect. 4.1, we discuss the method of analytic continuation heuristically. As
a result of the analytic continuation of the path integral representation of
quantum mechanics discussed in Chap. 1, we obtain the path integral repre-
sentation of the partition function of the canonical ensemble at finite tem-
perature in which the total number N of particles is fixed (Sect. 4.1.1). As
a result of the analytic continuation of the path integral representation of
quantum field theory discussed in Chap. 2, we obtain the partition function
of the grand canonical ensemble at finite temperature in which the total
number N of particles varies (Sect. 4.1.2). In both approaches, we employ
the Lagrangian formalism.

In Sect. 4.2, based on the extended Matsubara representation of quantum
field theory at finite temperature, with the standard method of the introduc-
tion of the interaction picture in the canonical formalism, we derive a func-
tional differential equation of the partition function of the grand canonical en-
semble, ZGC(β; [J, η̄, η]), in the presence of external hooks {J(x), η̄(x), η(x)}
(Sect. 4.2.1). Following the procedure used in the Symanzik construction in
Sect. 2.3, we obtain the path integral representation of the partition function
of the grand canonical ensemble, ZGC(β; [J, η̄, η]) (Sect. 4.2.2).

In Sect. 4.3, we consider a relativistic interacting fermion–boson system.
As a by-product of the Fradkin construction, we derive the Schwinger–Dyson
equation for the “full” temperature Green’s functions of the system from the
functional differential equation for ZGC(β; [J, η̄, η]) (Sect. 4.3.1). We confirm
the agreement of the nonrelativistic limit of the fermion “free” temperature
M. Masujima: Path Integral Quantization and Stochastic Quantization,
STMP 165, 175–207 (2000)
c© Springer-Verlag Berlin Heidelberg 2000
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Green’s function with a nonrelativistic treatment of the fermion “free” tem-
perature Green’s function derived in Sect. 4.1 (Sect. 4.3.2).

In Sect. 4.4, we discuss the linearization of the four-fermion interaction
with the method of the auxiliary field which frequently shows up in the model
theory of condensed matter physics. By linearization, we mean the tri-linear
Yukawa coupling of the fermion fields, ψ(x) and ψ̄(x), with the auxiliary
bosonic field φ(x). Mathematically, we simply incomplete the square in the
exponent by performing the inverse of Gaussian integration. We get a new
perspective by changing the form of the interaction. We can reduce the four-
fermion interaction to bi-linear form in the fermion fields and thus to the
calculation of the fermion determinant which depends on the auxiliary field
φ(x) (Sect. 4.4.1). In the method of the auxiliary field in the Lagrangian
formalism, we treat the auxiliary field φ(x) on an equal footing with the
physical fields, ψ(x) and ψ̄(x), and find that the “full” Green’s function of
φ(x) is related to the linear response function of the system. As the method of
the auxiliary field in the Hamiltonian formalism, we have the Stratonovich–
Hubbard transformation (Sect. 4.4.2). In this method, we use the Gaussian
auxiliary field z(τ). Mathematically, z(τ) resembles the auxiliary field φ(x)
in the Lagrangian formalism. But the physical content of the Gaussian aux-
iliary field z(τ) is not so clear as compared to the auxiliary field φ(x) in the
Lagrangian formalism.

As for Feynman’s variational principle in statistical mechanics and its
application to the polaron problem, the reader is referred to Feynman and
Hibbs.

4.1 Partition Function of the Canonical Ensemble
and the Grand Canonical Ensemble

In this section, we obtain the path integral representation of the partition
functions, ZC(β) and ZGC(β), of the canonical ensemble and the grand canon-
ical ensemble by analytic continuation of the various formulas obtained for
quantum mechanics in Chap. 1 and quantum field theory in Chap. 2. We de-
fer the rigorous derivation of these results, due to E.S. Fradkin, to Sect. 4.2,
which is based on the extended Matsubara representation of quantum field
theory at finite temperature.

In Sect. 4.1.1, we derive the path integral representation of the partition
function, ZC(β), of the canonical ensemble in terms of the Euclidean La-
grangian,

LE

({
qj(τ),

d
dτ

qj(τ)
}N

j=1

)
,

based on the observation that the Bloch equation satisfied by the density
matrix ρ̂C(τ) of the canonical ensemble is equivalent to the imaginary time
Schrödinger equation under analytic continuation,
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t = −iτ, 0 ≤ τ ≤ β ≡ 1
kBT

.

In Sect. 4.1.2, we extend the consideration to the grand canonical ensemble
in terms of the modified Euclidean Lagrangian density,

L′
E(ψα(τ,x), ∂µψα(τ,x))
= LE(ψα(τ,x), ∂µψα(τ,x)) + µψ†

α(τ,x)ψα(τ,x) ,

and obtain the path integral representation of the partition function, ZGC(β),
of the grand canonical ensemble. Based on these considerations, we introduce
the “full” temperature Green’s function and also obtain the path integral
representation of the generating functional, ZGC[β; Jα, J

†
β ], of the “full” tem-

perature Green’s functions.

4.1.1 The Canonical Ensemble and the Bloch Equation

We consider the canonical ensemble described by the Hamiltonian

Ĥ({qj ,pj}Nj=1)

at finite temperature,

β = 1�kBT, kB = Boltzman constant, T = absolute temperature .

The density matrix ρ̂C(β) of this system satisfies the Bloch equation,

− ∂

∂τ
ρ̂C(τ) = Ĥ({qj ,pj}Nj=1)ρ̂C(τ) , 0 ≤ τ ≤ β , (4.1.1)

with its formal solution given by

ρ̂C(τ) = exp[−τĤ({qj ,pj}Nj=1]ρ̂C(0). (4.1.2)

We compare the Bloch equation and the density matrix, (4.1.1) and (4.1.2),
with the Schrödinger equation for the state vector |ψ, t〉

i
d
dt

|ψ, t〉 = Ĥ({qj ,pj}Nj=1)|ψ, t〉 , (4.1.3)

and its formal solution given by

|ψ, t〉 = exp[−itĤ({qj ,pj}Nj=1)]|ψ, 0〉 . (4.1.4)

We find that by analytic continuation,

t = −iτ, 0 ≤ τ ≤ β , (4.1.5)
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the (real time) Schrödinger equation and its formal solution, (4.1.3) and
(4.1.4), are analytically continued into the Bloch equation and the density
matrix, (4.1.1) and (4.1.2), respectively. Under analytic continuation, (4.1.5),
we divide the interval [0, β] into n equal subintervals, and use the resolution
of the identity in both the q-representation and the p-representation. In this
way, we obtain the following list of correspondences. Here, we assume the
Hamiltonian Ĥ({qj ,pj}Nj=1) of the following form,

Ĥ({qj ,pj}Nj=1) =
N∑
j=1

1
2m

p2
j +

∑
j〉k

V (qj , qk) . (4.1.6)

List of Correspondences

Quantum mechanics Quantum statistical mechanics

Schrödinger equation
i ∂∂t |ψ, t〉
= H({qj ,pj}Nj=1)|ψ, t〉.

Bloch equation
− ∂

∂τ ρ̂C(τ)
= H({qj ,pj}Nj=1)ρ̂C(τ).

Schrödinger state vector
|ψ, t〉
= exp[−itH({qj ,pj}Nj=1)]|ψ, 0〉.

Density matrix
ρ̂C(τ)
= exp[−τH({qj ,pj}Nj=1)]ρ̂C(0).

Minkowskian Lagrangian
LM({qj(t), q̇j(t)}Nj=1)
=
∑N

j=1
m
2 q̇

2
j (t)

−∑N
j>k V (qj , qk).

Euclidean Lagrangian
LE({qj(τ), q̇j(τ)}Nj=1)
= −∑N

j=1
m
2 q̇

2
j (τ)

−∑N
j>k V (qj , qk).

i×Minkowskian action
functional
iIM[{qj}Nj=1; qf , qi]
= i

∫ tf
ti

dtLM({qj(t), q̇j(t)}Nj=1).

Euclidean action
functional
IE[{qj}Nj=1; qf , qi]
=
∫ β

0 dτLE({qj(τ), q̇j(τ)}Nj=1).

Transformation function
〈qf , tf |qi, ti〉
=
∫ q(tf )=qf

q(ti)=qi
D[q]

× exp[iIM[{qj}Nj=1; qf , qi]].

Transformation function
Zf,i

=
∫ q(β)=qf

q(0)=qi
D[q]×

× exp[IE[{qj}Nj=1; qf , qi]].

Vacuum-to-vacuum
transition amplitude
〈0, out|0, in〉
=
∫ D[q] exp[iIM[{qj}Nj=1]].

Partition function*
ZC(β) = Trρ̂C(β)
= “

∫
dqfdqiδ(qf − qi)Zf,i ”.

Vacuum expectation value
〈O(q̂)〉
=

R D[q]O(q) exp[iIM[{qj}N
j=1]]R D[q] exp{iIM[{qj}N

j=1]}
.

Thermal expectation value*
〈O(q̂)〉
= Trρ̂C(β)O(q̂)

Trρ̂C(β)
.
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In this list, the entries with “*” have precise expressions given by:

Partition function:

ZC(β)

= Trρ̂C(β) = “
∫

d3qfd3qiδ
3(qf − qi)Zf,i ”

=
1
N !

∑
P

δP

∫
d3qfd3qiδ

3(qf − qPi)Zf,P i

=
1
N !

∑
P

δP

∫
d3qfd3qPiδ

3(qf − qPi)
∫ q(β)=qf

q(0)=qPi

D[q]

× exp
[
IE[{qj}Nj=1; qf , qPi]

]
, (4.1.7)

and

Thermal expectation value:

〈Ô(q)〉

=
Trρ̂C(β)Ô(q̂)

Trρ̂C(β)

=
“
∫
d3qfd3qiδ

3(qf − qi)Zf,i〈i|O(q)|f〉”∫
d3qfd3qiδ3(qf − qi)Zf,i

=
1

ZC(β)
1
N !

∑
P

δP

∫
d3qfd3qPiδ

3(qf − qPi)Zf,P i〈qPi|Ô(q)|qf 〉 .

(4.1.8)

Here, qi and qf represent the initial position {qj(0)}Nj=1 and the final po-
sition {qj(β)}Nj=1 of N identical particles, P represents the permutation of
{1, . . . , N}, Pi represents the permutation of the initial position {q(0)}Nj=1

and δP represents the signature of the permutation P , respectively.

δP =




1, P even and odd, N identical bosons,
1, P even, N identical fermions,
−1, P odd, N identical fermions.

(4.1.9)

In this manner, we obtain the path integral representation of the partition
function, ZC(β), and the thermal expectation value, 〈Ô(q)〉, from the formula
derived in Sect. 1.2, by analytic continuation to negative imaginary time,
(4.1.5).

4.1.2 Extension to the Grand Canonical Ensemble

In this section, we consider the extension of the results of Sect. 4.1.1 to the
grand canonical ensemble, patterned after the transition from a quantum-
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mechanical system where the total particle number N is fixed to a quantum
field theoretical system where the total particle number N varies due to the
creation and the annihilation of particles.

In order to obtain the density matrix ρ̂GC(β) of the grand canonical en-
semble, we replace the Hamiltonian operator Ĥ({qj ,pj}) of the density ma-
trix ρ̂C(β) of the canonical ensemble by the operator Ĥ − µN̂ ,

ρ̂GC(β) = exp
[
−β(Ĥ − µN̂)

]
, (4.1.10)

where µ is the chemical potential, exp[βµ] is the fugacity and N̂ is the particle
number operator defined by

N̂ ≡
∫ β

0

dτ
∫

d3xψ†
α(τ,x)ψα(τ,x).

Under the assumption of a two-body interaction Vαβ;γδ(x−y) of the system,
we can accomplish our goal by replacing the Minkowskian action functional

IM[{qj}Nj=1] ≡
∫ tf

ti

dtLM

({
qj(t),

d
dt

qj(t)
}N

j=1

)

by the modified Minkowskian action functional

I ′M[ψα]

≡
∫

d4x{LM(ψα(x), ∂µψα(x)) + µψ†
α(x)ψα(x)}

≡
∫

d4xL′
M(ψα(x), ∂µψα(x))

=
∫ tf

ti

dt
{∫

d3xψ†
α(t,x)

(
i
∂

∂t
+ µ+

1
2m

∇2

)
ψα(t,x)

−1
2

∫
d3xd3yψ†

α(t,x)ψ
†
β(t,y)Vαβ;γδ(x − y)ψδ(t,y)ψγ(t,x)

}
,

(4.1.11a)

where the modified Minkowskian Lagrangian density is given by

L′
M(ψα(x), ∂µψα(x)) = LM(ψα(x), ∂µψα(x)) + µψ†

α(x)ψα(x), (4.1.11b)

and by replacing the Euclidean action functional

IE[{qj}Nj=1] =
∫ β

0

dτLE

({
qj(τ),

d
dτ

qj(τ)
}N

j=1

)

with the modified Euclidean action functional
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I ′E[ψα]

≡
∫ β

0

dτ
∫

d3x{LE(ψα(τ,x), ∂µψα(τ,x)) + µψ†
α(τ,x)ψα(τ,x)}

≡
∫ β

0

dτ
∫

d3xL′
E(ψα(x), ∂µψα(x))

=
∫ β

0

dτ
{∫

d3xψ†
α(τ,x)

(
− ∂

∂τ
+ µ+

1
2m

∇2

)
ψα(τ,x)

−1
2

∫
d3xd3yψ†

α(τ,x)ψ
†
β(τ,y)Vαβ;γδ(x − y)ψδ(τ,y)ψγ(τ,x)

}
,

(4.1.12a)

where the modified Euclidean Lagrangian density is given by

L′
E(ψα(τ,x), ∂µψα(τ,x))
= LE(ψα(τ,x), ∂µψα(τ,x)) + µψ†

α(τ,x)ψα(τ,x) . (4.1.12b)

From this, we obtain the partition function ZGC(β) of the grand canonical
ensemble as the analytic continuation of the vacuum-to-vacuum transition
amplitude

〈0, out|0, in〉
of quantum field theory, i.e.,

ZGC(β)
≡ Trρ̂GC(β)
≡ Tr exp[−β(Ĥ − µN̂)]

≡
∫

D[ψ†]D[ψ] exp

[∫ β

0

dτ
{∫

d3xL′
E(ψα(τ,x), ∂µψα(τ,x))

}]

=
∫

D[ψ†]D[ψ] exp

[∫ β

0

dτ
{∫

d3xψ†
α(τ,x)

×
(
− ∂

∂τ
+ µ+

1
2m

∇2

)
ψα(τ,x)

−1
2

∫
d3xd3yψ†

α(τ,x)ψ
†
β(τ,y)Vαβ;γδ(x − y)ψδ(τ,y)ψγ(τ,x)

}]
.

(4.1.13)

We can define the partition function ZGC[β; Jα, J
†
β ] of the grand canonical

ensemble in the presence of the external hook {Jα(τ,x), J†
β(τ,x)} as the ana-

lytic continuation of the generating functional of the “full” Green’s functions
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Z[J ], (2.1.30), by choosing

Lext
E (τ,x) ≡ ψ†

α(τ,x)Jα(τ,x) + J
†
β(τ,x)ψβ(τ,x). (4.1.14)

Namely, we have

ZGC[β; Jα, J
†
β ]

= C

∫
D[ψ†]D[ψ] exp

[∫ β

0

dτ
∫

d3x{L′
E(ψα(τ,x), ∂µψα(τ,x))

+Lext
E (τ,x)}

]
(4.1.15)

=C exp

[
− 1

2

∫ β

0

dτ
∫

d3xd3y

{
δ

δJα(τ,x)
δ

δJβ(τ,y)
Vαβ;γδ(x − y)

× δ

δJ†
δ (τ,y)

δ

δJ†
γ(τ,x)

}]

×
∫

D[ψ†]D[ψ] exp

[∫ β

0

dτ
∫

d3x

×
{
ψ†
α(τ,x)

(
− ∂

∂τ
+ µ+

1
2m

∇2

)
ψα(τ,x)

+ψ†
α(τ,x)Jα(τ,x) + J

†
α(τ,x)ψα(τ,x)

}]

=C′ exp

[
− 1

2

∫ β

0

dτ
∫

d3xd3y

{
δ

δJα(τ,x)
δ

δJβ(τ,y)
Vαβ;γδ(x − y)

× δ

δJ†
δ (τ,y)

δ

δJ†
γ(τ,x)

}]

× exp

[
−
∫ β

0

dτ
∫

d3x
∫ β

0

dτ ′
∫

d3yJ†
α(τ,x)G0(τ − τ ′,x − y)

×Jα(τ ′,y)
]
, (4.1.16)

where G0(τ − τ ′,x− y) is the “free” temperature Green’s function given by

G0(τ − τ ′,x − y)

=
(
− ∂

∂τ
+ µ+

1
2m

∇2

)−1

δ(τ − τ ′)δ3(x − y) , (4.1.17)
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and the normalization constant C′ is chosen such that

C′ = ZGC[β; Jα = J†
β = 0]|V=0

= ZGC(β; free)

=



∏

k

(
1− exp

[
−β

(
k2

2m − µ
)])−1

, B.E. statistics (4.1.18a)∏
k

(
1 + exp

[
−β

(
k2

2m − µ
)])

, F.D. statistics. (4.1.18b)

Generally, when the interaction Lagrangian density is given by

L′ int
E (ψ†

α(τ,x), ψβ(τ,x)) , (4.1.19a)

and the interaction action functional is given by

I ′ intE [ψ†, ψ] =
∫ β

0

dτ
∫

d3xL′ int
E (ψ†

α(τ,x), ψβ(τ,x)), (4.1.19b)

the partition function ZGC[β; Jα, J
†
β ] of the grand canonical ensemble in the

presence of the external hook is given by

ZGC[β; Jα, J
†
β ]

Z0

= exp

[∫ β

0

dτ
∫

d3xL′ int
E

(
δ

δJα(τ,x)
,

δ

δJ†
β(τ,x)

)]

× exp

[
−
∫ β

0

dτ
∫

d3x
∫ β

0

dτ ′
∫

d3yJ†
α(τ,x)G0(τ − τ ′,x − y)

×Jα(τ ′,y)
]
, (4.1.20)

where Z0 is the appropriate normalization constant independent of Jα and
J†
β . We obtain the diagrammatic expansion of ZGC(β) in terms of G0 and V

by the power series expansion of the interaction Lagrangian density

L′ int
E

(
δ

δJα(τ,x)
,

δ

δJ†
β(τ,x)

)

and setting the external hooks equal to 0.
Next, we define the one-body “full” Green’s function Gα,β(τ,x; τ ′,x′)J

in the presence of the external hook by



184 4. Path Integral Representation of Quantum Statistical Mechanics

Gα,β(τ,x; τ ′,x′)J

≡ − 1

ZGC[β; Jα, J
†
β]

δ

δJβ(τ ′,x′)
δ

δJ†
α(τ,x)

ZGC[β; Jα, J
†
β ]

=

∫ D[ψ†]D[ψ]ψα(τ,x)ψ
†
β(τ

′,x′) exp[I ′E[ψ] + I
′ int
E [ψ†, ψ]]∫ D[ψ†]D[ψ] exp[I ′E[ψ] + I

′ int
E [ψ†, ψ]]

. (4.1.21)

By setting J = J† = 0 in (4.1.21), we obtain the linked cluster expansion of
the one-body “full” Green’s function in terms of G0 and V ,

Gα,β(τ − τ ′,x − x′)

= − 1
ZGC[β; J, J†]

δ

δJβ(τ ′,x′)
δ

δJ†
α(τ,x)

ZGC[β; J, J†]|J=J†=0 .

(4.1.22)

Generally, we have the thermal expectation value of the Tτ -ordered prod-
uct of the operators, {Ôj(τj ,xj)}nj=1, by analytic continuation of (2.1.29) as

〈Tτ{Ô1(τ1,x1) · · · Ôn(τn,xn)}〉GC

= Tr[ρ̂GC(β)Tτ{Ô1(τ1,x1) · · · Ôn(τn,xn)}]�Tr[ρ̂GC(β)]

=
∫ D[ψ†]D[ψ]O1(τ1,x1) · · ·On(τn,xn) exp[I ′E[ψ]]∫ D[ψ†]D[ψ] exp[I ′E[ψ]]

. (4.1.23)

In this section, we regard ψα(τ,x) as a nonrelativistic complex scalar field.
We can immediately extend to the case of a nonrelativistic fermion field as
long as we pay attention to the order of the indices in Vαβ;δγ(x−y). For the
relativistic spinors in Minkowskian space-time and Euclidean space-time, the
reader is referred to Appendix 5.

In the discussion of Sect. 4.1, our argument is based on analytic continua-
tion and the somewhat arbitrary introduction of the chemical potential µ. In
order to remedy these deficiencies, we move on to the Fradkin construction.

4.2 Fradkin Construction

In this section, we obtain the path integral representation of the partition
function ZGC(β) of the grand canonical ensemble based on the extended Mat-
subara representation of quantum field theory at finite temperature. The ar-
gument of this section validates the extremely heuristic argument of Sect. 4.1.

By the extended Matsubara representation, we mean that we use the op-
erator Ĥ − µN̂ instead of the Hamiltonian operator Ĥ in the density matrix
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ρ̂GC(β) of the grand canonical ensemble. In this respect, the interaction pic-
ture and the Heisenberg picture in this section are different from the standard
ones.

In Sect. 4.2.1, through the introduction of the interaction picture, we ob-
tain the Ŝ(β) operator of Dyson. Next, we introduce coupling with the ex-
ternal hook, and obtain the density matrix ρ̂GC(β; [J, η̄, η]) in the presence of
the external hook. In the limit of

J = η̄ = η = 0,

we can define the Heisenberg picture.
In Sect. 4.2.2, we derive the equation of motion of the partition function

ZGC(β; [J, η̄, η]) = Trρ̂GC(β; [J, η̄, η])

of the grand canonical ensemble from the equation of motion of the field
operator and the equal “time” canonical (anti-)commutators. By a similar
method to that used in Sect. 2.3, we obtain the path integral representa-
tion of the partition functions, ZGC(β; [J, η̄, η]) and ZGC(β), of an interact-
ing boson–fermion system (the Fradkin construction). Lastly, we derive the
(anti-) periodicity of the boson (fermion) “full” temperature Green’s function
with period β, and we perform Fourier transformations of the boson field and
the fermion field.

4.2.1 Density Matrix of Relativistic Quantum Field Theory
at Finite Temperature

We consider the grand canonical ensemble of an interacting system of
fermions (mass m) and bosons (mass κ) with Euclidean Lagrangian den-
sity in contact with a particle source µ;

L′
E(ψEα(τ,x), ∂µψEα(τ,x), φ(τ,x), ∂µφ(τ,x))

= ψ̄E α(τ,x){iγk∂k + iγ4
(
∂

∂τ
− µ

)
−m}α,βψE β(τ,x)

+
1
2
φ(τ,x)

(
∂2

∂x2ν
− κ2

)
φ(τ,x)

+
1
2
gTr{γ[ψ̄E(τ,x), ψE(τ,x)]}φ(τ,x) . (4.2.1)

The density matrix ρ̂GC(β) of the grand canonical ensemble in the
Schrödinger picture is given by

ρ̂GC(β) = exp[−β(Ĥ − µN̂)], β =
1
kBT

, (4.2.2)
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where the total Hamiltonian Ĥ is split into two parts:

Ĥ0 = free Hamiltonian for fermion (mass m) and boson (mass κ).

Ĥ1 = −
∫

d3x̂(x)φ̂(x), (4.2.3)

with the “current” given by

̂(x) =
1
2
gTr{γ[ψ̂†

E(x)γ
4), ψ̂E(x)]}, (4.2.4)

and

N̂ =
1
2

∫
d3xTr{−γ4[(ψ̂†

E(x)γ
4), ψ̂E(x)]}. (4.2.5)

By the standard method of quantum field theory, we use the interaction
picture with N̂ included in the free part, and obtain

ρ̂GC(β) = ρ̂0(β)Ŝ(β), (4.2.6a)

ρ̂0(β) = exp
[
−β(Ĥ0 − µN̂)

]
, (4.2.7)

Ŝ(β) = Tτ

{
exp

[
−
∫ β

0

dτ
∫

d3xĤ1(τ,x)

]}
(4.2.8a)

and

Ĥ1(τ,x) = −̂(I)(τ,x)φ̂(I)(τ,x). (4.2.9)

We know that the interaction picture operator f̂ (I)(τ,x) is related to the
Schrödinger picture operator f̂(x) through

f̂ (I)(τ,x) = ρ̂−1
0 (τ) · f̂(x) · ρ̂0(τ). (4.2.10)

We introduce the external hook {J(τ,x), η̄α(τ,x), ηβ(τ,x)} in the interaction
picture, and obtain

Ĥint
1 (τ,x)

= −{[ĵ(I)(τ,x) + J(τ,x)]φ̂(I)(τ,x)
+η̄α(τ,x)ψ̂

(I)

E α(τ,x) + (ψ̂
†(I)
E (τ,x)γ4)βηβ(τ,x))}. (4.2.11)

We replace (4.2.6a), (4.2.7) and (4.2.8a) with
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ρ̂GC(β; [J, η̄, η]) = ρ̂0(β)Ŝ(β; [J, η̄, η]), (4.2.6b)

ρ̂0(β) = exp
[
−β(Ĥ0 − µN̂)

]
, (4.2.7)

Ŝ(β; [J, η̄, η]) = Tτ

{
exp

[
−
∫ β

0

dτ
∫

d3xĤint
1 (τ,x)

]}
. (4.2.8b)

Here, we have

(a) 0 ≤ τ ≤ β.

δ

δJ(τ,x)
ρ̂GC(β; [J, η̄, η])|J=η̄=η=0

= ρ̂0(β)Tτ

{
φ̂
(I)
(τ,x) exp

[
−
∫ β

0

dτ
∫

d3x

]
Ĥint

1 (τ,x)]

}
|J=η̄=η=0

= ρ̂0(β)Tτ

{
exp

[
−
∫ β

τ

dτ
∫

d3xĤint
1

]}
φ̂
(I)
(τ,x)

×Tτ

{
exp

[
−
∫ τ

0

dτ
∫

d3xĤint
1

]}
|J=η̄=η=0

= ρ̂0(β)Ŝ(β; [J, η̄, η])Ŝ(−τ ; [J, η̄, η])φ̂
(I)
(τ,x)Ŝ(τ ; [J, η̄, η])|J=η̄=η=0

= ρ̂GC(β; [J, η̄, η]){ρ̂0(τ)Ŝ(τ ; [J, η̄, η])}−1

×φ̂(x){ρ̂0(τ)Ŝ(τ ; [J, η̄, η])}|J=η̄=η=0

= ρ̂GC(β)φ̂(τ,x).

Thus, we obtain

δ

δJ(τ,x)
ρ̂GC(β; [J, η̄, η])|J=η̄=η=0 = ρ̂GC(β)φ̂(τ,x). (4.2.12)

Likewise, we obtain

δ

δη̄α(τ,x)
ρ̂GC(β; [J, η̄, η])|J=η̄=η=0 = ρ̂GC(β)ψ̂E α(τ,x), (4.2.13)

δ

δηβ(τ,x)
ρ̂GC(β; [J, η̄, η])|J=η̄=η=0 = −ρ̂GC(β)(ψ̂

†
E(τ,x)γ

4)β , (4.2.14)

and

δ2

δη̄α(τ,x)δηβ(τ ′,x)
ρ̂GC(β; [J, η̄, η])|J=η̄=η=0

= −ρ̂GC(β)Tτ{ψ̂E α(τ,x)(ψ̂
†
E (τ ′,x′)γ4)β} . (4.2.15)
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The Heisenberg picture operator f̂(τ,x) is related to the Schrödinger picture
operator f̂(x) by

f̂(τ,x) = ρ̂−1
GC(τ) · f̂(x) · ρ̂GC(τ). (4.2.16)

(b) τ /∈ [0, β]. As for τ /∈ [0, β], the functional derivatives of ρ̂GC(β; [J, η̄, η])
with respect to {J, η̄, η} all vanish.

4.2.2 Functional Differential Equation of the Partition Function
of the Grand Canonical Ensemble

We use the “equation of motion” of ψ̂E α(τ,x) and φ̂(τ,x),{
iγk∂k + iγ4

(
∂

∂τ
− µ

)
−m+ gγφ̂(τ,x)

}
β,α

ψ̂E α(τ,x) = 0, (4.2.17)

(ψ̂
†
E (τ,x)γ4)β

{
iγk∂k + iγ4

(
∂

∂τ
− µ

)
−m+ gγφ̂(τ,x)

}T

β,α

= 0,

(4.2.18)

(
∂2

∂x2ν
− κ2

)
φ̂(τ,x) + gTr{γ(ψ̂†

E (τ,x)γ4)ψ̂E (τ,x)} = 0, (4.2.19)

and the equal “time” canonical (anti-)commuters

δ(τ − τ ′){ψ̂E α(τ,x), (ψ̂
†
E (τ ′,x′)γ4)β}

= δαβδ(τ − τ ′)δ(x − x′), (4.2.20a)

δ(τ − τ ′)
[
φ̂(τ,x),

∂

∂τ ′
φ̂(τ ′,x′)

]
= δ(τ − τ ′)δ3(x − y): (4.2.20b)

all remaining equal “time” (anti-)commutators = 0. (4.2.20c)

We obtain the equations of motion of the partition function ZGC(β; [J, η̄, η])
of the grand canonical ensemble

ZGC(β; [J, η̄, η]) = Trρ̂GC(β; [J, η̄, η]) (4.2.21)

in the presence of the external hook {J, η̄, η} from (4.2.12), (4.2.13) and
(4.2.14) as
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iγk∂k + iγ4

(
∂

∂τ
− µ

)
−m+ gγ

1
i

δ

δJ(τ,x)

}
β,α

×1
i

δ

δη̄α(τ, x̄)
ZGC(β; [J, η̄, η])

= −ηβ(τ,x)ZGC(β; [J, η̄, η]) , (4.2.22)

{
iγk∂k + iγ4

(
∂

∂τ
+ µ

)
+m− gγ 1

i
δ

δJ(τ,x)

}T

β,α

×i
δ

δηβ(τ,x)
ZGC(β; [J, η̄, η])

= η̄α(τ,x)ZGC(β; [J, η̄, η]), (4.2.23)

{(
∂2

∂x2ν
− κ2

)
1
i

δ

δJ(τ,x)
− gγβα δ2

δη̄α(τ,x)δηβ(τ,x)

}
×ZGC(β; [J, η̄, η])

= J(τ,x)ZGC(β; [J, η̄, η]). (4.2.24)

We can solve the functional differential equations, (4.2.22), (4.2.23) and
(4.2.24), by the method of Sect. 2.3. As in Sect. 2.3, we define the functional
Fourier transform Z̃GC(β; [φ, ψE, ψ̄E]) of ZGC(β; [J, η̄, η]) by

ZGC(β; [J, η̄, η])

≡
∫

D[ψ̄E]D[ψE]D[φ]Z̃GC(β; [φ, ψE, ψ̄E])

× exp

[
i
∫ β

0

dτ
∫

d3x

×{J(τ,x)φ(τ,x) + η̄α(τ,x)ψE α(τ,x) + ψ̄E β(τ,x)ηβ(τ,x)}
]
.

We obtain functional differential equations satisfied by the functional Fourier
transform Z̃GC(β; [φ, ψE, ψ̄E]) from (4.2.22), (4.2.23) and (4.2.24), after func-
tional integration by parts on the right-hand sides involving η̄α, ηβ and J as

δ

δψE α(τ,x)
ln Z̃GC(β; [φ, ψE, ψ̄E])

=
δ

δψE α(τ,x)

∫ β

0

dτ
∫

d3xL′
E((4.2.1)),
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δ

δψ̄E β(τ,x)
ln Z̃GC(β; [φ, ψE, ψ̄E])

=
δ

δψ̄E β(τ,x)

∫ β

0

dτ
∫

d3xL′
E((4.2.1)),

δ

δφ(τ,x)
ln Z̃GC(β; [φ, ψE, ψ̄E])

=
δ

δφ(τ,x)

∫ β

0

dτ
∫

d3xL′
E((4.2.1)),

which we can immediately integrate to obtain

Z̃GC(β; [φ, ψE, ψ̄E]) = C exp

[∫ β

0

dτ
∫

d3xL′
E((4.2.1))

]
. (4.2.25a)

Thus, we have the path integral representation of ZGC(β; [J, η̄, η]) as

ZGC(β; [J, η̄, η])

= C

∫
D[ψ̄E]D[ψE]D[φ] exp

[∫ β

0

dτ
∫

d3x{L′
E((4.2.1))

+iJ(τ,x)φ(τ,x) + iη̄α(τ,x)ψE α(τ,x) + iψ̄E β(τ,x)ηβ(τ,x)}
]

= Z0 exp

[
−gγβα

∫ β

0

dτ
∫

d3xi
δ

δηβ(τ,x)
1
i

δ

δη̄α(τ,x)
1
i

δ

δJ(τ,x)

]

× exp

[∫ β

0

dτ
∫

d3x
∫ β

0

dτ
∫

d3x′

×{− 1
2J(τ,x)D0(τ − τ ′,x − x′)J(τ ′,x′)

+η̄α(τ,x)G 0
αβ

(τ − τ ′,x − x′)ηβ(τ ′,x′)}
]
. (4.2.25b)

The normalization constant Z0 is chosen so that

Z0 = ZGC(β; J = η̄ = η = 0, g = 0)

=
∏

|p|,|k|
{1 + exp[−β(εp − µ)]}

×{1 + exp[−β(εp + µ)]}{1− exp[−βωk]}−1 , (4.2.26)
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with

εp = (p2 +m2)1/2, ωk = (k2 + κ2)1/2. (4.2.27)

D0(τ − τ ′,x−x′) and G 0
αβ

(τ − τ ′,x−x′) are the “free” temperature Green’s

functions of the Bose field and the Fermi field, respectively, and are given by

D0(τ − τ ′,x − x′)

=
∫

d3k
(2π)32ωk

{(fk + 1) exp[ik(x − x′)− ωk(τ − τ ′)]
+fk exp[−ik(x − x′) + ωk(τ − τ ′)]} , (4.2.28)

G 0
αβ

(τ − τ ′,x − x′)

= (iγν∂ν +m)α,β
∫

d3k
(2π)32εk

×




{(N+
k − 1) exp[ik(x − x′)− (εk − µ)(τ − τ ′)]

+N−
k exp[−ik(x − x′) + (εk + µ)(τ − τ ′)]},

for τ > τ ′,
{N+

k exp[−ik(x − x′)− (εk − µ)(τ − τ ′)]
+(N−

k − 1) exp[ik(x − x′) + (εk + µ)(τ − τ ′)]},
for τ < τ ′,

(4.2.29)

where

∂4 ≡ ∂

∂τ
− µ , fk =

1
exp[βωk]− 1

, N±
k =

1
exp[β(εk ∓ µ)] + 1

. (4.2.30)

The fk are the density of states at energy ωk of the Bose particles, and the
N±

k are the density of states at energy εk of the (anti-)Fermi particles.
For the path integral representation of ZGC(β; [J, η̄, η]), (4.2.25b), we have

two ways of expressing it, just like the example in Sect. 2.3.3.
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ZGC(β; [J, η̄, η])

= Z0 exp

[
−1
2

∫ β

0

dτ
∫

d3x
∫ β

0

dτ ′
∫

d3x′

×
{
J(τ,x)− gγβαi δ

δηβ(τ,x)
1
i

δ

δη̄α(τ,x)

}

×D0(τ − τ ′,x − x′)
{
J(τ ′,x′)− gγβαi δ

δηβ(τ ′,x′)
1
i

δ

δη̄α(τ ′,x′)

}]

× exp

[∫ β

0

dτ
∫

d3x
∫ β

0

dτ ′
∫

d3x′η̄α(τ,x)G 0
αβ

×(τ − τ ′,x − x′)ηβ(τ ′,x′)

]
(4.2.31)

= Z0

{
Det(1 + gG0(τ,x)γ

1
i

δ

δJ(τ,x)
)
}−1

(4.2.32)

× exp

[∫ β

0

dτ
∫

d3x
∫ β

0

dτ ′
∫

d3x′

×η̄α(τ,x)
(
1 + gG0(τ,x)γ

1
i

δ

δJ(τ,x)

)−1

αε

G 0
εβ
(τ − τ ′,x − x′)ηβ(τ ′,x′)

]

× exp

[
−1
2

∫ β

0

dτ
∫

d3x
∫ β

0

dτ ′
∫
d3x′J(τ,x)D0(τ − τ ′,x − x′)J(τ ′,x′)

]
.

The thermal expectation value of the τ -ordered function

fτ -ordered(ψ̂, ψ̂
†
γ4, φ̂)

in the grand canonical ensemble is given by

〈fτ -ordered(ψ̂, ψ̂†
γ4, φ̂)〉

≡ Tr{ρ̂GC(β)fτ -ordered(ψ̂, ψ̂
†
γ4, φ̂)}

Trρ̂GC(β)

≡ 1
ZGC(β; [J, η̄, η])

f

(
1
i
δ

δη̄
, i
δ

δη
,
1
i
δ

δJ

)
ZGC(β; [J, η̄, η])|J=η̄=η=0.

(4.2.33)

According to this formula, the one-body “full” temperature Green’s functions
of the Bose field and the Fermi field, D(τ−τ ′,x−x′) and Gαβ(τ−τ ′,x−x′),
are respectively given by
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D(τ − τ ′,x − x′)

=
Tr{ρ̂GC(β)Tτ (φ̂(τ,x)φ̂(τ ′,x′))}

Trρ̂GC(β)

= − 1
ZGC(β; [J, η̄, η])

1
i

δ

δJ(τ,x)
1
i

δ

δJ(τ ′,x′)
ZGC(β; [J, η̄, η])|J=η̄=η=0,

(4.2.34)

Gαβ(τ − τ ′,x − x′) =
Tr{ρ̂GC(β)ψ̂α(τ,x)(ψ̂

†
(τ ′,x′)γ4)β}

Trρ̂GC(β)

= − 1
ZGC(β; [J, η̄, η])

1
i

δ

δη̄α(τ,x)
i

δ

δηβ(τ ′,x′)
ZGC(β; [J, η̄, η])|J=η̄=η=0.

(4.2.35)

From the cyclicity of Tr and the (anti-)commutativity of φ̂(τ,x) (ψ̂α(τ,x))
under the Tτ -ordering symbol, we have

D(τ − τ ′ < 0,x − x′) = +D(τ − τ ′ + β,x − x′), (4.2.36)

and

Gαβ(τ − τ ′ < 0,x − x′) = −Gαβ(τ − τ ′ + β,x − x′), (4.2.37)

where

0 ≤ τ, τ ′ ≤ β,

i.e., the boson (fermion) “full” temperature Green’s function is (anti-)periodic
with the period β. From this, we have the Fourier decompositions as

φ̂(τ,x)

=
1
β

∑
n

∫
d3k

(2π)32ωk
{exp[i(kx − ωnτ)]a(ωn,k)

+ exp[−i(kx − ωnτ)]a†(ωn,k)} , (4.2.38)

ωn =
2nπ
β
, n = integer,

ψ̂α(τ,x) =
1
β

∑
n

∫
d3k

(2π)32εk
{exp[i(kx − ωnτ)]unα(k)b(ωn,k)

+ exp[−i(kx − ωnτ)]v̄nα(k)d†(ωn,k)} , (4.2.39)
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ωn =
(2n+ 1)π

β
, n = integer,

where

[a(ωn,k), a†(ωn′ ,k′)] = 2ωk(2π)3δ3(k − k′)δn,n′ , (4.2.40a)

[a(ωn,k), a(ωn′ ,k′)] = [a†(ωn,k), a†(ωn′ ,k′)] = 0 , (4.2.40b)

{b(ωn,k), b†(ωn′ ,k′)} = {d(ωn,k), d†(ωn′ ,k′)}
= 2εk(2π)3δ3(k − k′)δn,n′ : (4.2.40c)

the remaining anticommutators = 0 . (4.2.40d)

4.3 Schwinger–Dyson Equation

In this section, we discuss the Schwinger–Dyson equation satisfied by the
“full” temperature Green’s functions, DJ(x, y) and GJ

α,β(x, y), of the bo-
son field and the fermion field in the presence of the external bosonic hook,
{J(τ,x)}.

In Sect. 4.3.1, we derive the Schwinger–Dyson equation satisfied by

DJ(x, y) and GJ
α,β(x, y)

from the equation of motion satisfied by the partition function

ZGC(β; [J, η̄, η])

of the grand canonical ensemble in the presence of the hook,

{J(τ,x), η̄α(τ,x), ηβ(τ,x)},
in the same manner as in Sect. 2.4, after setting the fermionic hooks equal
to 0,

η̄α(τ,x) = ηβ(τ,x) = 0 .

Next, we set

J(τ,x) = 0 ,

recovering the translation invariance of the system, and obtain the Schwinger–
Dyson equation in momentum space as a result of the Fourier decomposition.

In Sect. 4.3.2, we consider the nonrelativistic limit of the fermion “free”
temperature Green’s function, and confirm the agreement with the result of
Sect. 4.1.
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4.3.1 The Schwinger–Dyson Equation

We define the one-body boson and fermion “full” temperature Green’s func-
tions, DJ(x, y) and GJ

α,β(x, y), by

DJ(x, y) ≡ −〈Tτ (φ̂(x)φ̂(y))〉J
∣∣∣
η̄=η=0

≡ − δ2

δJ(x)δJ(y)
lnZGC(β; [J, η̄, η])

∣∣∣
η̄=η=0

≡ − δ

δJ(x)
〈φ̂(y)〉J

∣∣∣
η̄=η=0

, (4.3.1)

and

GJ
α,β(x, y)

≡ +〈Tτ (ψ̂α(x)(ψ̂
†
(y)γ4)β)〉J

∣∣∣
η̄=η=0

(4.3.2)

≡ − 1
ZGC(β; [J, η̄, η])

δ

δη̄α(x)
δ

δηβ(y)
ZGC(β; [J, η̄, η])

∣∣∣
η̄=η=0

.

From (4.2.22), (4.2.23) and (4.2.24), satisfied by ZGC(β; [J, η̄, η]), in a similar
manner as in Sect. 2.4, we obtain the Schwinger–Dyson equation satisfied by
DJ (x, y) and GJ

α,β(x, y) as

(iγν∂ν −m+ gγ〈φ̂(x)〉J )αεGJ
εβ(x, y)−

∫
d4zΣ∗

αε(x, z)G
J
εβ(z, y)

= δαβδ
4(x− y), (4.3.3a)

(
∂2

∂x2ν
− κ2

)
〈φ̂(x)〉J

= 1
2gγβα{GJ

αβ(τ,x; τ − ε,x) +GJ
αβ(τ,x; τ + ε,x)}|ε→0+ , (4.3.3b)

(
∂2

∂x2ν
− κ2

)
DJ(x, y)−

∫
d4zΠ∗(x, z)DJ (z, y) = δ4(x − y) , (4.3.3c)

Σ∗
αβ(x, y) = g2

∫
d4ud4vγαδGJ

δν(x, u)Γ νβ(u, y; v)DJ(v, x), (4.3.3d)

Π∗(x, y) = g2
∫

d4ud4vγαβGJ
βδ(x, u)Γ δν(u, v; y)GJ

να(v, x), (4.3.3e)
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Γ αβ(x, y; z) = γαβ(z)δ4(x− y)δ4(x− z) + 1
g

δΣ∗
αβ(x, y)

δ〈φ̂(z)〉J . (4.3.3f)

We here employ the abbreviations

x ≡ (τx,x),
∫

d4x ≡
∫ β

0

dτx
∫

d3x. (4.3.4)

We note that GJ
αβ(x, y) and DJ (x, y) are determined by (4.3.3a) through

(4.3.3f) only for

τx − τy ∈ [−β, β],
and we assume that they are defined by a periodic boundary condition with
period 2β for

τx − τy /∈ [−β, β].
Next, we set

J ≡ 0,

and hence we have

〈φ̂(x)〉J≡0 ≡ 0,

restoring the translational invariance of the system. We Fourier transform
Gαβ(x) and D(x),

Gαβ(x) =
1
β

∑
p4

∫
d3p
(2π)3

Gαβ(p4,p) exp [i(px − p4τx)] , (4.3.5a)

D(x) =
1
β

∑
p4

∫
d3p
(2π)3

D(p4,p) exp [i(px − p4τx)] , (4.3.5b)

Γ α,β(x, y; z) = Γα,β(x− y, x− z)

=
1
β2

∑
p4,k4

∫
d3pd3k
(2π)6

Γ α,β(p, k)

× exp [i{p(x − y)− p4(τx − τy)}
−i{k(x − z)− k4(τx − τz)}] , (4.3.5c)

p4 =
{
(2n+ 1)π�β, fermion, n = integer,
2nπ�β, boson, n = integer. (4.3.5d)
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We have the Schwinger–Dyson equation in momentum space as

{−γp + γ4(p4 − iµ)− (m+ Σ∗(p))}αεGεβ(p)

= δαβ
∑
n

δ

(
p4 − (2n+ 1)π

β

)
, (4.3.6a)

{−k2ν − (κ2 + Π∗(k))}D(k) =
∑
n

δ

(
k4 − 2nπ

β

)
, (4.3.6b)

Σ∗
α,β(p) = g2

1
β

∑
k4

∫
d3k
(2π)3

γαδGδε(p+ k)Γ εβ(p+ k, k)D(k), (4.3.6c)

Π∗(k) = g2
1
β

∑
p4

∫
d3p
(2π)3

γµνGνλ(p+ k)Γ λρ(p+ k, k)Gρµ(p), (4.3.6d)

Γ αβ(p, k)

=
∑
n,,m

γαβδ

(
p4 − (2n+ 1)π

β

)
δ

(
k4 − (2m+ 1)π

β

)
+ Λαβ(p, k) ,

(4.3.6e)

where Λαβ(p, k) represents the sum of the vertex diagram except for the first
term.

4.3.2 Nonrelativistic Limit

We consider the nonrelativistic limit of the fermion “free” temperature
Green’s function,

G 0
α,β

(p) =
∑
n

δ

(
p4 − (2n+ 1)π

β

)(
1

−γp + γ4(p4 − iµ)−m
)
α,β

.

(4.3.7)

Multiplying by {−γp+ γ4(p4 − iµ) +m} on the numerator and the denomi-
nator of the right-hand side of (4.3.7), we have

G 0
α,β

(p) =
∑
n

{−γp + γ4(p4 − iµ) +m}α,β

× δ(p4 − (2n+ 1)π�β)
−{p2 + (p4 − iµ)2 +m2} . (4.3.8)
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Upon taking the nonrelativistic limit, we have

µ = m+ µ1, γ = 0, γ4αβ = iδαβ , (4.3.9a)

p4
m

=
(2n+ 1)π
βm

� 1, low temperature, (4.3.9b)

p2

m2
� 1,

µ1
m

� 1. (4.3.9c)

We then have

numerator = 0 + iδαβ(p4 − iµ) +mδαβ

= mδαβ

{
i
p4
m

+
(
1 +

µ1
m

)
+ 1

}
≈ 2mδαβ, (NR limit.) (4.3.10)

while

denominator = −(p2 +m2) + (m+ µ1 + ip4)2

= −p2 + 2m(µ1 + ip4) + µ21 + 2iµ1p4 − p24
≈ 2m

(
ip4 + µ1 − p2

2m

)
. (NR limit.) (4.3.11)

Hence, we obtain

GNR
0

α,β
(p) = δαβ

∑
n

δ(p4 − (2n+ 1)π�β)

× 1
ip4 + µ1 − p2�2m

, (4.3.12)

which agrees with the “free” temperature Green’s function, (4.1.17), aside
from the spinor indices, δαβ , and the restriction of p4. This validates the
analytic continuation employed in Sect. 4.1.

4.4 Methods of the Auxiliary Field

We frequently encounter four-fermion interactions in the theory of condensed
matter physics. In some theoretical calculations, we would like to change the
form of the coupling in order to have a new perspective on the theory. Also,
instead of dealing with the four-fermion interaction, we would like to change
the form of the interaction to a bilinear form in the fermion fields and thus
reduce the problem to the calculation of the fermion determinant. We can



4.4 Methods of the Auxiliary Field 199

accomplish this goal with the method of the auxiliary fields, and we rewrite
the four-fermion interaction in terms of the tri-linear Yukawa coupling of the
physical fields {ψσ(x), ψ̄σ(x)} and the auxiliary field.

In the method of the auxiliary field in the Lagrangian formalism
(Sect. 4.4.1), we introduce the auxiliary field φ(x) on an equal footing to
the physical fields {ψσ(x), ψ̄σ(x)}. The physical significance of the auxiliary
field φ(x) lies in the fact that the Green’s function of the auxiliary field φ(x)
is a physical quantity related to the linear response function of the system.

In the method of the auxiliary field in the Hamiltonian formalism, we
have the Gaussian method which can be applied to the quartic coupling of
bosons and fermions (Sect. 4.4.2). The physical significance of the auxiliary
field in the Hamiltonian formalism is not so clear as compared to that of the
Lagrangian formalism.

4.4.1 Method of the Auxiliary Field in the Lagrangian Formalism

We consider the grand canonical ensemble described by the Euclidean La-
grangian density

L′
E(ψ(x), ∂µψ(x), ψ

∗(x), ∂µψ∗(x)).

We let the Euclidean action functional I[ψ, ψ∗] of this system be given by

I[ψ, ψ∗] =
∫ β

0

dτ
∫

d3xL′
E(ψ(x), ∂µψ(x), ψ

∗(x), ∂µψ∗(x))

= I0[ψ, ψ∗] + I2[ψ, ψ∗] , (4.4.1)

where

I0[ψ, ψ∗] = Euclidean action functional for a noninteracting system,

and

I2[ψ, ψ∗] = −1
2

∫
dτxd3x

∫
dτyd3yλ(x)K(x, y)λ(y), (4.4.2)

where λ(x) is given by

λ(x) =
∑
n=2

Cnψ
∗
1(x) · · ·ψn(x). (4.4.3)

By the introduction of the auxiliary field φ(x), we replace the quadratic
term in λ(x) which represents the self-interaction of ψ(x) in I2[ψ, ψ∗] with
the effective interaction I ′1[ψ, ψ

∗, φ] which is bilinear in λ(x) and φ(x). We
can accomplish this by incompleting the square in the Gaussian functional
integration,
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exp
[
−1
2

∫
d4xd4ya(x)K(x, y)a(y)

]

=

∫ D[φ] exp
[
1
2

∫
d4xd4yφ(x)K−1(x, y)φ(y) − ∫

d4xa(x)φ(x)
]∫ D[φ] exp

[
1
2

∫
d4xd4yφ(x)K−1(x, y)φ(y)

] .

(4.4.4)

From (4.4.2) and (4.4.4), we obtain

exp[I2[ψ, ψ∗]]

=

∫ D[φ] exp
[
1
2

∫
d4xd4yφ(x)K−1(x, y)φ(y) − ∫

d4xλ(x)φ(x)
]∫ D[φ] exp

[
1
2

∫
d4xd4yφ(x)K−1(x, y)φ(y)

] . (4.4.5)

From (4.4.5), we obtain the effective Euclidean action functional

Ieff[ψ, ψ∗, φ]

of the ψ(x)-φ(x) system as

Ieff[ψ, ψ∗, φ]

= I0[ψ, ψ∗] +
1
2

∫
d4xd4yφ(x)K−1(x, y)φ(y) −

∫
d4xλ(x)φ(x)

= I ′0[ψ, ψ
∗, φ] + I ′1[ψ, ψ

∗, φ], (4.4.6a)

where

I ′0[ψ, ψ
∗, φ] = I0[ψ, ψ∗] +

1
2

∫
d4xd4yφ(x)K−1(x, y)φ(y), (4.4.6b)

and

I ′1[ψ, ψ
∗, φ] = −

∫
d4xλ(x)φ(x). (4.4.6c)

We have the grand canonical ensemble average of the Tτ -ordered product
of the Heisenberg picture operators, B̂(1), · · · ,Ĉ(n), in the Matsubara repre-
sentation as

〈Tτ{B̂(1) · · · Ĉ(n)}〉
=
∫ D[ψ]D[ψ∗]D[φ]B(1) · · ·C(n) exp[Ieff[ψ, ψ∗, φ]]∫ D[ψ]D[ψ∗]D[φ] exp[Ieff[ψ, ψ∗, φ]]

. (4.4.7)

In particular, when we choose the auxiliary field φ(x) itself as B̂(1), · · · , we
have the “full” and “free” temperature Green’s functions of the auxiliary field
φ(x) as
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Dauxi.(x, y) =
∫ D[ψ]D[ψ∗]D[φ]φ(x)φ(y) exp[Ieff[ψ, ψ∗, φ]]∫ D[ψ]D[ψ∗]D[φ] exp[Ieff[ψ, ψ∗, φ]]

, (4.4.8)

Dauxi.
0 (x, y) =

{
Ieff[ψ, ψ∗, φ] → I ′0[ψ, ψ

∗, φ]
in (4.4.8)

}
= K(x, y). (4.4.9)

The physical significance of the Green’s function of the auxiliary field φ(x)
lies in the fact that it provides a linear response function of the ψ(x) system.
In the discussion so far, we have assumed the reality of λ(x). When λ(x) is
complex, we introduce the complex auxiliary fields, φ(x) and φ∗(x), with the
appropriate modifications in (4.4.4) through (4.4.9).

A noteworthy point of the method of the auxiliary field in the Lagrangian
formalism lies in the fact that the auxiliary field φ(x) is treated on the equal
footing with the physical fields ψ(x) and ψ∗(x), and the linked cluster ex-
pansion of the Green’s function treats φ(x) and ψ(x) on an equal footing. In
this regard, the auxiliary field φ(x) in the Lagrangian formalism is distinct
from the Gaussian auxiliary field z(τ) in the Stratonovich–Hubbard transfor-
mation in the Hamiltonian formalism. We usually interpret the z(τ) as the
“time”-dependent external field and we average the physical quantity with
respect to the functional Gaussian measure

D[z]D[z∗] exp

[
− 1
β

∫ β

0

dτ |z(τ)|2
]
.

The dynamical content of z(τ) is not quite clear.

4.4.2 Stratonovich–Hubbard Transformation:
Gaussian Method

Stratonovich and Hubbard considered the replacement of the partition func-
tion of the self-interacting bosonic (fermionic) many-body system by the par-
tition function of the bosonic (fermionic) many-body system interacting with
the “time”-dependent external field z(τ), with respect to which the Gaussian
average is performed. The Gaussian average is taken over all possible external
fields and is expressed in terms of the functional integral. The Hamiltonian
formalism is employed for the original bosonic (fermionic) many-body system.
The auxiliary bosonic field z(τ), with respect to which the Gaussian average
is taken, is not treated on an equal footing with the bosonic (fermionic) field
of the many-body system.

The starting point of this method is the following Gaussian integral for-
mula,

exp[−Â2] =
1√
π

∫ +∞

−∞
dy exp[−y2 − 2iyÂ]

≡ 〈exp[−2iyÂ]〉Gauss. Ave.. (4.4.10)
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We accomplished the linearization of the operator Â2 with the use of a one-
dimensional Gaussian average. As for the two commuting operators, Â and
B̂, since the product Â · B̂ can be expressed as

−Â · B̂ = −
(
Â+ B̂

2

)2

+

(
Â− B̂

2

)2

, [Â, B̂] = 0, (4.4.11)

we use (4.4.10) for each squared term in (4.4.11) and obtain

exp[−Â · B̂]

=
1
π

∫ +∞

−∞
dxdy exp[−(x2 + y2)− x(Â− B̂)− iy(Â+ B̂)] (4.4.12)

=
1
π

∫ +∞

−∞
dzdz∗ exp[−|z|2 − zÂ+ z∗B̂] (4.4.13a)

≡ 〈exp[−zÂ+ z∗B̂]〉Gauss. Ave. . (4.4.13b)

We accomplished the linearization of the product Â ·B̂ of the two commuting
operators Â and B̂ with the use of the two dimensional Gaussian average.

With these preparations, we consider a system described by the following
grand canonical Hamiltonian

Ĥ ′ = (Ĥ0 − µN̂) + Â · B̂, (4.4.14a)

[Â, B̂] = 0 , [Ĥ0 − µN̂, Â] �= 0 , [Ĥ0 − µN̂, B̂] �= 0 . (4.4.14b)

According to the Fradkin construction in Sect. 4.2.1, (4.2.6) through (4.2.10),
we have the density matrix for the grand canonical ensemble as

ρ̂GC(β) = exp[−β(Ĥ0 − µN̂ + Â · B̂)] (4.4.15)

= exp[−β(Ĥ0 − µN̂)]Tτ

{
exp

[
−
∫ β

0

dτÂ(I)(τ)B̂(I)(τ)

]}
,

where

Â(I)(τ) = exp[τ(Ĥ0 − µN̂)]Â exp[−τ(Ĥ0 − µN̂)] . (4.4.16)

Since we can freely change the order of the operators under the Tτ -ordering
symbol, we can apply (4.4.12), (4.4.13a) and (4.4.13b) to the { } part of
(4.4.15).
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Ê(τ) ≡ exp

[
−
∫ β

0

dτÂ(τ)B̂(τ)

]

= lim
∆τ= β

N →0
N→+∞

exp


− N∑

j=1

∆τÂ(τj)B̂(τj)


 (τj = j∆τ) (4.4.17a)

= lim
∆τ→0
N→+∞

(
1
π

)N ∫ N∏
j=1

(
∆τ

β
dzj

)(
∆τ

β
dz∗j

)

× exp


− 1

β

N∑
j=1

∆τ{|zj |2 + Â(τj)zj − B̂(τj)z∗j }



= lim
∆τ→0
N→+∞

∫ N∏
j=1

(
∆τ√
πβ

dzj

)(
∆τ√
πβ

dz∗j

)

× exp


− 1

β

N∑
j=1

∆τ{|zj |2 + Â(τj)zj − B̂(τj)z∗j }



=
∫

D[z]D[z∗]

× exp

[
− 1
β

∫ β

0

dτ{|z(τ)|2 + Â(τ)z(τ) − B̂(τ)z∗(τ)}
]
, (4.4.17b)

where the functional integral measure is given by

D[z]D[z∗] exp

[
− 1
β

∫ β

0

dτ |z(τ)|2
]

= lim
∆τ= β

N →0
N→+∞

N∏
j=1

(
∆τ√
πβ

dzj

)(
∆τ√
πβ

dz∗j

)
exp


− 1

β

N∑
j=1

∆τ |zj |2

 . (4.4.18)

Returning to (4.4.15), we exchange the order of the Tτ -ordering symbol and
the functional integral∫

D[z]D[z∗],

and obtain

ρ̂GC(β)
= exp[−β(Ĥ0 − µN̂)]Tτ Ê(τ)
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=
∫

D[z]D[z∗] exp

[
− 1
β

∫ β

0

dτ |z(τ)|2
]
exp[−β(Ĥ0 − µN̂)]

×Tτ

{
exp

[
− 1
β

∫ β

0

dτ(Â(I)(τ)z(τ) − B̂(I)(τ)z∗(τ))

]}
(4.4.19a)

=

〈
exp[−β(Ĥ0 − µN̂)]×

×Tτ

{
exp

[
− 1
β

∫ β

0

dτ(Â(I)(τ)z(τ) − B̂(I)(τ)z∗(τ))

]}〉
Funct.Gauss.Ave.

. (4.4.19b)

Here, we note the following correspondence,

z(τ) = x(τ) + iy(τ) ↔ z = x+ iy of (4.4.13a and b),

and

functional Gaussian average↔ Gaussian average in (4.4.13a and b).

Equations (4.4.19a) and (4.4.19b) indicate that the linearization of the prod-
uct Â · B̂ of operators satisfying (4.4.14b) is accomplished with the “two-
dimensional” functional Gaussian average. We can combine the two expo-
nents of (4.4.19b) into one by

ρ̂GC(β) =

〈
Tτ exp

[
−
∫ β

0

dτ

{
(Ĥ0 − µN̂)τ

+
1
β
(Â(I)(τ)z(τ) − B̂(I)(τ)z∗(τ))

}]〉
F.G.A.

, (4.4.20)

where F.G.A. indicates the functional Gaussian average and (Ĥ0−µN̂)τ rep-
resents

(Ĥ0 − µN̂)τ ≡ exp[τ(Ĥ0 − µN̂)](Ĥ0 − µN̂) exp[−τ(Ĥ0 − µN̂)]
= Ĥ0 − µN̂ . (4.4.21)

The formula (4.4.20) is called the Stratonovich–Hubbard identity.
If Â and B̂ commute with Ĥ0 − µN̂ ,

[Â, Ĥ0 − µN̂ ] = [B̂, Ĥ0 − µN̂ ] = 0, (4.4.22)

we have

Â(I)(τ) = Â, B̂(I)(τ) = B̂, (4.4.23)
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so that the Tτ -ordering becomes unnecessary. Then, Â and B̂ interact with

z0 =
1
β

∫ β

0

dτz(τ) , z∗0 =
1
β

∫ β

0

dτz∗(τ), (4.4.24)

respectively, and the functional Gaussian average is reduced to the ordinary
Gaussian average.

When Â and B̂ are given by the bilinear form of the fermion operators,
ψ̂σ and (ψ̂

†
γ0)σ, for example,

Â = n̂σ = (ψ̂
†
γ0)σψ̂σ , B̂ = n̂σ′ = (ψ̂

†
γ0)σ′ ψ̂σ′ , (4.4.25)

the four-fermion interaction gets linearized to the tri-linear Yukawa coupling
of ψ̂σ, (ψ̂

†
γ0)σ and the auxiliary boson field z(τ). Finally, the problem is re-

duced to the fermion determinant, even in the Hamiltonian formalism, which
depends on the auxiliary boson field z(τ). Hence it is subject to the func-
tional Gaussian average. For the fermion determinant in the Hamiltonian
formalism, the reader is referred to Blankenbecler et al. (1981).
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5. Stochastic Quantization

In this chapter, we discuss the stochastic quantization of the classical theory.
We attempt to formulate quantum mechanics and quantum field theory in
the Euclidean metric as a stationary state of a stochastic process. When we
compare the composition law of the transition probabilities of the stochastic
process with that of the transition probability amplitudes of quantum me-
chanics and quantum field theory, we notice that the evolution parameter of
the stochastic process is missing in quantum mechanics and quantum field
theory. If we identify the real time variable t as the evolution parameter of
the stochastic process, we do not obtain the Schrödinger equation. Hence, we
must introduce an evolution parameter of the stochastic process into quantum
mechanics and quantum field theory in the stochastic quantization method.

In the theory of probability, there are four modes of convergence:

A. strong convergence (almost sure�everywhere convergence),
B. convergence in probability,
C. weak convergence (convergence in distribution),
D. convergence in the mean square,

with the implications A⇒B⇒C and D⇒B. In stochastic quantization, we
should clarify in which mode we have a convergence. In the theory of stochas-
tic process, many distinct stochastic processes converge to the same station-
ary state, say, a Gaussian process.

In Sect. 5.1, we begin with a review of the theory of probability and
stochastic processes, and write down the evolution equation of quantum me-
chanics and quantum field theory as a stochastic process. We first discuss ran-
dom variables and the notion of convergence of random variables (Sect. 5.1.1).
Secondly, we discuss stochastic processes, Kolmogoroff’s consistency condi-
tion and Kolmogoroff’s existence theorem (Sect. 5.1.2). Lastly, we compare
the composition law of the transition probability of a stochastic process with
that of the transition probability amplitude of quantum mechanics and quan-
tum field theory. We introduce a finite evolution parameter of a stochastic
process into quantum mechanics and quantum field theory, and write down
the evolution equation of quantum mechanics and quantum field theory in
terms of the finite evolution parameter, together with the requisite stationary
conditions (Sect. 5.1.3).

M. Masujima: Path Integral Quantization and Stochastic Quantization,
STMP 165, 209–241 (2000)
c© Springer-Verlag Berlin Heidelberg 2000
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In Sect. 5.2, with the use of the Fokker–Planck equation together with
the evolution equation, we formulate quantum mechanics and quantum field
theory in the Euclidean metric as a stationary state of a stochastic process
(Sect. 5.2.1). Secondly, we discuss the stochastic quantization of Abelian and
non-Abelian gauge fields. In the quantization of the non-Abelian gauge field in
the standard approach, we introduce the gauge fixing term and the requisite
Faddeev–Popov ghost term into the action functional as discussed in Chap. 3.
In the stochastic quantization of non-Abelian gauge fields, we do not fix the
gauge at the outset. The derivative term of the gauge field with respect to
the evolution parameter is present in addition to the four-dimensional trans-
verse projection operator of the gauge field in the evolution equation. The
evolution equation is invertible for the gauge field without the gauge-fixing
term. Instead of inverting the evolution equation, we split the evolution equa-
tion into a transverse mode and a longitudinal mode of the gauge field. We
calculate the correlation function of the gauge field. From this, we obtain
the gauge field “free” Green’s function. We discuss the initial distribution of
the longitudinal mode of the gauge field. The width of the initial symmet-
ric distribution of the longitudinal mode provides the gauge parameter of
the covariant gauge “free” Green’s function. The evolution equation for the
transverse mode provides the usual gluon contribution, whereas the evolution
equation for the longitudinal mode provides the Faddeev–Popov ghost effect,
thus restoring unitarity (Sect. 5.2.2). We discuss the covariant nonholonomic
gauge-fixing condition, which cannot be written as an addition to the ac-
tion functional of non-Abelian gauge fields. We discuss the Fokker–Planck
equation for non-Abelian gauge field theory with the covariant nonholonomic
gauge-fixing condition. We demonstrate that non-Abelian gauge field theory
can be seen as a stationary state of a stochastic process (Sect. 5.2.3).

The stochastic quantization method is the equation of motion approach
to c-number quantization, and in principle requires neither the Hamiltonian
nor the Lagrangian. It has a wider applicability than canonical quantiza-
tion and path integral quantization. It may also provide quantization of a
nonholonomic constraint system. This is the case for the stochastic quanti-
zation of non-Abelian gauge field theory with the nonholonomic gauge-fixing
condition.

5.1 Review of the Theory of Probability
and Stochastic Processes

In this section, we review the theory of probability and stochastic processes,
and derive the evolution equation of quantum mechanics and quantum field
theory. First, we discuss random variables and the notion of convergence
of random variables (Sect. 5.1.1). We begin with the probability space, the
conditional probability, the independence of probabilistic events, Bayes’ theo-
rem, random variables, the law of the probability distribution, the cumulative
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distribution function, the expectation value, the moment, the moment gener-
ating function and the Tchebychev inequality. Then we discuss the relation-
ships among strong convergence (almost sure convergence), convergence in
probability, weak convergence (convergence in distribution) and convergence
in the mean square. Secondly, we discuss the theory of stochastic processes,
Kolmogoroff’s consistency condition and Kolmogoroff’s existence theorem
(Sect. 5.1.2). Lastly, we compare the composition law of the transition proba-
bility of stochastic processes with that of the transition probability amplitude
of quantum mechanics and quantum field theory. We introduce a finite evo-
lution parameter of a stochastic process into Euclidean quantum mechanics
and Euclidean quantum field theory, and write down the evolution equation of
quantum mechanics and quantum field theory in terms of the finite evolution
parameter, together with the requisite stationary conditions (Sect. 5.1.3).

5.1.1 Random Variables and the Notion of Convergence

We usually think of probability as the long-time average of the frequency of
success of some event (experiment). Mathematically, we shall formulate the
theory of probability based on measure theory.

As the sample space Ω, we take the set of possible outcomes ω of the ex-
periment. The σ-algebra S of a subset of Ω is the algebra with the following
properties,

(a) Ω ∈ S, (5.1.1a)

(b) ∀E ∈ S, ∃EC ≡ Ω�E ∈ S, (5.1.1b)

(c) ∀En ∈ S, n = 1, 2, . . . , ∪nEn ∈ S. (5.1.1c)

The probability measure P , defined with respect to the event E(⊂ Ω) which
is an element of S, is the mapping from Ω onto [0, 1] with the following
properties,

(1) P (Ω) = 1, (5.1.2a)

(2) ∀E ∈ S, 0 ≤ P (E) ≤ 1, (5.1.2b)

(3) En ∈ S, n = 1, 2, . . . ,∞, Ei ∩ Ej = ∅ (i �= j),

P (∪∞n=1En) =
∞∑
n=1

P (En). (5.1.2c)
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We call (Ω,S, P ) the probability space. From (5.1.1a) through (5.1.2c), we
have

P (E) ≤ P (F ) if E ⊂ F ∈ S, (5.1.3a)

P (E) + P (EC) = 1 if E ∈ S, (5.1.3b)

P (∅) = 0, for the empty set ∅ ∈ S, (5.1.3c)

P (∪nEn) ≤
∑
n

P (En) if En ∈ S, n = 1, 2, . . . , (5.1.3d)

P (E1 ∪ E2) = P (E1) + P (E2)− P (E1 ∩ E2) for E1, E2 ∈ S. (5.1.3e)
The conditional probability of the event E given the event F is defined by

P (E | F ) = P (E ∩ F )
P (F )

if P (F ) �= 0, (5.1.4)

and hence we have

P (E ∩ F ) = P (F )P (E | F ) = P (E)P (F | E). (5.1.5)

We say that the events E and F are independent when

P (E ∩ F ) = P (E)P (F ). (5.1.6)

We say that the events {E1, E2, . . . , En} are mutually independent when

P (∩k=1Eik )

=
∏
k=1

P (Eik) for every subset of distinct integers (i1, i2, . . . , in). (5.1.7)

If {Ai}ni=1 is a disjoint partition of Ω,

∪ni=1Ai = Ω, Ai ∩Aj = ∅ (i �= j),
we have

P (B) =
n∑
i=1

P (Ai)P (B | Ai). (5.1.8)

Then, we have Bayes’ theorem,

P (Ai | B) = P (Ai)P (B | Ai)∑n
j=1 P (Aj)P (B | Aj)

=
P (Ai)P (B | Ai)

P (B)
, (5.1.9a)
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P (Ai | B)
P (Aj | B) =

P (Ai)
P (Aj)

· P (B | Ai)
P (B | Aj)

. (5.1.9b)

We call X(·) a random variable when the numerical value X = X(ω) corre-
sponds to the outcome ω ∈ Ω of the experiment. The law of the probability
distribution, L(X), of the random variable X is the restriction of the proba-
bility measure P to the element E of S,

L(X) = P ◦X−1. (5.1.10)

Ordinarily, we use the abbreviation

{1 ≤ X ≤ 3} ≡ {ω ∈ Ω : 1 ≤ X(ω) ≤ 3}. (5.1.11)

The law of the probability distribution L(X) is characterized by the cu-
mulative distribution function. The cumulative distribution function of the
random variable X is defined by

FX(x) ≡ P (X ≤ x). (5.1.12)

The cumulative distribution function has the following properties.

(1) 0 ≤ FX(x) ≤ 1. (5.1.13a)

(2) FX(x) is a monotonically nondecreasing function.
(3) FX(x) is right-continuous.

(4) FX(x)→ 0 as x→ −∞. (5.1.13b)

(5) FX(x)→ 1 as x→ +∞. (5.1.13c)

For a discrete random variable X , we have a sequence {xi} such that∑
i

P{X = xi} = 1. (5.1.14)

We define the probability mass function fX(x) by

fX(x) = P{X = x}, (5.1.15)

with the following properties:

fX(x) ≥ 0,
∑
{xi}

fX(xi) = 1, FX(x) =
∑

{xi≤x}
fX(xi). (5.1.16)
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For a continuous random variable X , we have the probability density
function fX(x) with the following properties:

fX(x) ≥ 0,
∫ +∞

−∞
dxfX(x) = 1, FX(x) =

∫ x

−∞
dxfX(x). (5.1.17)

The cumulative distribution function of the continuous random variable is
continuous and we have the following properties:

PX(x) = 0 for ∀x ∈ R, (5.1.18a)

P{a ≤ X ≤ b} =
∫ b

a

fX(x)dx, (5.1.18b)

P{x ≤ X ≤ x+ dx} = fX(x)dx, (5.1.18c)

dFX(x)
dx

= fX(x). (5.1.18d)

The expectation value EX of the random variable X(·) is constructed
such that the long-time average of X(·) will approximate the expectation
value and is defined by

EX ≡
∫
xdFX(x)

=




∑
i xifX(xi) discrete r.v., (5.1.19a)

∫ +∞
−∞ xfX(x)dx continuous r.v. (5.1.19b)

Generally, for a function h(X(·)) of a random variable X(·), we have

Eh(X) =
∫
h(x)dFX (x)

=




∑
i h(xi)fX(xi) discrete r.v., (5.1.20a)

∫ +∞
−∞ h(x)fX(x)dx continuous r.v. (5.1.20b)

We list the four basic properties of expectation values:

E[h1(X) + h2(X)] = Eh1(X) + Eh2(X). (5.1.21a)

E[ch(X)] = cEh(X), c constant. (5.1.21b)
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E1 = 1. (5.1.21c)

Eh(X) ≥ 0 if h(X) ≥ 0 with probability 1. (5.1.21d)

The nth moment µ′n around the origin of the random variable X is defined
by

µ′n ≡ EXn, µ′1 ≡ µX ≡ EX = mean of X . (5.1.22)

The nth moment µn around the mean µX of the random variable X is defined
by

µn ≡ E(X − µX)n, µ2 ≡ σ2
X ≡ E(X − µX)2 = variance of X. (5.1.23)

The moment generating function MX(t) is defined by

MX(t) ≡ E exp [tX ] , (5.1.24)

with the following properties:

µ′n =
dn

dxn
MX(t)

∣∣∣∣
t=0

, µn =
dn

dxn
MX−µX (t)

∣∣∣∣
t=0

. (5.1.25)

The moment generating function has a property called “tilting”. When the
random variable Y is given by

Y = a+ bX, (5.1.26)

the moment generating function of Y is given by

MY (t) = exp[at]MX(bt). (5.1.27)

We record here the Tchebychev inequality when the random variable X
has finite mean µX and finite variance σ2

X ,

P

( |X − µX |
σX

≥ λ
)
≤ 1
λ2
. (5.1.28)

We have four definitions of the convergence of a sequence of random vari-
ables {Xn}∞n=1:

(A) strong convergence (almost sure convergence)
(B) convergence in probability
(C) weak convergence (convergence in distribution)
(D) convergence in mean square.

Strong Convergence: We abbreviate this as (a.s.), (ae.), or (w.p.1).

Xn → X0 as n→∞ (a.s.), (ae.), or (w.p.1),
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if and only if

∃A ∈ S with P (A) = 0 : ∀ω /∈ A, Xn(ω)→ X0(ω) as n→∞.
(5.1.29)

Convergence in Probability: We abbreviate this as (in probability).

Xn → X0 as n→∞ (in probability),

if and only if

∀ε > 0, P (|Xn −X0| > ε) < ε as n→∞. (5.1.30)

Weak Convergence: We abbreviate this as (in distribution).

Xn → X0 as n→∞ (in distribution),

if and only if

∀f(x)∈Cb(R) ≡ a set of all continuous bounded functions defined on R,∫
f(x)dFn(x)→

∫
f(x)dF0(x) as n→∞. (5.1.31)

Convergence in Mean Square: We abbreviate this as (in m.s.).

Xn → X0 as n→∞ (in m.s.),

if and only if

E(Xn −X0)2 → 0 as n→∞. (5.1.32)

The relationship among these modes of convergence is

(A)⇒ (B)⇒ (C), and (D)⇒ (B). (5.1.33)

5.1.2 Stochastic Processes

We call the collection of random variables, {X(t), t ∈ T }, defined on the
probability space (Ω,S, P ) a stochastic process. We call T the index set,
whose element t ∈ T is the evolution parameter of the stochastic process. We
have two cases for T :

T = [0,∞), or T = {0, 1, 2, 3, . . .}. (5.1.34)

We shall be concerned with the former T .
Since X(t) is a random variable, we have

X(t) ≡ X(t, ω), ω ∈ Ω. (5.1.35)



5.1 Review of the Theory of Probability and Stochastic Processes 217

In the stochastic process {X(t, ω)}, when t is held fixed at t = t0, we obtain
a random variable X(t0, ω), whereas when ω is held fixed at ω = ω0, we
obtain a function of t ∈ T , X(t, ω0). We call the latter a sample function (or
a sample path) for ω = ω0.

We define the finite-dimensional distribution function µt1,... ,tk(H), H ∈
Rk, of the stochastic process {X(t), t ∈ T } by

µt1,... ,tk(H) ≡ P ({X(t1), . . . , X(tk)} ∈ H), H ∈ Rk, (5.1.36)

which necessarily satisfies Kolmogoroff’sconsistency condition:

(1) µt1,... ,tk = µtπ1,... ,tπk
◦ ϕ−1

π , (5.1.37)

(X(t1), . . . , X(tk)) ≡ ϕπ(X(tπ1), . . . , X(tπk)), (5.1.38)

(2) µt1,... ,tk(H) = µt1,... ,tk,tk+1(H ⊗ R). (5.1.39)

The inverse of this consistency condition is Kolmogoroff’sexistence theorem:

When {µt1,... ,tk}k≥1 satisfies the consistency conditions (1) and (2), there
exists a stochastic process {X(t), t ∈ T } on some probability space (Ω,S, P ),
whose finite-dimensional distribution function is {µt1,... ,tk}k≥1.

(For a proof of the existence theorem, the reader is referred to Billingsley
(1979).)

Among the many stochastic processes {X(t), t ∈ T }, the Markov pro-
cess plays an important role. We call the stochastic process {X(t), t ∈ T } a
Markov process when the following condition holds,

∀ti ∈ T : tn+1 > tn > . . . > t2 > t1,

P (X(tn+1) = xtn+1 | X(tn) = xtn , . . . , X(t1) = xt1)

= P (X(tn+1) = xtn+1 | X(tn) = xtn) (a.s.).
(5.1.40)

The future of the Markov process (t = tn+1) depends only on the present (t =
tn), and not on the past (t = tj , j < n). We call the conditional probability
on the right-hand side of (5.1.40) the transition probability W (X(tn+1) =
xtn+1 ← X(tn) = xtn) of the Markov process:

W (X(t) = xt ← X(s) = xs) = P (X(t) = xt | X(s) = xs), t > s, (a.s.).
(5.1.41)
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We let the probability density function of the initial state of the Markov pro-
cess be p(0)X(t0)

(xt0). The probability density function of the Markov process

after the nth transition p(n)
X(tn)(xtn) is defined inductively by

p
(n)
X(tn)(xtn)

=
∫ +∞

−∞
dxtn−1W (X(tn) = xtn ← X(tn−1) = xtn−1)p

(n−1)
X(tn−1)

(xtn−1),

n = 1, 2, . . . . (5.1.42)

We let n → ∞ at this stage. We obtain the equilibrium state (or the
stationary state) of the Markov process, which is independent of the initial
state. We have the probability density function p(eq)

X(t)(xt) of the stationary
state of the Markov process defined by

p
(eq)
X(t)(xt) ≡ lim

n→∞ p
(n)
X(t)(xt), −∞ < t < +∞. (5.1.43)

In (5.1.42), we let n→∞ to obtain

(α) p(eq)
X(t)(xt) =

∫ +∞

−∞
dxsW (X(t) = xt ← X(s) = xs)p

(eq)
X(s)(xs), t > s;

(5.1.44)

(β)
∫ +∞

−∞
dxtW (X(t) = xt ← X(s) = xs) = 1, ∀xs ∈ R, t > s; (5.1.45)

(γ) W (· ← ·) ≥ 0. (5.1.46)

We know from (5.1.41) that (β) and (γ) are self-evident. The statement
(α) implies that p(eq)

X(t)(xt) is a right eigenvector of the transition probability
W (· ← ·), belonging to the eigenvalue 1.

In the theory of Markov processes, we are customarily given the initial
state and the transition probability W (· ← ·) to obtain the stationary state
and its probability density function p(eq)

X(t)(xt). There also exists the reverse

situation. Given the equilibrium probability density function p(eq)
X(t)(xt), we

attempt to obtain the transition probabilityW (· ← ·) which gives the proba-
bility density function p(eq)

X(t)(xt) of the stationary state for an arbitrary initial
state. Under these circumstances, we have the detailed balance condition as
a sufficient condition to accomplish this goal:
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(δ)
W (X(t) = xt ← X(s) = xs)
W (X(s) = xs ← X(t) = xt)

=
p
(eq)
X(t)(xt)

p
(eq)
X(s)(xs)

. (5.1.47)

The point of this detailed balance condition, (5.1.47), is that if we choose W
satisfying (β), (γ) and (δ), then the eigenvalue condition (α) is automatically
satisfied. It is self-evident that we find p(eq)

X(t)(xt) from (5.1.43) if we generate

p
(n)
X(t)(xt) by (5.1.42) with the use of this W satisfying (5.1.47).

5.1.3 Evolution Equation of Quantum Mechanics
and Quantum Field Theory

Finally comes the comparison of the composition law of the transition prob-
ability of a Markov process with that of the transition probability amplitude
of quantum mechanics and quantum field theory.

For the transition probability of a Markov process, we have∫ +∞

−∞
dxuW (X(t) = xt ← X(u) = xu)W (X(u) = xu ← X(s) = xs)

= W (X(t) = xt ← X(s) = xs), (5.1.48)
where

t > u > s.

For the transition probability amplitude of quantum mechanics, we have∫ +∞

−∞
dqtint 〈qtf , tf |qtint , tint〉〈qtint , tint|qti , ti〉
= 〈qtf , tf |qti , ti〉, (5.1.49)

where

tf > tint > ti.

In (5.1.48), t, s and u are the evolution parameters of a Markov process,
whereas in (5.1.49), tf , ti and tint are real time variables of quantum me-
chanics. Since we want to formulate quantum mechanics and quantum field
theory as a stationary state of a Markov process, obviously the evolution
parameter τ of the Markov process is missing in quantum mechanics and
quantum field theory (i.e., the limit τ →∞ has already been taken). Indeed,
we cannot identify the real time variable t of quantum theory as the evo-
lution parameter of a Markov process. If we identify the real time t as the
evolution parameter of a Markov process, we do not obtain the Schrödinger
equation. Thus, we shall introduce the evolution parameter τ into quantum
theory. With the introduction of the evolution parameter τ , we can regard
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the transition probability amplitudes of quantum mechanics and quantum
field theory as a stochastic process.

In quantum mechanics, we replace

qr(t)

by

qr(t; τ), (5.1.50M)

and

IE[q] ≡
∫ tf

ti

dtLE

(
qr(t),

d
dt
qr(t)

)

by

IE[q; τ ] ≡
∫ tf

ti

dtLE

(
qr(t; τ),

d
dt
qr(t; τ)

)
. (5.1.51M)

The evolution equation of quantum mechanics for a finite τ is given by

∂

∂τ
qr(t; τ) =

δIE[q; τ ]
δqr(t; τ)

+ ηr(t; τ). (5.1.52M)

The stationary state conditions are given by

lim
τ→∞ qr(t; τ) = qr(t) (a.s.), (5.1.53M)

lim
τ→∞

∂

∂τ
qr(t; τ) = 0 (a.s.). (5.1.54M)

The ηr(t; τ) is Gaussian white noise whose distribution functional W [η] is
given by

W [η] = exp

[
−β
4

∫
dtdτ

f∑
r=1

η2
r(t; τ)

]

×
{∫
D[η] exp

[
−β
4

∫
dtdτ

f∑
r=1

η2
r(t; τ)

]}−1

(5.1.55a)

where the white noise ηr(t; τ) satisfies

lim
τ→∞ ηr(t; τ) = stationary Gaussian random variable. (5.1.55b)

When we designate the average with respect to W [η] by 〈 〉, we have
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〈ηr(t; τ)〉 = 0, (5.1.55c)

and

〈ηr(t; τ)ηs(t′; τ ′)〉 = 2
β
δrsδ(t− t′)δ(τ − τ ′). (5.1.55d)

From (5.1.52M)–(5.1.54M) and (5.1.55b), we have the stationary state equa-
tion of motion by taking the limit τ →∞,

δIE[q]
δqr(t)

+ ηr(t;∞) = 0 (a.s.), (5.1.56M)

which is the Euler–Lagrange equation of motion for Euclidean quantum me-
chanics.

In quantum field theory, we replace

φi(x)

by

φi(x; τ), (5.1.50F)

and

IE[φ] ≡
∫
Ω

d4xLE(φi(x), ∂µφi(x))

by

IE[φ; τ ] ≡
∫
Ω

d4xLE(φi(x; τ), ∂µφi(x; τ)). (5.1.51F)

The evolution equation of quantum field theory for finite τ is given by

∂

∂τ
φi(x; τ) =

δIE[φ; τ ]
δφi(x; τ)

+ η̃i(x; τ). (5.1.52F)

The stationary state conditions are given by

lim
τ→∞φi(x; τ) = φi(x) (a.s.), (5.1.53F)

lim
τ→∞

∂

∂τ
φi(x; τ) = 0 (a.s.). (5.1.54F)

The η̃i(x; τ) is Gaussian white noise whose distribution functional W [η̃] is
given by



222 5. Stochastic Quantization

W [η̃] = exp

[
−β
4

∫
d4xdτ

n∑
i=1

η̃2
i (x; τ)

]

×
{∫
D[η̃] exp

[
−β
4

∫
d4xdτ

n∑
i=1

η̃2
i (x; τ)

]}−1

(5.1.55e)

where the white noise η̃i(x; τ) satisfies

lim
τ→∞ η̃i(x; τ) = stationary Gaussian random variable. (5.1.55f)

When we designate the average with respect to W [η̃] by 〈 〉, we have

〈η̃i(x; τ)〉 = 0, (5.1.55g)

and

〈η̃i(x; τ)η̃j(x′; τ ′)〉 =
2
β
δijδ

4(x− x′)δ(τ − τ ′). (5.1.55h)

From (5.1.52F), (5.1.53F), (5.1.54F) and (5.1.55f), we obtain the stationary
state equation of motion by taking the limit τ →∞,

δIE[φ]
δφi(x)

+ η̃i(x;∞) = 0 (a.s.), (5.1.56F)

which is the Euler–Lagrange equation of motion for Euclidean quantum field
theory.

We have used the c-number notation in (5.1.50M) through (5.1.56F) and
suppressed the variable ω ∈ Ω. We call (5.1.52M) and (5.1.52F) the Parisi–
Wu equations .

The stochastic quantization method is the equation of motion approach to
c-number quantization and, in principle, does not require the existence of the
Lagrangian (density) as stated at the beginning of this chapter. Nevertheless,
we assume the existence of the Lagrangian (density) and the action functional
for the sake of simplicity of the presentation as we did in writing down the
Parisi–Wu equations, (5.1.52M) and (5.1.52F). In the case when the original
equation of motion is not derivable from the action functional, we merely
replace

δIE[q; τ ]
δqr(t; τ)

or
δIE[φ; τ ]
δφi(x; τ)

(5.1.57)

in the Parisi–Wu equation by the original equation of motion.
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5.2 Stochastic Quantization of Non-Abelian Gauge Field

In this section, we first discuss the derivation of the Fokker–Planck equa-
tion from the Parisi–Wu equation. We write down the path integral repre-
sentation for the transition probability. As the stationary solutions of the
Fokker–Planck equation, we obtain quantum mechanics and quantum field
theory in the Euclidean metric (Sect. 5.2.1). Secondly, we discuss the stochas-
tic quantization of Abelian and non-Abelian gauge fields. We split the evo-
lution equation for the gauge field into those of a transverse mode and a
longitudinal mode. The former has a damping term and the initial distribu-
tion of the transverse mode does not persist in the correlation function in
the limit τ = τ ′ → ∞. The latter has no damping term and the initial dis-
tribution of the longitudinal mode persists in the correlation function in the
limit τ = τ ′ → ∞. The former provides the usual gluon contribution, while
the latter provides the Faddeev–Popov ghost effect. The width of the initial
symmetric distribution of the longitudinal mode is the gauge parameter of
the covariant gauge “free” Green’s function of the gauge field (Sect. 5.2.2).
Thirdly, we discuss the covariant nonholonomic gauge-fixing condition, which
cannot be written as an addition to the action functional of non-Abelian
gauge fields. We find that the Lagrange multiplier ξ is a covariant gauge pa-
rameter. We discuss the Fokker–Planck equation for non-Abelian gauge field
theory with some modifications and show that non-Abelian gauge field theory
can be seen as a stationary state of a stochastic process (Sect. 5.2.3).

5.2.1 Parisi–Wu Equation and Fokker–Planck Equation

Let us begin with the derivation of the Fokker–Planck equation from the
Parisi–Wu equation via the path integral representation of the transition
probability of a stochastic process.

For quantum mechanics and quantum field theory, we have the Parisi–Wu
equations,

∂

∂τ
qr(t; τ) =

δIE[q; τ ]
δqr(t; τ)

+ ηr(t; τ), (5.2.1M)

∂

∂τ
φi(x; τ) =

δIE[φ; τ ]
δφi(x; τ)

+ η̃i(x, τ), (5.2.1F)

〈ηr(t; τ)〉 = 0,

〈ηr(t; τ)ηs(t′; τ ′)〉 = 2
β
δrsδ(t− t′)δ(τ − τ ′), (5.2.2M)
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〈η̃i(x; τ)〉 = 0,

〈η̃i(x; τ)η̃j(x′, τ ′)〉 =
2
β
δijδ

4(x− x′)δ(τ − τ ′), (5.2.2F)

where 〈 〉 represents the average over the Gaussian distribution functional
W [η] for quantum mechanics,

W [η] = exp

[
−β
4

∫
dtdτ

f∑
r=1

η2
r(t; τ)

]

×
{∫
D[η] exp

[
−β
4

∫
dtdτ

f∑
r=1

η2
r(t; τ)

]}−1

, (5.2.3M)

and the average over the Gaussian distribution functional W [η̃] for quantum
field theory,

W [η̃] = exp

[
−β
4

∫
d4xdτ

n∑
k=1

η̃2
k(x; τ)

]

×
{∫
D[η̃] exp

[
−β
4

∫
d4xdτ

n∑
k=1

η̃2
k(x; τ)

]}−1

. (5.2.3F)

The presence of δ(τ − τ ′) in (5.2.2M) and (5.2.2F) suggests that the stochas-
tic process under consideration is a Markov process. We write the transition
probability of the stochastic process for {qr(t; τi)}fr=1 → {qr(t; τf )}fr=1 as

T (qf , τf | qi, τi) = lim
N→∞

∫
· · ·

∫ N−1∏
j=1

{dq(j)T (q(j+1), τj+1 | q(j),τj)}

×T (q(1), τ1 | qi, τi), (5.2.4M)

where

q(j) = {qr(t; τj)}fr=1, q(0) ≡ qi = {qr(t; τi)}fr=1,

q(N) ≡ qf = {qr(t; τf )}fr=1,

τj = j∆τ, j = 1, . . . , N, ∆τ =
τf − τi
N

, dq(j) =
f∏

r=1

dqr,j , (5.2.5M)
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and likewise for {φk(x; τi)}nk=1 → {φk(x; τf )}nk=1 as

T (φf , τf | φi, τi) = lim
N→∞

∫
· · ·

∫ N−1∏
j=1

{dφ(j)T (φ(j+1), τj+1 | φ(j), τj)}

×T (φ(1), τ1 | φi, τi), (5.2.4F)

where

φ(j) = {φk(x; τj)}nk=1, φ(0) ≡ φi = {φk(x; τi)}nk=1,

φ(N) ≡ φf = {φk(x; τf )}nk=1,

τj = j∆τ, j = 1, . . . , N, ∆τ =
τf − τi
N

, dφ(j) =
n∏

k=1

dφk,j . (5.2.5F)

Setting

ξr,j(t) ≡
∫ τj+1

τj

dτηr(t; τ), (5.2.6M)

ξ̃k,j(x) ≡
∫ τj+1

τj

dτ η̃k(x; τ), (5.2.6F)

we have

〈ξr,j(t)〉 =
∫ τj+1

τj

dτ〈ηr(t; τ)〉 = 0, (5.2.7M)

〈ξr,j(t), ξs,j(t′)〉 =
∫ τj+1

τj

dτ
∫ τj+1

τj

dτ ′〈ηr(t; τ)ηs(t′; τ ′)〉

=
2
β
δrsδ(t− t′)∆τ, (5.2.8M)

〈ξ̃k,j(x)〉 =
∫ τj+1

τj

dτ〈η̃k(x; τ)〉 = 0, (5.2.7F)

〈ξ̃k,j(x)ξ̃l,j(x′)〉 =
∫ τj+1

τj

dτ
∫ τj+1

τj

dτ ′〈η̃k(x, τ)η̃l(x′, τ ′)〉

=
2
β
δklδ

4(x− x′)∆τ. (5.2.8F)
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From the Parisi–Wu equations, (5.2.1M) and (5.2.1F), we can set

T (q(j), τj | q(j−1), τj−1) =Wξ(xj)dxj = C exp

[
− β

2∆τ

f∑
r=1

1
2
x2
r,j

]
dxj ,

(5.2.9M)

which is the probability of the Gaussian random variable ξr,j(t) taking a value
in the interval {[xr,j + dxr,j , xr,j ]}fr=1 with xr,j specified by

xr,j ≡ ∆τ · ηr(t; τj) ≡ ∆τ
{
qr(t; τj+1)− qr(t; τj)

∆τ
− δIE[q; τ ]
δqr(t; τj)

}
,

(5.2.10M)

and

T (φ(j), τj | φ(j−1), τj−1) =Wξ(x̃j)dx̃j = C exp

[
− β

2∆τ

n∑
k=1

1
2
x̃2
k,j

]
dx̃j ,

(5.2.9F)

which is the probability of the Gaussian random variable ξ̃k,j(x) taking a
value in the interval {[x̃k,j + dx̃k,j , x̃k,j ]}nk=1 with x̃k,j specified by

x̃k,j ≡ ∆τ · η̃k(x; τj) ≡ ∆τ
{
φk(x; τj+1)− φk(x; τj)

∆τ
− δIE[φ; τ ]
δφk(x; τj)

}
.

(5.2.10F)

Thus, we have for quantum mechanics

T (q(j), τj | q(j−1), τj−1)

= C exp

[
−β
4

f∑
r=1

∆τ

{
qr,j+1 − qr,j

∆τ
− δIE[q; τ ]
δqr(t; τj)

}2
]
, (5.2.11M)

and for quantum field theory

T (φ(j), τj | φ(j−1), τj−1)

= C exp

[
−β
4

n∑
k=1

∆τ

{
φk,j+1 − φk,j

∆τ
− δIE[φ; τ ]
δφk(x; τj)

}2
]
. (5.2.11F)

Substituting Eq(5.2.11M) into (5.2.4M), we have

T (qf , τf | qi, τi) = lim
N→∞

∫
· · ·

∫ N−1∏
j=1

{dq(j)T (q(j+1), τj+1 | q(j), τj)}

×T (q(1), τ1 | qi, τi)
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= C′
∫ q(t;τf )=qf

q(t;τi)=qi

D[q(t; τ)] exp
[
−β
2

∫ τf

τi

dτΛ
(
q(τ),

∂

∂τ
q(τ), τ

)]
,

(5.2.12M)

where C′ is a normalization constant and Λ is given by

Λ

(
q(τ),

∂

∂τ
q(τ), τ

)
≡ 1
2

∫
dt

f∑
r=1

{
∂qr(t; τ)
∂τ

− δIE[q; τ ]
δqr(t; τ)

}2

. (5.2.13M)

Substituting (5.2.11F) into (5.2.4F), we have

T (φf , τf | φi, τi) = lim
N→∞

∫
· · ·

∫ N−1∏
j=1

{dφ(j)T (φ(j+1), τj+1 | φ(j), τj)}

×T (φ(1), τ1 | φi, τi)

= C′′
∫ φ(x;τf )=φf

φ(x;τi)=φi

D[φ(x; τ)] exp
[
−β
2

∫ τf

τi

dτΛ̃
(
φ(τ),

∂

∂τ
φ(τ), τ

)]
,

(5.2.12F)

where C′′ is a normalization constant and Λ̃ is given by

Λ̃

(
φ(τ),

∂

∂τ
φ(τ), τ

)
≡ 1
2

∫
d4x

n∑
k=1

{
∂φk(x; τ)

∂τ
− δIE[φ; τ ]
δφk(x; τ)

}2

.

(5.2.13F)

Equations (5.2.12M and F) and (5.2.13M and F) suggest the following corre-
spondence,

− 2
β
↔ �

i
, (5.2.14)

Λ and Λ̃↔ Lagrangian, (5.2.15)

between the theory of stochastic processes and quantum theory.
We derive the Fokker–Planck equation from (5.2.12M) for quantum me-

chanics:

2
β

∂

∂τf
T (qf , τf | qi, τi) = F

(
− 2
β

∂

∂qf
, qf , τf

)
T (qf , τf | qi, τi), (5.2.16M)

where the Fokker–Planck operator
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F
(
− 2
β

∂

∂qf
, qf , τf

)

plays the role of the Hamiltonian operator, which is obtained from the
“Hamiltonian” F(p, q, τ) by replacement of

pr by − 2
β

∂

∂qr
. (5.2.17M)

We define the “Hamiltonian” F(p, q, τ) as the Legendre transform of the
“Lagrangian” Λ(q(τ), ∂q(τ)/∂τ , τ),

F(p, q, τ) ≡
∫
dt

f∑
r=1

pr(t; τ)
∂

∂τ
qr(t; τ)− Λ

(
qs(τ),

∂

∂τ
qs(τ), τ

)
,

(5.2.18M)

where the “momentum” pr(t; τ) conjugate to qr(t; τ) is defined by

pr(t; τ) ≡
δΛ

(
q(τ), ∂q(τ)

∂τ , τ
)

δ
(
∂qr(t;τ)

∂τ

) . (5.2.19M)

We assume that (5.2.19M) is solvable for ∂qs(t; τ)/∂τ in terms of q and p.
The “Lagrangian”, (5.2.13M), provides us with the “momentum” pr(t; τ) as

pr(t; τ) =
∂

∂τ
qr(t; τ) − δIE[q; τ ]

δqr(t; τ)
, (5.2.20M)

and the “Hamiltonian” F(p, q, τ) as

F(p, q, τ) =
f∑

r=1

∫
dt

{
1
2
p2r(t; τ) + pr(t; τ)

δIE[q; τ ]
δqr(t; τ)

}
. (5.2.21M)

After the replacement of

pr(t; τ) by − 2
β

δ

δqr(t; τ)
, (5.2.22M)

we have the Fokker–Planck equation

∂

∂τ
ψ[q, τ ] =

f∑
r=1

∫
dt

δ

δqr(t; τ)

{
1
β

δ

δqr(t; τ)
− δIE[q; τ ]
δqr(t; τ)

}
ψ[q, τ ],

(5.2.23M)

for the probability distribution functional ψ[q(τ), τ ] of the stochastic process
governed by the Parisi–Wu equation, (5.2.1M), (5.2.2M) and (5.2.3M). The
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Fokker–Planck equation (5.2.33M) for quantum mechanics has the stationary
solution

ψ(eq)[q(t)] =
exp[βIE[q]]∫ D[q] exp [βIE[q]] . (5.2.24M)

We derive the Fokker–Planck equation from (5.2.12F) for quantum field
theory:

2
β

∂

∂τf
T (φf , τf | φi, τi) = F̃

(
− 2
β

δ

δφf
, φf , τf

)
T (φf , τf | φi, τi),

(5.2.16F)

where the Fokker–Planck operator

F̃
(
− 2
β

δ

δφf
, φf , τf

)

plays the role of the Hamiltonian operator, which is obtained from the
“Hamiltonian” F̃(π, φ, τ) by the replacement of

πk by − 2
β

δ

δφk
. (5.2.17F)

We define the “Hamiltonian” F̃(π, φ, τ) as the Legendre transform of the
“Lagrangian” Λ̃(φl(τ),

∂φl(τ)
∂τ , τ),

F̃(π, φ, τ) =
n∑

k=1

∫
d4xπk(x; τ)

∂

∂τ
φk(x; τ) − Λ̃

(
φl(τ),

∂

∂τ
φl(τ), τ

)
,

(5.2.18F)

where the “momentum” πk(x; τ) conjugate to φk(x; τ) is defined by

πk(x; τ) ≡
δΛ̃

(
φl(τ),

∂φl(τ)
∂τ , τ

)
δ
(
∂φk(x;τ)

∂τ

) . (5.2.19F)

We assume that (5.2.19F) is solvable for ∂φl(x;τ)
∂τ in terms of φ and π. The

“Lagrangian”, (5.2.13F), provides us with the “momentum” πk(x; τ) as

πk(x; τ) =
∂

∂τ
φk(x; τ) − δIE[φ; τ ]

δφk(x; τ)
, (5.2.20F)

and the Hamiltonian F̃(π, φ, τ) as

F̃(π, φ, τ) =
n∑

k=1

∫
d4x

{
1
2
π2
k(x; τ) + πk(x; τ)

δIE[φ; τ ]
δφk(x; τ)

}
. (5.2.21F)
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After the replacement of

πk(x; τ) by − 2
β

δ

δφk(x; τ)
, (5.2.22F)

we have the Fokker–Planck equation

∂

∂τ
ψ[φ; τ ] =

n∑
k=1

∫
d4x

δ

δφk(x; τ)

{
1
β

δ

δφk(x; τ)
− δIE[φ; τ ]
δφk(x; τ)

}
ψ[φ; τ ],

(5.2.23F)

for the probability distribution functional ψ[φ; τ ] of the stochastic process
governed by the Parisi–Wu equation, (5.2.1F)–(5.2.3F). The Fokker–Planck
equation (5.2.23F) for the quantum field theory of a nonsingular system has
the stationary solution,

ψ(eq)[φ] =
exp[βIE[φ]]∫ D[φ] exp [βIE[φ]] . (5.2.24F)

In view of (5.1.56M), (5.1.56F), (5.2.24M) and (5.2.24F), we succeeded
in formulating Euclidean quantum mechanics and Euclidean quantum field
theory of a nonsingular system as a stationary state of a stochastic process.
This is the basic idea of the method of stochastic quantization of Parisi and
Wu. Stochastic quantization is a c-number quantization just like path inte-
gral quantization. Later in Sect. 5.2.3, we shall obtain the stationary solution
of the Fokker–Planck equation for non-Abelian gauge field theory, with an
appropriate modification to the Fokker–Planck equation.

5.2.2 Stochastic Quantization
of Abelian and Non-Abelian Gauge Fields

In the first place, we discuss the stochastic quantization of the Abelian gauge
field Aµ(x). The Parisi–Wu equation for Abelian gauge fields is given by

∂

∂τ
Aµ(x; τ) = (δµν∂2 − ∂µ̂∂ν)Aν(x; τ) + ηµ(x; τ), (5.2.25C)

〈ηµ(x; τ)〉 = 0,

〈ηµ(x; τ)ην (x′; τ ′)〉 = 2δµνδ4(x− x′)δ(τ − τ ′). (5.2.26C)

In terms of the Fourier component with respect to x, we have

∂

∂τ
Ãµ(k; τ) = −k2

(
δµν − kµkν

k2

)
Ãν(k; τ) + η̃µ(k; τ), (5.2.25F)
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〈η̃µ(k; τ)〉 = 0,

〈η̃µ(k; τ)η̃ν(k′; τ ′)〉 = 2δµνδ4(k + k′)δ(τ − τ ′). (5.2.26F)

We consider the transverse mode equation and the longitudinal mode equa-
tion separately. We split Ãµ(k; τ) (η̃µ(k; τ)) into the transverse mode Ã

T
µ (k; τ)

(η̃T
µ (k; τ)) and the longitudinal mode Ã

L
µ(k; τ) (η̃

L
µ(k; τ)), i.e.,

ÃT
µ (k; τ) =

(
δµν − kµkν

k2

)
Ãν(k; τ), (5.2.27)

ÃL
µ(k; τ) =

kµkν
k2

Ãν(k; τ), (5.2.28)

η̃T
µ (k; τ) =

(
δµν − kµkν

k2

)
η̃ν(k; τ), (5.2.29)

η̃L
µ(k; τ) =

kµkν
k2

η̃ν(k; τ). (5.2.30)

We split the Parisi–Wu equation, (5.2.25F), into a transverse mode and a
longitudinal mode

∂

∂τ
ÃT
µ (k; τ) = −k2ÃT

µ (k; τ) + η̃
T
µ (k; τ), (5.2.31)

∂

∂τ
ÃL
µ(k; τ) = η̃

L
µ(k; τ). (5.2.32)

We observe that the evolution equation of the transverse mode, (5.2.31), has
a damping term, −k2ÃT

µ (k; τ), while that of the longitudinal mode, (5.2.32),
does not have a damping term due to gauge invariance. This implies that
the initial distribution of the transverse mode does not persist in the limit
τ →∞, while the initial distribution of the longitudinal mode persists in the
limit τ → ∞. We let the initial distribution of the longitudinal mode of an
Abelian gauge field at τ = 0 be given by

ÃL
µ(k; 0) =

kµ
k2
φ(k). (5.2.33)

We solve (5.2.31) and (5.2.32), obtaining

ÃT
µ (k; τ) = exp[−k2τ ]

∫ τ

0

dτ ′ exp[k2τ ′]η̃T
µ (k; τ

′), (5.2.34)
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ÃL
µ(k; τ) =

kµ
k2
φ(k) +

∫ τ

0

dτ ′′η̃L
µ(k; τ

′′), (5.2.35)

where the initial distribution of the transverse mode ÃT
µ (k; τ) is dropped in

(5.2.34) from the beginning, anticipating the future limit τ →∞. We calcu-
late the correlation function of the Abelian gauge field:

〈Ãµ(k; τ)Ãν (k′; τ ′)〉
= δ4(k + k′)

1
k2

(
δµν − kµkν

k2

)
{exp[k2(τ − τ ′)]− exp[−k2(τ + τ ′)]}

+
kµk

′
ν

k2k′2
φ(k)φ(k′) + 2τδ4(k + k′)

kµkν
k2

.

Thus, we have

lim
τ=τ ′→∞

〈Ãµ(k; τ)Ãν(k′; τ ′)〉 (5.2.36)

= δ4(k + k′)
{
1
k2

(
δµν − kµkν

k2

)
+ 2τ

kµkν
k2

}
+
kµk

′
ν

k2k′2
φ(k)φ(k′).

If we set

φ(k) = 0 (a.s.), (5.2.37)

we get the original result obtained by Parisi and Wu for Abelian gauge fields:

lim
τ=τ ′→∞

〈Ãµ(k; τ)Ãν(k′; τ ′)〉 = δ4(k + k′)
{
1
k2

(
δµν − kµkν

k2

)
+ 2τ

kµkν
k2

}
.

(5.2.38)

i.e., the Landau gauge “free” Green’s function plus a divergent term propor-
tional to τ . A distribution like (5.2.37), however, is rather exceptional. We
assume that the initial distribution φ(k) is symmetric around k = 0, in order
to restore the homogeneity of space-time, and we take the average of the last
term in (5.2.36) with respect to φ(k). We find that the average of φ(k)φ(k′)
is given by

〈〈φ(k)φ(k′)〉〉φ = −αδ4(k + k′), (5.2.39)

where α is the width of the distribution of φ(k). From (5.2.36) and (5.2.39),
we obtain

lim
τ=τ ′→∞

〈Ãµ(k; τ)Ãν(k′; τ ′)〉

= δ4(k + k′)
{
1
k2

(
δµν − (1− α)kµkν

k2

)
+ 2τ

kµkν
k2

}
, (5.2.40)
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i.e., the covariant gauge “free” Green’s function plus a divergent term pro-
portional to τ . The width α of the initial distribution of the longitudinal
mode φ(k) is a covariant gauge parameter.

In the second place, we discuss the stochastic quantization of non-Abelian
gauge field theory. The Parisi–Wu equation for non-Abelian gauge field is of
the following form

∂

∂τ
Aαµ(x; τ) = (δµν∂2 − ∂µ∂ν)Aαµ(x; τ)

+(C2AA+ C3AAA)αµ + ηαµ(x; τ), (5.2.41C)

where

〈ηαµ(x; τ)〉 = 0,
〈ηαµ(x; τ)ηβν(x′; τ ′)〉 = 2δαβδµνδ4(x − x′)δ(τ − τ ′) . (5.2.42C)

The Fourier component of (5.2.41C) with respect to x takes the form

∂

∂τ
Ãαµ(k; τ) = −k2

(
δµν − kµkν

k2

)
Ãαµ(k; τ)

+(C2ÃÃ+ C3ÃÃÃ)αµ + η̃αµ(k; τ), (5.2.41F)

where

〈η̃αµ(k; τ)〉 = 0,
〈η̃αµ(k; τ)η̃βν(k′; τ ′)〉 = 2δαβδµνδ4(k + k′)δ(τ − τ ′). (5.2.42F)

As before, we split the Parisi–Wu equation (5.2.41F) into a transverse mode
and a longitudinal mode:

∂

∂τ
ÃT
αµ(k; τ) = −k2ÃT

αµ(k; τ) + (C2ÃÃ+ C3ÃÃÃ)Tαµ + η̃
T
αµ(k; τ),

(5.2.43)

∂

∂τ
ÃL
αµ(k; τ) = (C2ÃÃ+ C3ÃÃÃ)Lαµ + η̃

L
αµ(k; τ). (5.2.44)

In order to obtain the “free” Green’s function of the non-Abelian gauge field,
the C2 terms and C3 terms representing the self-interactions in (5.2.43) and
(5.2.44) are immaterial. For the sake of obtaining the “free” Green’s function,
we shall write

∂

∂τ
ÃT
αµ(k; τ) = −k2ÃT

αµ(k; τ) + η̃
T
αµ(k; τ), (5.2.45)
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∂

∂τ
ÃL
αµ(k; τ) = η̃

L
αµ(k; τ), (5.2.46)

as in the case of an Abelian gauge field, (5.2.31) and (5.2.32). The evolution
equation for the transverse mode, (5.2.45), has a damping term−k2ÃT

αµ(k; τ),
and hence the initial distribution of AT

αµ(k; τ) does not persist in the limit
τ →∞, while the evolution equation for the longitudinal mode, (5.2.46), does
not have a damping term, and the initial distribution of AL

αµ(k; τ) persists in
the limit τ →∞. We set the initial distribution of the longitudinal mode to
be given by

ÃL
αµ(k; 0) =

kµ
k2
φα(k). (5.2.47)

Solving (5.2.45) and (5.2.46),

ÃT
αµ(k; τ) = exp[−k2τ ]

∫ τ

0

dτ ′ exp[k2τ ′]η̃T
αµ(k; τ

′), (5.2.48)

ÃL
αµ(k; τ) =

kµ
k2
φα(k) +

∫ τ

0

dτ ′′η̃L
αµ(k; τ

′′), (5.2.49)

where the initial distribution of the transverse mode is dropped in (5.2.48)
from the beginning, anticipating the future limit τ → ∞. We calculate the
correlation function of the non-Abelian gauge field:

〈Ãαµ(k; τ)Ãβν(k′; τ ′)〉
= δαβδ4(k + k′)

1
k2

(
δµν − kµkν

k2

)
{exp[k2(τ − τ ′)]− exp[−k2(τ + τ ′)]}

+
kµk

′
ν

k2k′2
φα(k)φβ(k′) + 2τδαβδ4(k + k′)

kµkν
k2

. (5.2.50)

Thus, we have

lim
τ=τ ′→∞

〈Ãαµ(k; τ)Ãβν(k′; τ ′)〉 (5.2.51)

= δαβδ4(k + k′)
{
1
k2

(
δµν − kµkν

k2

)
+ 2τ

kµkν
k2

}
+
kµk

′
ν

k2k′2
φα(k)φβ(k′).

In order to restore the homogeneity of space-time, as in the Abelian gauge
field case, we assume that the initial distribution of the longitudinal mode
φα(k) is symmetric about k = 0 with width ξ. We average the last term in
(5.2.51) with respect to φα(k). We find that the average of φα(k)φβ(k′) is
given by

〈〈φα(k)φβ(k′)〉〉φ = −ξδαβδ4(k + k′). (5.2.52)
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From (5.2.51) and (5.2.52), we have

lim
τ=τ ′→∞

〈Ãαµ(k; τ)Ãβν(k′; τ ′)〉

= δαβδ4(k + k′)
{
1
k2

(
δµν − (1− ξ)kµkν

k2

)
+ 2τ

kµkν
k2

}
, (5.2.53)

i.e., the covariant gauge “free” Green’s function plus a divergent term propor-
tional to τ . The width ξ of the initial distribution of the longitudinal mode
φα(k) is a covariant gauge parameter.

According to an extensive calculation of M. Namiki et al., the C2 term
and C3 term in the transverse equation, (5.2.43), provide the usual gluon
contribution, while the C2 term and C3 term in the longitudinal equation,
(5.2.44), provide both the Faddeev–Popov ghost effect and a divergent term
proportional to τ in the gauge field “free” Green’s function.

For both Abelian gauge field theory and non-Abelian gauge field theory,
we obtained covariant gauge “free” Green’s functions. The gauge parameter
is the width of the initial distribution of the longitudinal mode in both cases.
We obtained these results without the gauge-fixing term at the outset. At
the same time, however, we have a divergent term proportional to τ in the
gauge field “free” Green’s function.

5.2.3 Covariant Nonholonomic Gauge-Fixing Condition
and Stochastic Quantization of the Non-Abelian Gauge Field

In order to eliminate both the initial distribution term of the longitudinal
mode and the divergent term proportional to τ from the gauge field “free”
Green’s function, M. Namiki et al. proposed a covariant nonholonomic gauge-
fixing condition of the form

1
ξ

∫
d4xδAαµDµ,αβ(∂νAβν) = 0, (5.2.54)

which cannot be expressed as an addition to the action functional. This gauge-
fixing condition provides the damping terms for both the transverse mode and
the longitudinal mode of the Parisi–Wu equation for non-Abelian gauge field
as long as

ξ > 0.

To see this, we begin with the Parisi–Wu equation for the “free” non-
Abelian gauge field

∂

∂τ
Aαµ(x; τ) = (ηµν∂2 − ∂µ∂ν)Aαν(x; τ) + ηαµ(x; τ), (5.2.55)
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〈ηαµ(x; τ)〉 = 0,

〈ηαµ(x; τ)ηβν(x′; τ ′)〉 = 2δαβδµνδ4(x− x′)δ(τ − τ ′). (5.2.56)

We split (5.2.55) into a transverse mode and a longitudinal mode:

∂

∂τ
AT
αµ(x; τ) = ∂

2AT
αµ(x; τ) + η

T
αµ(x; τ), (5.2.57)

∂

∂τ
AL
αµ(x; τ) = η

L
αµ(x; τ). (5.2.58)

The absence of the damping term in the longitudinal equation, (5.2.58), im-
plies that the initial distribution of the longitudinal mode persists in the
gauge field “free” Green’s function. We know that the width of the initial
distribution of the longitudinal mode is a covariant gauge parameter. The
divergent term proportional to τ emerges in the gauge field “free” Green’s
function. The longitudinal mode equation also produces the Faddeev–Popov
ghost contribution.

If we introduce

1
2ξ
(∂µAαµ(x; τ))2 (5.2.59)

into the Lagrangian density following the standard procedure, the longitudi-
nal equation gets the additional term

1
ξ
∂µ(∂νAαν) (5.2.60)

as the damping term. The additional term, (5.2.60), can be considered to
come from the holonomic constraint

δ

∫
d4x

1
2
(∂µAαµ(x))2 = −

∫
d4xδAαµ(x)∂µ(∂νAαν(x)) = 0, (5.2.61)

in the classical field equation. Since we already know that (5.2.59) breaks
gauge invariance and unitarity, we shall replace the holonomic constraint,
(5.2.61), by the covariant nonholonomic constraint

∫
d4xδAαµ(x)D

µ
αβ(∂

νAβν(x)) = 0, (5.2.62)

with

Dµ,αβ = ∂µδαβ + CαβγAγµ(x).
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We call (5.2.62) the covariant gauge-fixing condition. With this covariant
gauge-fixing condition, we have the classical field equation

δIE[Aβν ]
δAαµ(x)

− 1
ξ
Dµ,αβ(∂νAβν(x)) = 0, (5.2.63)

where −ξ−1 is a Lagrange multiplier. Since

Kµ
α ≡

δIE[Aβν ]
δAαµ(x)

is orthogonal to

Lαµ ≡ Dµ,αβ(∂νAβν(x)),

i.e.,

(Lαµ,Kµ
α) = 0,

we obtain from the classical field equation, (5.2.63),

1
ξ

∫
d4x|Dµ,αβ(∂νAβν(x))|2 = 0,

which implies

Dµ,αβ(∂νAβν(x)) = 0 almost everywhere in x space. (5.2.64)

On the basis of the classical field equation, (5.2.63), we move on to stochastic
quantization.

We have the Parisi–Wu equation as

∂

∂τ
Aαµ(x; τ) =

{
δIE[Aβν ; τ ]
δAµ

α(x; τ)
+
1
ξ
Dµ,αβ(∂νAβν(x; τ))

}
+ ηαµ(x; τ).

(5.2.65)

We now derive the gauge field “free” Green’s function. We keep only the
relevant terms in (5.2.65) in deriving the gauge field “free” Green’s func-
tion. Namely, we keep the terms linear in Aν

α(x; τ) on the right-hand side of
(5.2.65).

∂

∂τ
Aαµ(x; τ) = (δµν∂2 − ∂µ∂ν)Aν

α(x; τ) +
1
ξ
∂µ∂νA

ν
α(x; τ) + ηαµ(x; τ).

(5.2.66C)

In terms of the Fourier component with respect to x, we have

∂

∂τ
Ãαµ(k; τ) =−k2

(
δµν− kµkν

k2

)
Ãν
α(k; τ)−

k2

ξ

kµkν
k2

Ãν
α(k; τ)+η̃αµ(k; τ)

= −k2Ã(T)
αµ (k; τ)−

k2

ξ
Ã(L)
αµ (k; τ) + η̃αµ(k; τ). (5.2.67)
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Splitting (5.2.67) into a transverse mode and a longitudinal mode, we have

∂

∂τ
Ã(T)
αµ (k; τ) = −k2Ã(T)

αµ (k; τ) + η̃
(T)
αµ (k; τ), (5.2.68T)

∂

∂τ
Ã(L)
αµ (k; τ) = −

k2

ξ
Ã(L)
αµ (k; τ) + η̃

(L)
αµ (k; τ). (5.2.68L)

We note that the longitudinal mode of the gauge field has a damping term
as long as

ξ > 0.

We solve (5.2.68T) and (5.2.68L) to obtain

Ã(T)
αµ (k; τ) = exp[−k2τ ]

∫ τ

0

dτ ′ exp[k2τ ′]η̃(T)
αµ (k; τ

′), (5.2.69T)

Ã(L)
αµ (k; τ) = exp

[
−k

2

ξ
τ

] ∫ τ

0

dτ ′ exp
[
k2

ξ
τ ′

]
η̃(L)
αµ (k; τ

′), (5.2.69L)

where the initial distribution terms are dropped from the beginning in the
above solutions, anticipating the future limit τ → ∞. We calculate the cor-
relation function:

〈Ãαµ(k; τ)Ãβν(k′; τ ′)〉
= δαβδ4(k + k′)

{
1
k2

(
δµν − kµkν

k2

)
(exp[k2(τ − τ ′)]− exp[−k2(τ + τ ′)])

+ξ
kµkν
(k2)2

(
exp

[
k2

ξ
(τ − τ ′)

]
− exp

[
−k

2

ξ
(τ + τ ′)

])}
. (5.2.70)

We have the gauge field “free” Green’s function as

lim
τ=τ ′→∞

〈Ãαµ(k; τ)Ãβν(k′; τ ′)〉

= δαβδ4(k + k′)
1
k2

{
δµν − (1− ξ)kµkν

k2

}
, (5.2.71)

which is free from the initial distribution term of the longitudinal mode and
the divergent term proportional to τ . The Lagrange multiplier

ξ > 0

of the covariant nonholonomic gauge-fixing condition is the covariant gauge
parameter.
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The second term of the covariant nonholonomic gauge fixing condition,
(5.2.64), provides the Faddeev–Popov ghost contribution. The transverse
mode of the Parisi–Wu equation, (5.2.65), provides the ordinary gluon con-
tribution.

We discuss the Fokker–Planck equation for a non-Abelian gauge field with
the constraint, (5.2.64). Following the procedure employed in Sect. 5.2.1, we
can derive the modified Fokker–Planck equation for a non-Abelian gauge
field:

∂

∂τ
ψ[A; τ ] = (F0 + Fξ)ψ[A; τ ], (5.2.72)

where the Fokker–Planck operators, F0 and Fξ, are respectively given by

F0 =
∫
d4x

δ

δAαµ(x)

[
δ

δAαµ(x)
− δIE[Aβν ]
δAαµ(x)

]
, (5.2.73)

Fξ =
∫
d4x

δ

δAαµ(x)

[
1
ξ
Dµ,αβ(∂νAβν(x))

]

=
1
ξ

[∫
d4x(∂µAαµ(x))Gα(x)

]†
, (5.2.74)

with Gα(x) defined by

Gα(x) ≡ −Dµ,αβ

(
δ

δAβµ(x)

)
, (5.2.75)

being the generator of the gauge transformation. The Fξ term in the Fokker–
Planck equation, (5.2.72), originates from the covariant nonholonomic con-
straint, (5.2.64). The constraint leaves the gauge invariant quantity Φ un-
changed, i.e.,

GαΦ = 0. (5.2.76)

In this sense, the covariant nonholonomic constraint, (5.2.64), never breaks
the gauge invariance.

The modified Fokker–Planck equation, (5.2.72), for a non-Abelian gauge
field has the stationary solution,

ψ(eq)[Aαµ] = C · δ(Dµ,αβ(∂νAβν)) exp
[
β̂IE[Aαµ]

]
, (5.2.77)

with the normalization constant C given by

C =
{∫
D[Aαµ]δ(Dµ,αβ(∂νAβν)) exp

[
β̂IE[Aαµ]

]}−1

.

The covariant nonholonomic gauge-fixing condition, (5.2.64), is enforced on
the stationary solution by the presence of the delta function,
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δ(Dµ,αβ(∂νAβν)),

in (5.2.77). We have formulated non-Abelian gauge field theory as a stationary
state of a stochastic process.
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A.1 Gaussian Integration

By the Poisson method, we have the Gaussian integral formula.

G(a) =
∫ +∞

−∞
dξ exp

[
−a
2
ξ2
]
=

√
2π
a
, Re a > 0. (A.1.1)

We extend (A1.1) to f degrees of freedom. We let

ξ = (ξ1, . . . , ξf )T,
∫
dξ =

∫ +∞

−∞

f∏
r=1

dξr, (A.1.2a)

D = f × f real symmetric positive definite matrix. (A.1.2b)

We define G(D) by

G(D) ≡
∫
dξ exp

[
−1
2
ξTDξ

]
≡
∫ +∞

−∞

f∏
r=1

dξr exp

[
−1
2

f∑
r,s=1

Dr,sξrξs

]
.

(A.1.3)

We let the orthogonal matrix R diagonalize D. We then have

D = RTD̃R, RTR = RRT = 1, | detR| = 1, (A.1.4a)

D̃ = diag(d1, . . . , df ). (A.1.4b)

We evaluate G(D) as

G(D) =
∫
d(Rξ) exp

[
−1
2
(Rξ)TD̃(Rξ)

]

=
∫
dζ exp

[
−1
2
ζTD̃ζ

]
(ζ = Rξ, | detR| = 1, )

M. Masujima: Path Integral Quantization and Stochastic Quantization,
STMP 165, 245–273 (2000)
c© Springer-Verlag Berlin Heidelberg 2000
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=
f∏

r=1

G(dr)

=
f∏

r=1

(2π)1�2dr
−1�2

= (2π)f�2

(
f∏

r=1

dr

)−1�2

= (2π)f�2(det D̃)−1�2

= (2π)f�2(detD)−1�2. (A.1.5)

We define the ill-defined quasi-Gaussian integral G(iD) formally by

G(iD) ≡ lim
ε→0+

G((i + ε)D)

= lim
ε→0+

f∏
r=1

G((i+ ε)dr)

= lim
ε→0+

(
2π
i + ε

)f�2

(detD)−1�2

= (−2πi)f�2(detD)−1�2. (A.1.6)

Under (A.1.2a), we complete the square of the following expression

1
2

f∑
r,s=1

Dr,sξrξs −
f∑

r=1

Crξr

=
1
2

f∑
r,s=1

Dr,s(ξr − ηr)(ξs − ηs)− 12
f∑

r,s=1

Dr,sηrηs (A.1.7)

where

ηr ≡ (D−1)r,sCs, (A.1.8)

and

−1
2

f∑
r,s=1

Dr,sηrηs = −12
f∑

r,s=1

(D−1)r,sCrCs. (A.1.9)
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Using (A.1.6), we obtain the formula

∫
dξ exp

[
− i
2

f∑
r,s=1

Dr,sξrξs − i
f∑

r=1

Crξr

]

= (−2πi)f�2(detD)−1�2 exp

[
− i
2

f∑
r,s=1

(D−1)r,sCrCs

]
. (A.1.10)

An easy way to remember (A.1.10) is the following:

ηr = ξr ≡ stationary point of (A.1.7), (A.1.11a)

−1
2

f∑
r,s=1

(D−1)r,sCrCs ≡ stationary value of (A.1.7). (A.1.11b)

Next, we state Wick’s theorem for finite degrees of freedom:

∫
dξξa1 · · · ξa2N exp

[
− i
2

f∑
r,s=1

Dr,sξrξs

]

= (−2πi)f�2(detD)−1�2
∑

All possible
pairing (a,a′)
of (a1,... ,a2N )

(a,a′)∏
particular
pairing

(
1
i
D−1

)
a,a′

. (A.1.12)

This formula can be proven as

The left-hand side of (A.1.12)

= i
∂

∂Ca1

· · · i ∂

∂Ca2N

{the left-hand side of (A.1.10)} |C≡0

= the right-hand side of (A.1.12).

In the case when ξ is a complex number, and D is a Hermitian positive defi-
nite matrix, we have

∫
dξ∗dξ exp[−iξ†Dξ] =

∫ f∏
r=1

d(Re ξr)d(Im ξr) exp

[
−i

f∑
r,s=1

ξ∗rDr,sξs

]

= (−2πi)f (detD)−1. (A.1.13)
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Lastly, we consider a singular Gaussian integral. When

detD = 0, (A.1.14)

i.e., when the matrix D has the eigenvalue 0, G(D) given by (A.1.5) is di-
vergent. We shall consider the procedure of giving a mathematical meaning
to G(D) under (A.1.14). We assume that the f × f matrix D has p zero
eigenvalues:

df−p+1 = · · · = df = 0. (A.1.15)

As a restricted G(D), we consider Grest(D) defined by

Grest(D) ≡
∫ +∞

−∞

f−p∏
r=1

dηr exp
[
−1
2
ξT(η)Dξ(η)

]
. (A.1.16)

{ηr}f−p
r=1 is an orthogonal coordinate system corresponding to the nonzero

eigenvalues {dr}f−p
r=1 of D. The right-hand side of (A.1.16) depends on the

choice of coordinate system {ηr}f−p
r=1 . We introduce the dummy variables

{ηr}fr=f−p+1, and rewrite (A.1.16) as

Grest(D) =
∫ +∞

−∞

f∏
r=1

dηr
f∏

r=f−p+1

δ(ηr) exp
[
−1
2
ξT(η)Dξ(η)

]
. (A.1.17)

We now perform a change of variables from {ηr}fr=1 to {ξr}fr=1. With the use
of the formula for the change of variables

f∏
r=1

dηr =
f∏

r=1

dξr det
(
∂η

∂ξ

)
, (A.1.18)

we cast (A.1.17) into the form

Grest(D) =
∫ +∞

−∞

f∏
r=1

dξr det
(
∂η

∂ξ

) f∏
r=f−p+1

δ(ηr) exp
[
−1
2
ξTDξ

]
.

(A.1.19)

We observe that this integral is well defined. The dummy variables, {ηr}fr=f−p+1,
of the δ functions are arbitrary functions of {ξr}fr=1. The extra factor in the
integral measure of (A.1.19)

det
(
∂η

∂ξ

) f∏
r=f−p+1

δ(ηr) (A.1.20)
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lowers the integral from an f -dimensional integral down to a (f − p)-
dimensional integral. Grest(D) does not depend on the choice of {ηr(ξ)}f−p

r=1 .
We choose {ηr(ξ)}f−p

r=1 such that

det
(
∂η

∂ξ

)
�= 0. (A.1.21)

The quasi-Gaussian integral Grest(iD) is also defined formally like (A.1.6)
from (A.1.19).

Formula (A.1.19) is the finite-dimensional version of the Faddeev–Popov
formula used in Chap. 3. In the language of path integral quantization of
non-Abelian gauge field theory,

f∏
r=f−p+1

δ(ηr) (A.1.22)

fixes the “gauge” and

det
(
∂η

∂ξ

)
(A.1.23)

corresponds to the Faddeev–Popov determinant.





A.2 Fermion Number Integration

We consider the complex Grassman variables, ηk, k = 1, . . . , f .

η = (η1, . . . , ηf )T. (A.2.1)

We have the following properties for the complex Grassman variables ηk:

{ηk, ηl} = {η∗k, η∗l } = {ηk, η∗l } = 0, η2
k = η∗2l = 0, [ηk, ql] = 0.

(A.2.2a)

{
∂

∂ηk
, ηl

}
=
{

∂

∂η∗k
, η∗l

}
= δkl,

{
∂

∂ηk
, η∗l

}
=
{

∂

∂η∗k
, ηl

}
= 0.

(A.2.2b)

{
∂

∂ηk
,
∂

∂ηl

}
=
{

∂

∂η∗k
,
∂

∂η∗l

}
=
{

∂

∂η∗k
,
∂

∂ηl

}
= 0. (A.2.2c)

∫
dηk1 =

∫
dη∗l 1 = 0,

∫
dηkηk =

∫
dη∗l η

∗
l = 1. (A.2.3)

We consider the function g(η, η∗) defined by

g(η, η∗) =
∑
k,l

η∗a1
· · · η∗ak

ηb1 · · · ηbl
g
(k,l)
a1,... ,ak;b1,··,bl

(A.2.4)

This power series expansion gets terminated at

k = l = f.

The expansion coefficients, g(k,l)
a1,... ,ak;b1,... ,bl

, are completely antisymmetric
with respect to {a1, . . . , ak} and {b1, . . . , bl}, respectively. Using (A.2.2a),
(A.2.2b), (A.2.2c) and (A.2.3), we obtain the integral formula:

∫ f∏
k=1

dηk
f∏
l=1

dη∗l g(η, η
∗) =

∑
πa,πb

g
(f,f)
π{a1,... ,af ;b1,... ,bf}δπaδπb (A.2.5)

= (f !)2g(f,f)
1,... ,f ;1,... ,f , (A.2.6)
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where δπa and δπb are the signatures of the permutations, πa and πb, respec-
tively.

We let D to be a Hermitian positive definite matrix, and let g(η, η∗) be

g(η, η∗) ≡ exp
[
i

f∑
n,m=1

Dnmη
∗
nηm

](
1
η∗cηd

)
. (A.2.7)

With the use of (A.2.6) and the definitions of detD and D−1, we obtain

∫ f∏
k=1

dηk
f∏
l=1

dη∗l exp

[
i

f∑
n,m=1

Dnmη
∗
nηm

](
1
η∗cηd

)

= (i)f (−1)f(f−1)/2 · detD ·
(
1(

1
iD

−1
)
cd

)
. (A.2.8)

As an application of this formula, we have the Grassman algebra version of
(A.1.10):

∫ f∏
k=1

dηk
f∏
l=1

dη∗l exp

[
i

f∑
n,m=1

Dnmη
∗
nηm + i

f∑
n=1

(η∗nζn + ζ∗nηn)

]
(A.2.9)

= (i)f (−1)f(f−1)/2 · detD · exp
[
−i

f∑
n,m=1

(D−1)nmζ∗nζm

]
.

The way to remember (A.2.9) is the same as (A.1.10).
Lastly, we record here the Grassman algebra version of Wick’s theorem

in the finite dimension:

∫ f∏
k=1

dηk
f∏
l=1

dη∗l (η
∗
cN
· · · η∗c1ηd1 · · · ηdN ) exp

[
i

f∑
n,m=1

Dnmη
∗
nηm

]

= (i)f (−1)f(f−1)/2 · detD ·
∑

all possible
pairing of

(c1,... ,cN ;d1,... ,dN)

(c,d)∏
particular
pairing

(
1
i
D−1

)
c,d

δπ(c,d).

(A.2.10)

It is worthwhile to keep in mind that we have

detD
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instead of

(detD)−1�2

in (A.2.8), (A.2.9) and (A.2.10), which is due to the anticommutativity of
the Grassman number.





A.3 Functional Integration

We regard field theory as a mechanical system with infinite degrees of free-
dom. We can consider the functional integral in quantum theory in the fol-
lowing two senses.

1. Limit of discretized space-time:

(1) We discretize Minkowski space-time into n0 cells.
(2) We let the averaged values of the field quantity α(x) on each cell be

represented by

αi, i = 1, . . . , n0,

and regard {αi}n0
i=1 as independent dynamical variables.

(3) We perform the ordinary integral
∫ +∞

−∞
dαi

on each cell i.
(4) We take the limit n0 →∞ (cell volume→ 0).

2. Friedrichs integral:

(1) We expand the field quantity α(x) into the normal modes {αλ}∞λ=0 of the
complete orthonormal system {uλ(x)}∞λ=0 which spans the Hilbert space.

(2) We let the expansion coefficients {αλ}∞λ=0 be the independent integration
variables.

(3) We truncate {αλ}∞λ=0 at λ = N0 and perform the ordinary N0-tuple
integration.

(4) We take the limit N0 →∞.
We employed the procedure 1 when we extended quantum mechanics

with finite degrees of freedom to quantum field theory with infinite degrees
of freedom in Sect. 2.1 of Chap. 2. In this appendix, we discuss procedure 2.

We consider the functional integral∫
D[α]F [α] (A.3.1)

of the functional F [α] of the square integrable real function α(x). We ex-
pand the real function α(x) in terms of the complete orthonormal system
{uλ(x)}∞λ=0.
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α(x) =
∞∑
λ=0

αλuλ(x), (A.3.2a)

αλ =
∫ +∞

−∞
dxα(x)uλ(x). (A.3.2b)

We regard {αλ}∞λ=0 as independent integration variables. When we truncate
the expansion coefficients {αλ}∞λ=0 at λ = N0, the functional F [α] becomes an
ordinary function F (α1, . . . , αN0) of the N0 variables and (A.3.1) is defined
by ∫

D[α]F [α] = lim
N0→∞

· · ·
∫
dα1 · · · dαN0F (α1, . . . , αN0). (A.3.3)

Trivial example: For the Gaussian functional

exp
[
−1
2
α2

]
≡ exp

[
−1
2

∫ +∞

−∞
dxα2(x)

]
, (A.3.4)

we expand α(x) in terms of {uλ(x)}∞λ=0, and obtain∫ +∞

−∞
dxα2(x) =

∞∑
λ=0

α2
λ. (A.3.5)

The Gaussian functional integral∫
D[α] exp [− 1

2α
2
]

(A.3.6)

is evaluated by defining the functional integral measure D[α] as

D[α] ≡ lim
N0→∞

N0∏
λ=0

dαλ√
2π

. (A.3.7)

We then have∫
D[α] exp

[− 1
2α

2
]
= lim

N0→∞

∫ +∞

−∞

N0∏
λ=0

dαλ√
2π
exp

[
−1
2

N0∑
λ=0

α2
λ

]

= lim
N0→∞

N0∏
λ=0

∫ +∞

−∞

dαλ√
2π
exp

[− 1
2α

2
λ

]
= 1. (A.3.8)
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For the application of the functional integral method to quantum theory, we
only need two more assumptions besides the result (A.3.8).

Assumption 1. The functional integral is “translationally invariant”.∫
D[α]F [α] =

∫
D[α]F [α+ φ] . (A.3.9)

Assumption 2. The functional integral depends on the functional integrand
linearly so that the ordinary rules of calculus apply to functional integrals.

From (A.3.8) and assumption 1, we obtain∫
D[α] exp [− 1

2 (α + φ)2
]
= 1. (A.3.10)

Expanding the exponent of (A.3.10), we obtain∫
D[α] exp[−φα− 1

2α
2] = exp

[
1
2φ

2
]
.

Replacing φ by −iφ, we obtain∫
D[α] exp[iφα − 1

2α
2] = exp

[− 1
2φ

2
]
. (A.3.11)

From (A.3.11) and assumption 2, we obtain∫
D[α]F [α] exp[iφα− 1

2α
2] = F

(
1
i
δ

δφ

)
exp

[− 1
2φ

2
]
. (A.3.12)

Next, we observe that for real functions α(x) and β(x),∫
D[α]D[β] exp [− 1

2 (α
2 + β2)

]
= 1. (A.3.13)

We define the complex valued functions ϕ(x) and ϕ∗(x), and the correspond-
ing functional integral measure D[ϕ]D[ϕ∗] by

ϕ(x) ≡ 1√
2
(α(x) + iβ(x)), ϕ∗(x) ≡ 1√

2
(α(x) − iβ(x)), (A.3.14)

dϕλ√
π

dϕ∗
λ√
π
≡ d(Reϕ(x))√

π

d(Imϕ(x))√
π

=
dαλ√
2π

dβλ√
2π

, (A.3.15)

D[ϕ]D[ϕ∗] ≡ lim
N0→∞

N0∏
λ=0

dϕλ√
π

dϕ∗
λ√
π

= lim
N0→∞

N0∏
λ=0

dαλ√
2π

dβλ√
2π

= D[α]D [β] . (A.3.16)
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From (A.3.13), we have∫
D[ϕ]D[ϕ∗] exp[−ϕ∗ϕ] = 1. (A.3.17)

Here, we record the two-function-variables version of (A.3.11).∫
D[α]D[β] exp[i(γα+ ζβ)− 1

2 (α
2 + β2)] = exp

[− 1
2 (γ

2 + ζ2)
]
. (A.3.18)

We define the complex functions χ(x) and χ∗(x) of a real variable by

χ(x) =
1√
2
(γ(x) + iζ(x)), χ∗(x) =

1√
2
(γ(x)− iζ(x)). (A.3.19)

From (A.3.14), (A.3.18) and (A.3.19), we obtain∫
D[ϕ]D[ϕ∗] exp[i(χ∗ϕ+ ϕ∗χ)− ϕ∗ϕ] = exp [−χ∗χ] . (A.3.20)

From (A.3.20), for the same reason as that applied to (A.3.12), we obtain∫
D[ϕ]D[ϕ∗]F [ϕ, ϕ∗] exp[i(χ∗ϕ+ ϕ∗χ)− ϕ∗ϕ]

= F

(
1
i
δ

δχ∗ ,
1
i
δ

δχ

)
exp[−χ∗χ]. (A.3.21)

Functional Fourier Transform: We define the functional Fourier trans-
form F̃ [ω] of the functional F [α] of the real function α(x) by

F [α] ≡
∫
D[ω]F̃ [ω] exp [iωα] , (A.3.22)

and its inverse by

F̃ [ω] ≡
∫
D[α]F [α] exp [−iωα] . (A.3.23)

We define the δ-functional δ[α− β] by

δ[α− β] ≡
∫
D[ω] exp [iω(α− β)] , (A.3.24a)

with the property∫
D[α]F [α]δ[α − β] = F [β] , (A.3.24b)

just like the ordinary δ-function δ(x).
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We define the functional Fourier transform F̃ [χ∗, χ] of the functional
F [ϕ, ϕ∗] of the complex functions ϕ(x) and ϕ∗(x) of the real variable by

F [ϕ, ϕ∗] ≡
∫
D[χ]D[χ∗]F̃ [χ∗, χ] exp [i(χ∗ϕ+ ϕ∗χ)] , (A.3.25)

and its inverse by

F̃ [χ∗, χ] ≡
∫
D[ϕ]D[ϕ∗]F [ϕ, ϕ∗] exp [−i(χ∗ϕ+ ϕ∗χ)] . (A.3.26)

Change of Function Variables: We consider the change of function vari-
ables of the real function α(x) defined by

α′(x) =
∫ +∞

−∞
dyK(x, y)α(y). (A.3.27)

The kernelK(x, y) is real and symmetric. We expand α′(x), K(x, y) and α(x)
in terms of the finite orthonormal system {uλ(x)}N0

λ=0 as

α′
λ =

N0∑
λ′=0

kλλ′αλ′ , (A.3.28)

kλλ′ =
∫ +∞

−∞
dxdx′uλ(x)K(x, x′)uλ′(x′) (A.3.29a)

≡ uλ,xKx,x′uλ′,x′ = (uKuT)λ,λ′ (A.3.29b)

From (A.3.7), we take the limit N0 →∞ in (A.3.28) and (A.3.29) and obtain

D[Kα] = detK · D [α] , (A.3.30)

and

detKx,x′ = det kλ,λ′ . (A.3.31)

Equation (A.3.31) follows from the fact that {uλ(x)}∞λ=0 forms a complete
set of the orthonormal system, i.e., we have

uT = u−1. (A.3.32)

In the case of (A.3.14),

ϕ(x) =
1√
2
(α(x) + iβ(x)), ϕ∗(x) =

1√
2
(α(x) − iβ(x)), (A.3.14)
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we perform a change of function variables to α′(x) and β′(x).

α′(x) =
∫ +∞

−∞
dyK(x, y)α(y), (A.3.33a)

β′(x) =
∫ +∞

−∞
dyK(x, y)β(y). (A.3.33b)

From (A.3.16) and (A.3.30), we obtain

D[Kϕ]D[Kϕ∗] = (detK)2D[ϕ]D [ϕ∗] . (A.3.34)

Application:

(1)
∫
D[α]F [α]exp[− 1

2αDα+ iφα
]

= F

[
1
i
δ

δφ

] ∫
D[α] exp [− 1

2αDα + iφα
]

= (detD)−1�2F

[
1
i
δ

δφ

]
exp

[− 1
2φD

−1φ
]
, (A.3.35)

∫
D[α]F [α] exp [− 1

2αDα
]
= (detD)−1�2F

[
1
i
δ

δφ

]
exp

[− 1
2φD

−1φ
] |φ=0 .

(A.3.36)

(2)
∫
D[ϕ]D[ϕ∗]F [ϕ, ϕ∗] exp[−ϕ∗Dϕ+ i(χ∗ϕ+ ϕ∗χ)]

= F

[
1
i
δ

δχ∗ ,
1
i
δ

δχ

] ∫
D[ϕ]D[ϕ∗] exp[−ϕ∗Dϕ+ i(χ∗ϕ+ ϕ∗χ)]

= (detD)−1F

[
1
i
δ

δχ∗ ,
1
i
δ

δχ

]
exp

[−χ∗D−1χ
]
, (A.3.37)

∫
D[ϕ]D[ϕ∗]F [ϕ, ϕ∗] exp[−ϕ∗Dϕ]

= (detD)−1F

[
1
i
δ

δχ∗ ,
1
i
δ

δχ

]
exp[−χ∗D−1χ] |χ=χ∗=0 . (A.3.38)
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Fermion Number Functional Integration: We have also in the case of
Grassman algebra∫

D[η]D[η†] exp[−η†η] = 1, (A.3.39)

∫
D[η]D[η†] exp[i(η†ζ + ζ†η)− η†η] = exp

[−ζ†ζ] . (A.3.40)

just like (A.3.17) and (A.3.20), where η, η†, ζ and ζ† are elements of the
Grassman algebra. The consistency with (A.2.8) requires the change of func-
tion variable formula

D[Kη]D[Kη†] = (detK)−2D[η]D [η†] . (A.3.41)

When we use the Dirac spinors, we define the Pauli adjoint η̄ by

η̄ ≡ η†γ0. (A.3.42)

By the sequence of change of function variables indicated below

η → (γ0)1�2η, ζ → (γ0)1�2ζ, (A.3.43a)

η̄ → η̄(γ0)1�2, ζ̄ → ζ̄(γ0)1�2, (A.3.43b)

det γ0 = 1, (A.3.44)

η†η = η̄(γ0)−1η → η̄η, ζ†η + η†ζ → ζ̄η + η̄ζ, (A.3.45)

D[η]D[η†]→ D[η]D [η̄] , (A.3.46)

we obtain from (A.3.39), (A.3.40) and (A.3.41) that∫
D[η]D[η̄] exp[−η̄η + i(ζ̄η + η̄ζ)] = exp

[−ζ̄ζ] . (A.3.47)

Corresponding to (A.3.21), we obtain∫
D[η]D[η̄]F [η, η̄] exp[−η̄η + i(ζ̄η + η̄ζ)]

= F

[
1
i
δ

δζ̄
, i
δ

δζ

]
exp

[−ζ̄ζ] . (A.3.48)
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We have the change of function variable formula for the Grassman number
function as

D[Kη]D[Kη̄] = (detK)−2D[η]D [η̄] . (A.3.49)

Application:

(3)
∫
D[η]D[η̄]F [η, η̄] exp[−η̄Dη + i(ζ̄η + η̄ζ)]

= F

[
1
i
δ

δζ̄
, i
δ

δζ

] ∫
D[η]D[η̄] exp[−η̄Dη + i(ζ̄η + η̄ζ)]

= (detD)F
[
1
i
δ

δζ̄
, i
δ

δζ

]
exp

[−ζ̄D−1ζ
]
. (A.3.50)

∫
D[η]D[η̄]F [η, η̄] exp[−η̄Dη] = (detD)F

[
1
i
δ

δζ̄
, i
δ

δζ

]
exp[−ζ̄D−1ζ] |ζ=ζ̄=0 .

(A.3.51)

Functional Fourier Transform: We define the functional Fourier trans-
form F̃ [ζ̄ , ζ] of the functional F [η, η̄] of the complex anticommuting fermion
function η(x) by

F [η, η̄] =
∫
D[ζ]D[ζ̄ ]F̃ [ζ̄, ζ] exp [i(ζ̄η + η̄ζ)

]
, (A.3.52)

and its inverse by

F̃ [ζ̄, ζ] =
∫
D[η]D[η̄]F [η, η̄] exp [−i(ζ̄η + η̄ζ)

]
. (A.3.53)



A.4 Gauge Invariance of D[Aαµ]∆F [Aαµ]

We introduce generic notation for the field. We let φa represent the generic
field variable:

φa =



φi(x), a = (i, x), scalar field,
ψn(x), a = (n, x), spinor field,
Aαµ(x), a = (α, µ, x), gauge field.

(A.4.1a, b, c)

We define the infinitesimal gauge transform φga of φa by

φga = φa + (iΓ
γ
abφb + Λγ

a)εγ +O(ε2), (A.4.2a)

where

εγ = εγ(x(γ)), infinitesimal function. (A.4.2b)

We define Γ γ
ab and Λ

γ
a by

Scalar Field:

a = (i, x(i)), b = (j, x(j)),

Γ γ
ab = (θγ)ijδ

4(x(i) − x(j))δ4(x(i) − x(γ)),

Λγ
a = 0, (A.4.3a)

Spinor Field:

a = (n, x(n)), b = (m,x(m)),

Γ γ
ab = (tγ)nmδ

4(x(n) − x(m))δ4(x(n) − x(γ)),

Λγ
a = 0, (A.4.3b)
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Gauge Field:

a = (αµ, x(α)), b = (βν, x(β)),

Γ γ
ab = (θ

adj
γ )αβδµνδ4(x(α) − x(β))δ4(x(α) − x(γ)),

Λγ
a = −δαγ∂(α)

µ δ4(x(α) − x(γ)). (A.4.3c)

We use the standard convention that repeated indices are summed over and
integrated over for discrete indices and continuous indices, respectively. We
have the group property of the gauge transformation (A.4.2a) as

Γα(iΓφ+ Λ)β − Γ β(iΓφ+ Λ)α = iCαβγ(iΓφ+ Λ)γ . (A.4.4)

As the gauge-fixing condition, we employ

Fα(φa) = aα(x(α)), α = 1, . . . , N. (A.4.5)

We have the Faddeev–Popov determinant as

∆F [φa] ≡ DetMF (φa) = exp [Tr lnMF (φa)] , (A.4.6a)

MF ;αx,βy(φa) ≡ δFα(φga(x))
δεβ(y)

∣∣
g=1

=
δFα(φa)
δφa

(iΓ β
abφb + Λβ

a), (A.4.6b)

Fα(φga) = Fα(φa) +MF ;αβ(φa)εβ +O(ε2). (A.4.6c)

Under the nonlinear gauge transformation g0,

εg0α (x) = (M
−1
F (φa))αβλβ(x), (A.4.7)

where λβ(x) is an infinitesimal function independent of φa, the Faddeev–
Popov determinant gets transformed into

δg0(ln∆F [φa]) = δg0(Tr lnMF (φa))
= Tr(M−1

F (φa)δg0MF (φa))

= Tr
{
M−1

F (φa)
δMF (φa)

δφb

}
δg0φb

= (M−1
F (φa))γε

δMF (φa)εγ
δφb

×(iΓφ+ Λ)αb (M
−1
F (φa))αβλβ(x). (A.4.8)
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The Jacobian of the nonlinear gauge transformation (A.4.7) is given by

lnJ
(
∂φg0a
∂φb

∣∣∣∣
g0=1

)
= Tr ln

{
1 + iΓ γ

abε
g0
γ + (iΓφ+ Λ)γa

δεg0γ
δφb

}∣∣∣∣
g0=1

= Tr
{
iΓ γ

abε
g0
γ − (iΓφ+ Λ)γa(M

−1
F (φa))γε

×δMF (φa)εα
δφb

(M−1
F (φa))αβλβ(x)

}

= −(iΓφ+ Λ)γa(M
−1
F (φa))γε

δMF (φa)εα
δφa

× (M−1
F (φa))αβλβ(x), (A.4.9)

where

TrΓ γ
ab = 0

is used in (A.4.9). From (A.4.8) and (A.4.9), we obtain

δg0(ln∆F [φa]) + lnJ
(
∂φg0a
∂φb

∣∣∣∣
g0=1

)

= (M−1
F (φa))γε(M−1

F (φa))αβλβ(x)

×
{
δMF (φa)εγ

δφb
(iΓφ+ Λ)αb −

δMF (φa)εα
δφb

(iΓφ+ Λ)γb

}
. (A.4.10)

From (A.4.6), we have for the {· · · } part:

{· · · } = δ2Fε(φ)
δφaδφb

(iΓφ+ Λ)γa(iΓφ+ Λ)αb +
δFε(φ)
δφa

(iΓ γ
ab)(iΓφ+ Λ)αb

−(α↔ γ)

= i
δFε(φ)
δφa

{Γ γ(iΓφ+ Λ)α − Γα(iΓφ+ Λ)γ}a

= −Cαβγ
δFε(φ)
δφa

(iΓφ+ Λ)βa

= −CαβγMF (φa)εβ . (A.4.11)

Hence, from (A.4.10) and (A.4.11), we obtain

δg0(ln∆F [φa]) + lnJ
(
∂φg0a
∂φb

∣∣∣∣
g0=1

)

= εg0α (x)(−Cαβγ)(M−1
F (φa)MF (φa))γβ

= εg0α (x)(−Cαβγ)δγβ = 0. (A.4.12)
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Since we know

δg0(lnD[φa]) = lnJ
(
∂φg0a
∂φb

∣∣∣∣
g0=1

)
, (A.4.13)

we obtain

δg0(ln∆F [φa]) + δg0(lnD[φa]) = 0,

or

δg0(ln(D[φa]∆F [φa])) = 0. (A.4.14)

Hence, we have

D[φa]∆F [φa] = gauge invariant functional integration measure under g0.
(A.4.15)

(A.4.15) is used in Chap. 3.



A.5 Minkowskian and Euclidean Spinors

We let the spinors in Minkowskian space-time and Euclidean space-time
be ψM and ψE. We represent the γ matrices in Minkowskian space-time
as {γµ}3µ=0and in Euclidean space-time as {γk}4k=1. Corresponding to the
analytic continuation

t = −iτ, (A.5.1)

we define γ4 by

γ0 ≡ −γ4. (A.5.2)

We have the following anticommutators of the γ matrices.

{γµ, γν} = 2ηµν , µ, ν = 0, 1, 2, 3, (A.5.3M)

{γk, γl} = −2δkl, k, l = 1, 2, 3, 4. (A.5.3.E)

We define the Pauli adjoints, ψ̄M and ψ̄E, by

ψ̄M ≡ ψ†
Mγ

0, ψ̄E ≡ ψ†
Eγ

4. (A.5.4)

We have the following correspondence:

ψ̄M ↔ −iψ̄E, (A.5.5a)

ψM ↔ iψE, (A.5.5b)

ψ̄MψM ↔ ψ̄EψE, (A.5.5c)

ψ̄M

{
γ0

(
i
∂

∂t
+ µ

)
+ γki∂k

}
ψM ↔ ψ̄E

{
iγk∂k + iγ4

(
∂

∂τ
− µ

)}
ψE.

(A.5.5d)

These correspondences are used in Sect. 4.2.1 of Chap. 4.





A.6 Multivariate Normal Analysis

We let

X = (X1, . . . , Xn)T

be an n-dimensional vector random variable. We define the mean vector µ
by

µ = EX . (A.6.1)

We define the covariance ΣXY of vector random variables X and Y by

ΣXY = E{(X − µX)(Y − µY )T}, (A.6.2)

whose (i, j)-element is given by

σXiYj = E{(Xi − µXi)(Yj − µYj )}.
ΣXX is the covariance matrix of the vector random variable X. It is non-
negative definite and real symmetric matrix. We define the moment generat-
ing function MX(t) of the vector random variable X by

MX(t) ≡ E{exp[tTX]} = E

{
exp

[
n∑

k=1

tkXk

]}
. (A.6.3)

Under the linear transformation (Y (m× 1)→X(n× 1)),
X = a+BY , (A.6.4a)

a = n× 1 vector, B = n×m matrix, (A.6.4b)

we have

µX = a+BµY , (A.6.5a)

ΣXX = BΣY Y B
T . (A.6.5b)
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We let Y = (Y1, . . . , Ym)T be the vector random variable whose compo-
nents Y ′

j s are the independent identically distributed N (0, 1) random vari-
ables. We have the probability density function fY (y) of Y given by

fY (y) =
1

(2π)m�2
exp

[
−1
2
yTy

]
=

1
(2π)m�2

exp


−1

2

m∑
j=1

y2
j


 . (A.6.6)

We call the vector random variable X which is given by the linear combina-
tion of Y

X = a+BY (A.6.7a)

Yj = iid. N (0, 1), j = 1, . . . ,m, (A.6.7b)

a multivariate normal random variable and

µX = a, ΣXX = BBT. (A.6.8)

We write the law of the distribution of X as

L(X) = Nn(µX ,ΣXX).

The moment generating function MX(t) of the multivariate normal X is
given by

MX(t) = exp
[
tTµX +

1
2
tTΣXXt

]
. (A.6.9)

Hence, the law of the distribution of the multivariate normal X is uniquely
determined by µX and ΣXX . Furthermore, given a nonnegative definite real
symmetric matrix Σ, there exists a (not necessarily unique) square matrix
B such that

Σ = BBT. (A.6.10)

We observe that an arbitrary µ and an arbitrary nonnegative definite
real symmetric matrix Σ determine the multivariate normal distribution
Nn(µ,Σ). When ΣXX is positive definite, we have the probability density
function fX(x) of X given by

fX(x) =
1

(2π)n�2

1
(detΣXX)1�2

exp
[− 1

2 (x− µX)TΣ−1
XX(x− µX)

]
.

(A.6.11)

Next, we consider the case when ΣXX is singular (or B is singular). We
let the rank of ΣXX be n∗ < n. The n∗ components of the vector random
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variable X are represented by the n∗ × n∗ nonsingular matrix B and the n∗

Yj ∼ iid. N (0, 1) random variables, while the remaining (n−n∗) components
of X are given by a linear combination of the n∗ independent components
of X. For a comparison with the singular Gaussian integral discussed in
Appendix 1, we note the correspondence

n←→ f, (A.6.12a)

n∗ ←→ f − p, (A.6.12b)

n− n∗ ←→ p. (A.6.12c)

Application to the path integral quantization of non-Abelian gauge field
theory is discussed in Appendix 1.
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